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PREFACE TO THIRD EDITION. 


Turis little text-book was written some years ago to accom- 
pany the lectures in a short preparatory course on the New- 
tonian Potential Function, especially intended for students 
who were afterwards to begin a systematic study of the 
Mathematical Theory of Electricity and Magnetism, with the 
help of some of the standard treatises on the subject. 

In preparing the present edition a few imperative changes 
have been made in the plates, some sections have been intro- 
duced, and a large number of simple miscellaneous problems 
have been added at the end of the last chapter. 

The reader who wishes to get a thorough knowledge of 
the properties of the Potential Function and of its appli- 
cations, is referred to the works mentioned in the list given 
below. Most of those that had then been published I con- 
sulted and used in writing these notes, and from some which 
have appeared since the body of this book was electro- 
typed I have borrowed material for problems: many other 
problems I have taken from various college and university 
examination papers. I am indebted also to my colleagues, 
Professors Trowbridge, Byerly, E. H. Hall, Osgood, Sabine, 
M. Bocher, and C. A. Adams for valuable criticisms and 
suggestions. ; 

The slight use which I have made of developments in terms 
of Spherical Harmonics and Bessel’s Functions is explained 
by the fact that students who use this book in Harvard Uni- 
versity study at the same time Professor Byerly’s admirable 
Treatise on Fourier’s Series, and Spherical, Cylindrical and 
Ellipsoidal Harmonies. 


iii 
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lv PREFACE TO THIRD EDITION. 


In the following pages the change made in a function wu 
by giving to the independent variable « the arbitrary incre- 
ment Ag, and keeping the other independent variables, if 
there are any, unchanged, is denoted by A,w. Similarly, 
A,w and A,w represent the increments of uw due to changes 
respectively in y alone and in z alone. The total change in 
uw due to simultaneous changes in all the independent variables 
is sometimes denoted by Aw; so that, ifu=/(z, y, ), 


Avu Avu 
= A en) A = 
Au a+ y+ Az+e, 


where ¢ is an infinitesimal of an order higher than the first. 
The partial derivatives, a - hel are denoted, for conven- 
x Oy dz 
ience, by D,u, D,u, and D,u, and the sign = placed between 
a variable and a constant is used to show that the former is 
to be made to approach the latter as its limit. In those cases 
where it is desirable to draw attention to the fact that a cer- 
tain derivative is total, the differential notation “ is used. 
It is tacitly assumed that the physical quantities under con- 
sideration can be represented in the regions to which the 
theorems refer, by continuous point functions, having con- 
tinuous derivatives of the orders which present themselves jp 
the investigation in hand, In a few instances, as the reader 
will see, a theorem is predicated of analytic functions only, 
when so narrow a limitation is not required by the proof 
given, 
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NEWTONIAN POTENTIAL FUNCTION. 


CHAPTER »I. 


THE ATTRACTION OF GRAVITATION. 


1. The Law of Gravitation. Every body in the universe 
attracts every other body with a force which depends for mag- 
nitude and direction upon the masses of the two bodies and 
upon their relative positions. 

An approximate value of the attraction between any two rigid 
bodies may be obtained by imagining the bodies to be divided 
into small particles, and assuming that every particle of the one 
body attracts every particle of the other with a force directly 
proportional to the product of the masses of the two particles, 
and inversely proportional to the square of the distance between 
their centres or other corresponding points. The true value of 
the attraction is the limit approached by this approximate value 
as the particles into which the bodies are supposed to be divided 
are made smaller and smaller. 


2. The Attraction at a Point. By ‘the attraction at any 
point P in space, due to one or more attracting masses,” is 
meant the limit which would be approached by the value of the 
attraction on a sphere of unit mass centred at P if the radius of 
the sphere were made continually smaller and smaller while its 
mass remained unchanged. The attraction at P is, then, the 
attraction on a unit mass supposed to be concentrated at P. 


bo 


THE ATTRACTION OF GRAVITATION. 


If the attraction at every point throughout a certain region 
has a value other than zero, the region is called ‘‘a field of 
force”; and the attraction at any point P in the region is called 
‘the strength of the field” at that point. 


3. The Unit of Force. It will presently appear that all spheres 
made of homogeneous material attract bodies outside of them- 
selves as if the masses of the spheres were concentrated at their 
middle points. If, then, & be the force of attraction between 
two unit masses concentrated at points at the unit distance 
apart, the attraction at a point P due to a homogeneous sphere 


3 
of radius a and of density p is k- sae, where 7 is the dis- 


tance of P from the centre of the sphere. In all that follows, 
however, we shall take as our wnit of force the force of attrac- 
tion * between two unit masses concentrated at points at the 
unit distance apart. Using these units, * in the expression 
given above becomes 1, and the attraction between two particles 
MyM 
iad 

4. Attraction due to Discrete Particles. The attraction at 
a point P, due to particles concentrated at different points in 
the same plane with P, may be expressed 
in terms of two components at right 
angles to each other. 

Let the straight lines joining P with 
the different particles be denoted by 7, 
9, 1s, «++, and the angles which these 
lines make with some fixed line Pz, 
by ay, ag, ag, --+. If, then, the masses 


of mass m, and m, concentrated at points r units apart is 


* These are called ‘‘ attraction units of force.’ When the attraction 
between two bodies is given in terms of absolute kinetic force units in any 
system, the corresponding value of k is sometimes called the ‘‘ constant of 
gravitation.’’ One dyne is equivalent to about 1.543 x 107 ¢.g.s. attrac- 
tion units and one poundal to about 9.63 x 108 f.p.s. attraction units. 
For simple illustrative problems the reader may consult the Miscella- 
neous Examples at the end of the book. 
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of the several particles are respectively m,, m2, m,, +++, the 
components of the attraction at P are 


My, COSa,; , My COSa 5 = COs a 
pes Be : 24 4.. = ———- {1] 
ae 5 Tr 
in the direction Px, and 
>  M, Sina, , My Sina, m See 
¥ s= = > i 2 elece [2} 
; 3 


in the direction Py, eae tan to Px. 

The resultant force at P is 

R=VXFY?, [3] 

and its line of action makes with Pa the angle whose tangent 
is ¥. 

x 

If the particles do not all lie in the same plane with P, we 
may draw through P three mutually perpendicular axes, and call 
the angles which the lines joining P with the different particles 
make with the first axis a,, a2, a3, ---; With the second axis, 
Bi, Boy Bs, +++; and with the third axis, 7, ye, y3,--:- The three 
components in the directions of these axes of the attraction at 
P due to all the particles are then 


The resultant attraction is 
=VX*PVFF, 5] 
and its line of action makes with the axes angles whose cosines 
are respectively 


x XxX Z. [6] 


5. Attraction at a Point in the Produced Axis of a Straight 
Wire. Let » be the mass of the unit of length of a uniform 
straight wire AB of length /, and of cross section so small that 
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we may suppose the mass of the wire concentrated in its axis 
(see Fig. 2), and let P be a point in the line AB produced at a 


distaitce a from A. Divide the wire info elements of length 
Aw. The attraction at P due to one of these elements, MW, whose 


nearest point is ata distance x from P, is less than = and 
a 


greater than eae 
(a + Ax)? 
The attraction at P due to the whole wire lies between 
See and an ( a ne Azye but these quantities approach the 
x 


same limit as Aw is made to approach zero, so that the attrac- 
tion at P is 


limit 3 eee Pe oe 0 
Ax=0 a . 2 a atl 


If the codrdinates of P, A, and B are respectively (x, 0, 0), 
(2, 0, 0), and (a, +7, 0,0), this result may be put into the form 


1 1 
ae ee et & 
1 ae [ 1 


G. Attraction at any Point, due to a Straight Wire. Let P 
(Fig. 3) be any point in the perpendicular drawn to the straight 
wire AB at A, and let PA=c, AB=1, AM==2, and the angle 
ABP=8. Let MN be one of the equal elements of mass (uAz) 
into which the wire is divided, and call PM, r. The attraction 


at P due to this element is approximately equal to 


‘pene | 
~1 
i) 


P — and 


Td 
acts in some direction lying between PM and PN. This attrac- 


tion can be resolved into two components whose approximate 


AG<C : ‘ paren . 
(e+a)i in the direction PA, and +2) in the 


values are 


a ee eT 
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direction PL. The true values of the components in these 
directions of the attraction at P, due to the whole wire, are, 
then, respectively : 


fs nelle =A] wenn: | e088, [9] 
o(¢ +a")? ¢ Veta ¢ 


and : 


t t 
pax da —p c bh : 
Say ; loecs|-! (1 —siné). [10] 
B 


s 


The resultant attraction is equal to the square root of the sum 
of the squares of these components, or 


stanlie BA 
R=" V2 —sind) = 5 V2 — cos APB) =— sin APB, [11] 


and its line of action makes with PA an angle whose tangent is 


1 —sin§ _1—cosAPB _ 2sin?4 APB tant dem 
cos 6 sin APB 2sint APB-cos4 APB 


That is, the resultant attraction at P acts in the direction of 
the bisector of the angle APB. 

From these results we can easily obtain the value of the 
attraction at any point P, due to a uniform straight wire B'B 
(Fig. 4). Drop a perpendicular PA from P upon the axis of 
the wire. Let AB=/, AB’ =I, PA=c, ABP=8, AB'P=5), 
BPB'=6. The component in the direction PA of the attrac: 
tion at P is [9] 

E (cosé + cos8'), 
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and that in the direction PZ is 


Ein Bn al ee 
2 (sin 6’ — sin 6)= p (se Fi) 


so that the resultant attraction is 


2 2 
=" V2[i $ c0s(8-+ 8) J=—"cost(8+8)=— sings. [12] 


Fie. 4. 


The line of action PJ of R makes with PA an angle ¢ such 
that 
sin 6! — sind 


tan ¢d = 
$ cosd + cosd! 


= tan}(3’— 8); [13] 


. BPK=5—8 +48) =5 4848), 
and 


BPK ==—8— 5(8'-8)= F-40648). 


nwolsy 


It is to be noticed that PJ bisects the angle 6, and does not 
in general pass through the centre of gravity or any other fixed 
point of the wire. Indeed, the path of a particle moving from 
rest under the attraction of a straight wire is generally curved ; 
for if the particle should start at a point Q and move a short 
distance on the bisector of the angle BQB' to Q', the attraction 
of the wire would now urge the particle in the direction of the 
bisector of the angle BQ'B', and this is usually not coincident 
with the bisector of BQB'. 
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If qis the area of the cross section of the wire, and p the 
mass of the unit volume of the substance of which the wire is 
made, we may substitute for » in the formulas of this section 
its value gp. 

If instead of a very thin wire we had a body in the shape of 
a prism or cylinder of considerable cross section, we might 
divide this up into a large number of slender prisms and use the 
equations just obtained to find the limit of the sum of the attrac- 
tions at any point due to all these elementary prisms. This 
would be the attraction due to the given body. 


7. Attraction at a Point in the Produced Axis of a Cylinder 
of Revolution. In order to find the attraction due to a homo- 
geneous cylinder of revolution at any point P (Fig. 5) in the 
axis of the cylinder produced, it will be convenient to imagine 
the cylinder cut up into discs of constant thickness Ac, by 
means of planes perpendicular to the axis. 

Let p be the mass of the unit of volume of the cylinder, and 
a the radius of its base. Consider a disc whose nearer face is 
at a distance c from P, and divide it into elements by means of 


radial planes drawn at angular intervals of A@ and concentric 
cylindrical surfaces at radial intervals of Ar. 

The mass of any element M whose inner radius is r is equal 
to pAc- Aé[rAr + 4(Ar)’], and the whole attraction at P due to 


F 7a ae ie Rae Cpa 
M is approximately pated it oe in a line joining P 
with some point of @. The component of this attraction in 
the direction PC is found by multiplying the expression just 
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given by —_—_° _, the cosine of the angle OPS, so that the 

Ve? +17 é 
attraction at P in the direction PC, due to the whole disc, is 
approximately 


Ac-lim y eeAdlrr +3071") ay ac {a9 ~ pordr 
(e + 7”) a 0 0 (ce + 7°)? 


=2pAq 1-— 2] [14] 
Vei+a 

If the bases of the cylinder are at distances ¢ and +h 
from P, the true value of the attraction at Pin the direction 
PC, due to the cylinder QQ’, is 


limit c ¢ Cota c 
co 2mpAc | 1— =2apf Gea 
Ac=0 | Vey 4 P te Vee 


= 2rp[h +Ver+0—V(q+h)?+ a’). [15] 


This is evidently the whole attraction at P due to the cylin- 
der, for considerations of symmetry show us that the resultant 
attraction at P has no component perpendicular to PC. 

[14] gives the attraction due to the elementary disc ABA'B', 
on the assumption that the whole matter of the dise is concen- 
trated at the face ABC. The actual attraction at P due to 
this dise may be found by putting ¢) =e and h= Ac in [15]. 

If a, the radius of the cylinder, is very large compared with 
h and ¢, the expression [15] for the attraction at P due to the 
cylinder approaches the value 2zph. 


8. Attraction at the Vertex of a Cone. The attraction due to 
a’ homogeneous cone of revolution, at a point at the vertex of 
the cone, may be found by the aid of [14]. 

If Fig. 6 represents a plane section of the cone taken through 
the axis, and if PM=c, MM'= Ac, and MB = 1, the attraction 
at P due to the dise ABCD is approximately 


2mpAc eer Ac (1— cos 
pac| 1-5 | = 2xpc(1— cose), 


ae | 
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and the attraction due to the whole cone is 


ier 27p(1— cosa) Ac = 2zp(1 — cosa) aN 
= 27p{1 — cosa) -PL. [16] 
The attraction at P due to the frustum AB/JCW is found by 


subtracting the value of the attraction due to the cone ABP 
from the expression given in [16]. The result is 

2mp(1 — cosa) (PL— PM) =2xp(1—cosa)ML, ~{17] 
and it is easy to see from this that discs of equal thickness cut 
out of a cone of revolution at different distances from the vertex 


by planes perpendicular to the axis exert equal attractions at 
the vertex of the cone. 


It follows almost directly that the portions cut out of two 
concentric spherical shells of equal uniform density and equal 
thickness, by any conical surface having its vertex at the 
common centre P of the shells, exert equal attraction at this 
centre; but we may prove this proposition otherwise, as fol- 
lows : 

Divide the inner surface of the portion cut out of one of the 
shells by the given cone into elements, and make the perimeter 
of each of these surface elements the directrix of a conical 
surface having its vertex at P. Divide the given shells into 
elementary shells of thickness Ar by means of concentric spheri- 
cal surfaces drawn about P. In this way the attracting masses 
will be cut up into volume elements. 

Let ML’ (Fig. 7) represent one of these elements, whose 
inner surface has a radius equal to 7; then, if the elementary 
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cone APB intercept an element of area Aw from a spherical sur- 
face of radius unity drawn around P, the area of the surface 
element at MM' is 7?Aw, and that at ZL’ is (r+Ar)’Ao. The 


Fic. T. 


attraction at P in tbe direction PM, due to the element WL’, is 
approximatel 
. : rAwAr 


2 


= pAwAr, 


and the component of this in any direction Px, making an 
angle a with PM, is approximately pAwArcosa. The attraction 
at P in the direction Px, due to the whole shell EDFG, is, 


then 
; a= lim ) par do cosa, 


where the sum is to include all the volume elements which go to 
make up the shell. If PF=%, PG=7, PF'=1,', PG'=r,, 
andi pen FG = Je 


X= {par {cos adw = pp | cosadw. 
To 


The attraction at P in the same direction, due to the shell 
E' D'F'G', is 


A! pf” dr | cosadw = pu f cos adw. 
Tq 


But the limits of integration with regard to w are the same in 
both cases; .*. X = X’, which was to be proved. 

If the shells are of different thicknesses, it is evident that 
they will exert attractions at P proportional to these thick- 
nesses. 


- 
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The area of the portion which a conical surface cuts out of a 
spherical surface of unit radius drawn about the vertex of the 
cone is called ‘* the solid angle”’ of the conical surface. 


9. Attraction of a Spherical Shell. In order to find the 
attraction at P, any point in space, due to a ‘homogeneous 
spherical shell of radii 7) and 7, it will be best to begin by 
dividing up the shell into a large number of concentric shells 
of thickness Av, and to consider first the attraction of one of 
these thin shells, whose inside radius shall be 7. 

Let p be the density of the given shell, that is, the mass of 
the unit of volume of the material of which the shell is com- 
posed. Join P (Fig. 8) with O by a straight line cutting the 
inner surface of the thin shell at N, and pass a plane through 
PO cutting this inner surface in a great circle NZSL’, which 


will serve as a prime meridian. Using W as a pole, describe 
upon the inner surface of the thin shell a number of parallels of 
latitude so as to cut off equal arcs on NLSL'. Denote by AG 
the angle which each one of these arcs subtends at O. Through 
PO pass a number of planes so as to cut up each parallel of 
latitude into equal arcs. Denote by Ad the angle between any 
two contiguous planes of this series. By this means the inner 
surface of the elementary shell will be divided into small quad- 
rilaterals, each of which will have two sides formed of meridian 
ares, of length r-Aé, and two sides formed of arcs of parallels 
of latitude, of length rsin@-A¢ and rsin(é + A6@)-Ad, where 
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6 is the angle which the radius drawn to the parallel of higher 
latitude makes with ON. The area of one of these quadri- 
laterals is approximately 7*sind-A6-A¢, and the thickness of 
the shell is Av, so that the element of volume is approxi- 
mately **sinf-Ar-Ad-Ad. Let PM= y, then the attrac- 
tion at P, due to an element of mass which has a corner at 


M, is approximately = Eien in the direction PM. 
y 


This force may be resolved into three components: one in the 
direction PO, the others in directions perpendicular to PO 
and to each other; but it is evident from considerations of 
symmetry that in finding the attraction at P due to the whole 
shell we shall need only that component which acts in PO. This 
is approximately prsin 6- Ee Ag: cos K PM. or, if PO = 


prsiné(c — ros #)ArAG Ad 18 
7 ane [18] 


The attraction at P due to the whole elementary shell is, then, 
approximately (traly on the assumption that the whole mass of 
the shell is concentrated at its inner surface), 


ar | (ee [19] 
and the true yalue at P of the attraction due to the given shell is 


‘Xdr. [20] 


at 
If in the expression for X we substitute for @ its value in 
terms of y, we have, since 


y=C+r—2ecreos, 
and hence 2ydy = 2er sindds, 


_ “2a Ys pr dy a hf ce? — 42 
st MA rite rel Si Geen) 


= Tet Sno eee [21] 
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In order to find the limits of the integration with regard to y, 
we must distinguish between two cases : 


@) If P is a point in the cavity enclosed by the given shell, 
Y=r—c and y=r+c; 


cee “ee 2 4+. (r+c)! oe [22] 


C 7 -e r—C 
and oe Xdr = [23] 
so that a homogtingauS sphexical shel] exerts no attraction at 
encloses. 


Gi) If Pisa Raine without the given shell, 


Y=Cec—r and y,=—c+r7; 


Xa zr Bees Git) te 1 e-)) i dap or, 
a c+r c—r e (2) 


and "Xr = sme B (r2— 1?) [25] 
To 
From this it follows that the attraction due to a spherical 
shell of uniform density is the same, at a point without the shell, 
as the attraction due to a mass equal to that of the shell con- 
centrated at the shell’s centre. 
If_in [25] we make 7,=0, we have the-attraction, due—to- a 


solid sphere of radius 7, and_density_p, at a_point_outside the 
sphere at a distance cfromthe-centre- This is 

4 mr}. 96 
- Be E : 


10. Attraction due to a Hemisphere. At any point Pin the 
plane of the base of a homogeneous hemisphere, the attraction 
of the hemisphere gives rise to two components, one directed 
toward the centre of the base, the other perpendicular to the 
plane of the base. We will compute the values of these com- 
ponents for the particular case where P lies on the rim of the 
hemisphere’s base, and for this purpose we will take the origin 
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of our system of polar codrdinates at P, because by so doing 
we shall escape having to deal with a quantity which becomes 
infinite at one of the limits of integration. Denote the codrdi- 
nates of any point Z in the hemisphere by 7, 6, ¢, where (Fig. 9) 
XPN = $4, -IPL=06; and PL=r. 


Fie. 9. 


Tf 7, be the radius of the hemisphere, 


PT=PNcos NPT = PX cos XPN- cos NPT = 27, sin6 cos ¢. 
Ik IK _ILcos¢d 


00s XPL = == —— = 7s ES Ge 
cos SPL =7 =f ene, = sin@sin d. 


The mass of a polar element of volume whose corner is at 
ZI, is approximately p-JLAd-PLAG-Ar or pr’sindAr Ad Ad, 
and this divided by 7* is the attraction at P in the direction PZ 
of the element, supposed concentrated at Z. The components 
of this attraction in the direction PX and PY are respectively 
psindArAdAd¢dcos XPL and psin@ArAdAd cos SPL. 

The component in the direction Py of the attraction at.P due 
to the whole hemisphere is, then, | 


2r,sin 4 cosd 
fae [00 fo sin’@ sin ddr = tpn, [27] 
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and the component in the direction Px is 


cs 7 27, sin @ cosd 
Sf? dg {a6 psin’écos ddr = 2zpry. [28] 
0 0 


This last expression might have been obtained from [26] by 
making ¢ equal to r and halving the result. 


11. Attraction of a Hemispherical Hill. If at a point on the 
earth at the southern extremity of a homogeneous hemispheri- 
cal hill of density p and radius 7, the force of gravity due to the 
earth, supposed spherical, is g, the attraction due to the earth 
and the hill will give rise to two components, g—#4p7, down- 
wards, and $7p7, northwards. The resultant attraction does 
not therefore act in the direction of the centre of the earth, but 


2 
makes with this direction an angle whose tangent is —a7Ph 
9—3P" 


Fie. 10. 


Let ¢ (Fig. 10) be the true latitude of the place and (¢ —a) 
the apparent latitude, as obtained by measuring the angle which 
the plumb-line at the place makes with the plane of the equator. 
Let a be the radius of the earth and o its average density. Then 


ee ge a py [29] 
g = Spry 2 (rac — pr) 
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The radius of the earth is very large compared with the 

radius of the hill, and a is a small angle, so that approximately 
; : : r 

a =P", and the apparent latitude of the place is ¢ — fo. 

2 ao 2 ar 


If ¢; is the true latitude of a place just north of the same hill, 


its apparent latitude will be ¢;+ Pp’. and the apparent differ- 
as 


. 


ence of latitude between the two places, one just north of the 
hill and the other just south of it, will be the true difference 


plus P’1 Tf there were a hemispherical cavity between the two 
as 


places instead of a hemispherical hill, the apparené difference of 
latitude would be less than the true difference. 


12. Ellipsoidal Homeoids. A shell, thick or thin, bounded 
by two ellipsoidal surfaces, concentric, similar, and similarly 
placed, shall be called an ellipsoidal homeoid. 

It is a property 
of every such 
shell that if any 
straight line cut 
its outer surface 
at the points S, S' 
(Fig. 11) and its 
inner surface at 
Q, Q', so that these 
four points lie in 
the order SQQ'S', 
the length SQ will 
Fie. 11. be equal to the 


7 length Q'S'.* 


We will prove that the attraction of a homogeneous closed 


* The section of the hommoid made by a plane which passes through 
the centre and the secant line, is bounded by two concentric, similar, and 
similarly placed ellipses. This figure may be regarded as an orthogonal 
projection of two concentric circles cut by a straight line. - 
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ellipsoidal homeoid, at any point P in the cavity which it shuts 
in, is zero. 

Make P the vertex of a slender conical surface of two 
nappes, A and B, and suppose the plane of the paper to be 
so chosen that PQ is the shortest and PM the longest length 
eut from any element of the nappe A by the inner surface of 
the homeoid. Draw about P spherical surfaces of radii PQ, 
PM, PS, and PO, and imagine the space between the inner- 
most and outermost of these surfaces filled with matter of the 
same density as the homeoid. The nappe JA cuts out a portion 
from this spherical shell whose trace on the plane of the 
paper is QLOT. Let us call this, for short, ‘‘the element 
QLOT.” The attraction at P, due to the element QMOS which 
A cuts out of the homeoid, is less than the attraction at the 
same point due to the element QLOT, and greater than that 
due to the element whose trace is AMNS. But the attraction 
at P, due to the first of these elements of spherical shells, is to 
the attraction due to the other as the thickness of the first shell 
is to that of the other, or as QT'is to HS. (See Section 8.) 
The limit of the ratio of QT to KS, as the solid angle of the 
cone is made smaller and smaller, is unity; therefore the limit 
of the ratio of the attraction at P due to the element QMOS, to 
the attraction due to the element of spherical shell whose trace 
is QLNS, is unity. By a similar construction it is easy to show 
that the limit of the ratio of the attraction at P, due to the 
element which B cuts out of the homeeoid, to the attraction due 
to the portion of spherical shell whose trace is Q'Z'N'S', is 
unity. 

But the attractions at P, due to the elements Q!Z'N'S' and 
QLNS, are equal in amount (since their thicknesses are the 
same) and opposite in direction, so that if for the elements of 
the homeeoid these elements were substituted, there would be no 
resultant attraction at P. In order to get the attraction at P 
in any direction due to the whole homeeoid we may cut up the 
inner surface of the homeoid into elements, use the perimeter 
of each one of these elements as the directrix of a conical sur- 
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face having its vertex at P, and find the limit of the sum of the 
attractions due to the elements which these conical surfaces cut 
from the hommoid. Wherever we have to find the finite limit of 
the sum of a series of infinitesimal quantities, we may without 
error substitute for any one of these another infinitesimal, the 
limit of whose ratio to the first is unity. For the attractions at P 
due to the elements of the homceoid we may, therefore, substi- 
tute attractions due to elements of spherical shells, which, as we 
have seen, destroy each other in pairs. Hence our proposition. 

A shell bounded by two concentric spherical surfaces gives a 
special case under this theorem. 


13. Sphere of Variable Density. The density of a homo- 
geneous body is the amount of matter contained in the unit 
volume of the material of which the body is composed, and this 
may be obtained by dividing the mass of the body by its volume. 

If the amount of matter contained in a given volume is not 
the same throughout a body, the body is called heterogeneous, 
and its density is said to be variable. 

The average density of a heterogeneous body is the ratio of 
the mass of the body to its volume. The actual density p at 
any point Q inside the body is defined to be the limit of the 
ratio of the mass of a small portion of the body taken about Q 
to the volume of this portion as the latter is made smaller and 
smaller. 

The attraction, at any point P, due to a spherical shell whose 
density is the same at all points equidistant from the common 
centre of the spherical surfaces which bound the shell but dif- 
ferent at different distances from this centre, may be obtained 
with the help of some of the equations in Article 9. 

Since p is independent of @ and ¢, it may be taken out from 
under the signs of integration with regard to these variables, 
although it must be left under the sign of integration with re- 
gard to r. 

Equations 19 to 24 inclusive hold for the case that we 
are now considering as well as for the case when p is constant, 
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so that the attraction at all points within the cavity enclosed by 
a spherical shell whose density varies with the distance from the 
centre is zero. 

If P is without the shell, the attraction is 


Se ey pret. "14 apr? di 
ees { Xdr =f —P 
- Tro To Cc 


or, if p = fir)s 
4a Ta! Te 
os Fir) <7 a. [30] 


The mass of the shell is evidently 
eas S(r)dr a4 fi r)-rdr, [31] 


and [80] declares that a spherical shell whose density is a 
function of the distance from its centre attracts at all outside 
points as if the whole mass of the shell were concentrated at the 
centre. 

If %=0, we have the case of a solid sphere. 


14. Attraction due to any Mass. In order to find the attrac- 
tion at a point P (Fig. 12), due to any attracting masses M', we 
may choose a system of rectangular codrdinate axes and divide 


Y 


Fie. 12. 


M' up into volume elements. If p is the average density of one 
of these elements (Av’), the mass of the element will be pAv’. 
Let Q, whose codrdinates are 2’, y', z', be a point of the ele- 
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ment, and let the codrdinates of P be #, y, z. The attraction 
at P in the direction PQ due to this element is approximately 
pAv' . : : so as 
PQ” and the components ofthis in the direction of the codrdi- 


nate axes are 


Jf 
a oa cosf', and & cos y', [32] 
Ee PU: 
where a’, ', y' are the angles which PQ makes with the positive 
directions of the axes. 
It is easy to see that 


cos a! = PL _w—2 
PQ. FQ- 
and, similarly, that 
y'—¥ oe 2 
cos B' =: : and cosy’ = . 
B PQ ’ Ds PQ 


Moreover, 
PQ = PL’ + LS’ +8Q =(2'—2)?+(y'—y)?+ (2'—2)*, 
and this we will call 7°. 
The true values of the components in the direction of the 


coérdinate axes of the attraction at P, due to all the elements 
which go to make up M’, are, then, 


— limit o> pan) 


Av! = 


een 1m Neuketacas [38,] 
[(@'—2)'+ y+ @—a = 


__ limit pAv'(y'—y) 
ra sre eigan 


- SStwxhireayresa Ol 
= ee MD eae (z' —2) 


= MIS rene a SS 
SJ Jie _ x)* + (y'— y)?+ (2!— z)*}8 ; [33.] 


; 
' 
4 
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where p is the density at the point («’, y', 2’), and where the 
integrations with regard to 2’, y', and z' are to include the whole 
of M'. 

The resultant attraction at P, due to M’, is 


RAEVX°LY? + 73; [34] 


and its line of action makes with the codrdinate axes angles 
whose cosines are 


xX aS Z 
ser) ae and gay x: [35] 


The component of the attraction at the point (a, y, z) in a 
direction making an angle « with the line of action of F is 
FReose. If the direction cosines of this direction are A’, p', v', 


we have 
cos< = )A'+ wp'+ wi. 


15. The quantities X, Y, Z, and R&, which occur in the last 
section, are in general functions of the codrdinates a, 7, and z of 
the point P. Let us consider X, whose value is given in [33,]. 


- ! 
If P lies without the attracting mass J’, the quantity eee 


is finite for all the elements into which M’ is divided. Let L 
be the largest value which it can have for any one of these 


elements, then X is less than Lf if; f p dx'dy'dz", or L-M"', and 


this is finite. If P is a point within the space which the attract- 
ing mass occupies, it is easy to show that, whatever physical 
meaning we may attach to X, it has a finite value. To prove 
this, make P the origin of a system of polar codrdinates, and 
divide M' up into elements like those used in Section 10. It 
will then be clear that 


Rie f f if, ‘osin’Ocos bdrdodd, [36] 


where the limits are to be chosen so as to include all the at- 
tracting mass. Since sin’@cos¢ can never be greater than 
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el 


unity, X is less than Sf Searaoag, which is evidently finite 


when p is finite, as it always is in fact. 
The corresponding expressions, 


Y= f if; if; nsin’6 sin pdrdéd¢, [37] 
and Z = {_{ fpsind cosadrdsae, [38] 


can be proved finite in a similar manner; and it follows that 
X, Y, Z, and consequently F, are finite forall values of z, y, 
and z. 

As a special case, the attraction at a point P within the mass 
of a homogeneous spherical shell, of radii 7) and 7,, and of den- 
sity p, is 


- x—rs 39 
2 Sal oh Nig mS [39] 
where v is the distance of P from the centre of the shell. 


16. Attraction between Two Straight Wires. Let AX and 
BK' (Fig. 13) be two straight wires of lengths 7 and U’ and of 
line-densities » and p’; and let AB=c. Divide AX into 


elements of length Aw, and consider one of these MM", such 
that AM=2. The attraction of BKX' on a unit mass concen- 
: 1 1 
trated at M would be (Sections 2 and 5), »'| —~-——— |. If, 
( > # F. ial 
therefore, the whole element 7M' whose mass is »Aw were con- 
centrated at M, the attraction on it, due to B&', would be 


1 1 ad 1 
7 oe eee Sol wee ee 
~ {a un | fe: heres ieee] U0) 


—— 


OO 
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The actual force, due to the attraction of BA’, with which the 
whole wire 4/f is urged toward the right, is 


limit : ‘Ag 1 _ 1 

aoe tar ctl =s 
Sik : —_ U da 
0 \e—(l+ll+e) w—(i+c)/) 


—l—l'—c}! (1+) (+c) 
rg ee ing CU 
mn eae, ‘ eee es) [41] 


17. Attraction between Two Spheres. Consider two homo- 
geneous spheres of masses M and M' (Fig. 14), whose centres 
Cand C’ are at a distance c from each other. .Divide the sphere 
M' into elements in the manner described in Section 9. The 
attraction due to M at any point P' outside of this sphere is, as 


and its line of action is in the direction 


we have seen, 
PC; 


>=? 


Let P’=(r, 6,¢) be any point in the sphere M’, and let 
CP!=y. The attraction of M in the direction P’C on an 
element of mass p7*sin@ArA@A¢ supposed concentrated at P! is 


eee oy Ar ACA, and the component of this parallel to the 


y 
line C'C is Mp?” sin 6 are Oar AdAd. The force with 
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which the whole sphere M' is urged toward the right by the 
attraction of © is, then, 


a el fe go [42] 
J Ze 1 


where the integration is to be extended to all the elements 
which go to make up M'. It is proved in Section 9 that the 


t 
value of this triple integral is a so that the force of attraction 


MM’ 


3 


between the two spheres is 


18. Attraction between any Two Rigid Bodies. In order to 
find the force with which a rigid body is pulled in any direc- 
tion (as for instance in that of the axis of x) by the attraction 
of another body 1/', we must in general find the value of a 
sextuple integral. 

Let M be divided up into small portions, and let Am be the 
mass of one of these elements which contains the point (x,y,z). 

The component in the direction of the axis of 2 of the attfac- 
tion at (a, y, 2) due to MW’ is 


fff ; p(x'— x) da'dy'dz' 
[(@'=2)*+ y'—y)+ @—2P 


and this would be the actual attraction in this direction on a 
unit mass supposed concentrated at (x, y, z). If the mass Am 
were concentrated at this point, the attraction on it in the direc- 
tion of the axis of # would be 


p(a'— x) dx'dy'dz' 
mone! [@o=a+o—y+e-pw = 


The actual attraction in the direction of the axis of x of M' 
upon the whole of © is, then, 


limit : p(x! — x)da'dy'dz' 
mad” SS Srexaeegeaeeaaar 
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If p’ is the density at the point (a, y, z), and if the elements 
into which M is divided are rectangular parallelopipeds of di- 
mensions Av, Ay, and Az, the expression just given may be 


written 
yen tea ye p'p(x'— x) dady dzdz'dy'dz! [45] 
[ea +¢—y+e- 


where the integrations are first to be extended over M' and 
then over M. 


EXAMPLES. 


1. Find the resultant attraction, at the origin of a system of 
rectangular codrdinates, due to masses of 12, 16, and 20 units 
respectively, concentrated at the points (38, 4), (—5, 12), and 
(8, —6). What is its line of action ? 

2. Find the value, at the origin of a system of rectangular 
codrdinates, of the attraction due to three equal spheres, each of 
mass m, whose centres are at the points (a, 0, 0), (0,0,0), 
(0,0,c). Find also the direction-cosines of the line of action 
of this resultant attraction. 

3. Show that the attraction, due to a uniform wire bent into 
the form of the arc of a circumference, is the same at the centre 
of the circumference as the attraction due to any uniform 
straight wire of the same density which is tangent to the given 
wire, and is terminated by the bounding radii (when produced) 
of the given wire. 

4. Show that in the case of an oblique cone whose base is 
any plane figure the attraction at the vertex of the cone due to 
any frustum varies, other things being equal, as the thickness 
of the frustum. 

5. Find the equation of a family of surfaces over each one of 
which the resultant force of attraction due to a uniform straight 
wire is constant. 

6. Using the foot-pound-second system of fundamental units, 
and assuming that the average density of the earth is 5.6, com: 
pare with the poundal the unit of force used in this chapter. 
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7. If in Fig. 2 we suppose P moved up to A, the attraction 
at P becomes infinite according to [7], and yet Section 15 
asserts that the value, at any point inside a given mass, of the 
attraction due to this mass is always finite. Explain this. 

8. A spherical cavity whose radius is 7 is made in a uniform 
sphere of radius 27 and mass m in such a way that the centre 
of the sphere lies on the wall of the cavity. Find the attraction | 
due to the resulting solid at different points on the line joining 
the centre of the sphere with the centre of the cavity. 

9. A uniform sphere of mass m is divided into halves by the 
plane AB passed through its centre C. Find the value of the 
attraction due to each of these hemispheres at P, a point on the 
perpendicular erected to AB at C, if CP=a. 

10. Considering the earth a sphere whose density varies only 
with the distance from the centre, what may we infer about the 
law of change of this density if a pendulum swing with the same 
period on the surface of the earth and at the bottom of a deep 
mine? What if the force of attraction increases with the depth 


at the rate of 4th of a dyne per centimetre of descent? 
; n 


11. The attraction due to a cylindrical tube of length h and 
of radii MR, and #,, at a point in the axis, at a distance ¢) from 
the plane of the nearer end, is 


2 mp Co FRE —V e+ Re + V (+h)? + Re ¥ (co +h)? + 7]. 
[Stone. ] 
12. A spherical cavity of radius } is hollowed out in a sphere 
of radius a and density p, and then completely filled with 
matter, of density p). If ¢ is the distance between the centre 
of the cavity and the centre of the sphere, the attraction due 
to the composite solid at a point in the line joining these two 
centres, at a distance d from the centre of the sphere, is 
4 [pa | Bo —p) |. 
oes eae oe 
13. The centre of a sphere of Tariana of radius 10 and of 
density 2.5, is at the distance 100 from a sphere of the same 
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size made of gold, of density 19. Show that the attraction 
due to these spheres is nothing at a point between them, ata 
distance of about 26.6 from the centre of the aluminum sphere. 

[Stone. ] 

14. Show that the attraction at the centre of a sphere of radius 
r, from which a piece has been cut by a cone of revolution 
whose vertex is at the centre, is pi sin’a, where a is the 
half angle of the cone. 

15. Aniron sphere of radius 10 and density 7 has an eccentric 
spherical cavity of radius 6, whose centre is at a distance 3 
from the centre of the sphere. Find the attraction due to 
this solid at a point 25 units from the centre of the sphere, 
and so situated that the line joining it with this centre makes 
an angle of 45° with the line joining the centre of the sphere 
and the centre of the cavity. [Stone. ] 

16. If the piece of a spherical shell of radii 7) and 7,, inter- 
cepted by a cone of revolution whose solid angle is w and whose 
vertex is the centre of the snell, be cut out and removed, find 
the attraction of the remainder of the shell at a point P situated 
in the axis of the cone at a given distance from the centre of 
the sphere. If in the vertical shaft of a mine a pendulum be 
swung, is there any appreciable error in assuming that the only 
matter whose attraction influences the pendulum lies nearer the 
centre of the earth, supposed spherical, than the pendulum 
does ? 

17. Show that the attraction of a spherical segment is, at its 


vertex, : = 
ib ei 
2ahp | 1-2 Pe}, 


where a is the radius of the sphere and h the height of the 
segment. 

18. Show that the resultant attraction of a spherical segment 
on a particle at the centre of its base is 


Pee [30?— Bah +h? (2a—A)aM], 


by the surface generated by the revolution about the axis of x 


28 THE ATTRACTION OF GRAVITATION. 


19. Show that the attraction at the focus of a segment of a 
paraboloid of revolution bounded by a plane perpendicular to 
the axis at a distance b from the vertex is of the form 

4 pa log bs e 

@ 


20. Show that the attraction of the oblate spheroid formed 
by the revolution of the ellipse of semiaxes a,b, and eccen- — 
tricity e, is, at the pole of the spheroid, 


<np? | A ea a ae sin-e \ : 
e 
and that the attraction due to the corresponding prolate spheroid 


is, at its pole, 
= oft log 1}. 


2e l—e 


21. Show that the attraction at the point (c, 0, 0), due to 
the homogeneous solid bounded by the planes x= a, x=), and 


of the curve y= (2), is 


’ a 

ef (1 geo titoag)& 
[(e—2x)*+ (fry 

22. Prove that the attraction of a uniform lamina in the form 


of a rectangle, at a point P in the straight line drawn through 
the centre of the lamina at right angles to its plane, is 4 


ab 
4p sin ——__—____ 
Vey eveErze 


where 2a and 2b are the dimensions of the lamina and eth hi 
distance of P from its plane. ' ; 


[Answers to some of these problems and a collection of ad 


lems illustrative of the text of this be ea 
sap hae —— mere a 
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CHAPTER II. 


THE NEWTONIAN POTENTIAL FUNCTION IN THE CASE 
OF GRAVITATION. 


19. Definition. If we imagine an attracting body M to be 
cut up into small elements, and add together all the fractions 
formed by dividing the mass of each element by the distance of 
one of its points from a given point P in space, the limit of this 
sum, as the elements are made smaller and smaller, is called the 
value at P of ** the potential function due to M.” 

If we call this quantity V, we have 


where Am is the mass of one of the elements and ¢ its distance 
from P, and where the summation is to include all the elements 
which go to make up JM. 

If we denote by p the average density of the element whose 
mass is Am, and call the codrdinates of the corner of this ele- 
ment nearest the origin 2’, y', z', and those of P, x, y, z, we may 
write 

Am = pAa!Ay'Az', 


= pdaldy'dz 
"=“\SS@ateoeor 


where p is the density at the point (a', y', z'), and where the 
triple integration is to include the whole of the attracting mass I. 
As the position of the point P changes, the value of the quan- 
- tity under the integral signs in [47] changes, and in general V 
is a function of the three space codrdinates, ¢.e.. V=/(«,y,2z). 
To avoid circumlocution, a point at which the value of the 


and 
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potential function is V, is sometimes said to be ‘* at potential 

7.” From the definition of V it is evident that if the value at 
a point P of the potential function due to a system of masses 
M, existing alone is V;, and if the value at the same point of 
the potential function due to another system of masses VM, exist- 
ing alone is Vz, the value at P of the potential function due to 


M, and M, existing together is V=V,+ V2. 


20. The Derivatives of the Potential Function. If P is a 
point outside the attracting mass, the quantity 


V (a! — 2)?+(y'— y)?+ (2'—2)’, 


which enters into the expression for V in [47], can never be 
zero, and the quantity under the integral signs is finite every- 
where within the limits of integration; now, since these limits 
depend only upon the shape and position of the attracting mass 
and have nothing to do with the codrdinates of P, we may dif- 
ferentiate V with respect to either 2, y, or z by differentiating 
under the integral signs. Thus: 


Dv= ff fp ener 


p(x! — x) da'dy'dz' 
“SSS eas (ete eaa Ml 


where the limits of integration are unchanged by the differen- 
tiation. The dexter integral in this equation is (Section 14). 
the value of the component parallel to the axis of x of the 
attraction at P due to the given masses, so that we may write, 
using our old notation, 


2V= X, [49] 
and, similarly, DV=Y, [50] 
D,V= &. [51], 


The resultant attraction at P is 
R=VX?+Y? +22 =V (DV)? + (DV) +(D,V)*, [52] 


q 
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and the direction-cosines of its line of action are: 


z 4 “4 
cosa = at 3 -C0S,2 = eo > and cosy = 2 : [53 } 


It is evident from the definition of the potential function that 
the value of the latter at any point is independent of the par- 
ticular system of rectangular axes chosen. If, then, we wish to 
find the component, in the direction of any line, of the attraction 
at any point P, we may choose one of our codrdinate axes 
parallel to this line, and, after computing the general value of 
V, we may differentiate the latter partially with respect to the 
codrdinate measured on the axis in question, and substitute in 
the result the codrdinates of P. 


21. Theorem. The results of the last section may be summed 
up in the words of the following 


THEOREM. 


To find the component at a point P, in any direction PK, of 
the attraction due to any attracting mass M, we may divide the 
difference between the values of the potential function due to M at 
P' (a point between P and IX on the straight line PK) and at P 
by the distance PP'. The limit approached by this fraction as 
P! approaches P is the component required.* 


We might have arrived at this theorem in the following way: 

If X, Y, Z are the components parallel to the codrdinate axes 
of the attraction at any point P, the component in any direction 
PE whose direction-cosines are A, », and y, is 


AX+ pV¥+vZ=2AD,V + pD,V + vD,V. [54] 


Let a, y, 2 be the codrdinates of P, and «+ Aa, y+Ay, 
z+ Az those of P', a neighboring point on the line PX. 


* Tf the force is required in absolute kinetic units, the result thus 
obtained must be multiplied by k, the proper gravitation constant. The 
reciprocal of & is equal to 1.543 x 107 in the c.g.s. system and to 9.63 x 
108 in the f.p.s. system. 
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If V and V' are the values of the potential function at P 
and P' respectively, we have, by Taylor’s Theorem, 
Vi=V+Ar-D,V+ Ay-D,V + Az-D,V +6 
where e¢ is an infinitesimal of an order pee than the first. 
V'=V Ae 
yee pe oer oe 
but A*=—A:PP", AfSp-PP, Ate 2s, 


7 € = 
- DV + ppii [55] 


Pad 4 
and this (see [54]) is the component in the direction PK of 
the attraction at P: which was to be proved. 


fries 
therefore, Pee F (43) =\D,V + pD,V +vD.V, [56] 


22. The Potential Function everywhere Finite. If Pisa 
point within the attracting mass, the integrand of the expres- 
sion which gives the value of the potential function at P 
becomes infinite at P. That V is not infinite in this case is 
easily proved by making P the origin of a system of polar 
coérdinates as in Section 15, when it will appear that the 
value of the potential function at P can be expressed in the 


form Vt f if prsin Odrd0 dd; [57] 


and this is evidently finite. 

Although V, is everywhere 
finite, yet when we express its 
value by means of equation [47], 
the quantity under the integral 
signs becomes infinite within the 
limits of integration, when P is 
a point inside the attracting 
mass. Under these circum- 

Bree 44. stances we cannot assume with- 

out further proof that the result 

obtained by differentiating with respect to a under the in- 
tegral signs is really D,V. It is therefore desirable to com- 
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pute the limit of the ratio of the difference (A,V) between the 
values of V at the points P!=(x-+ Aa, y, 2) and P=(a, y, 2), 
both within the attracting mass, to the distance (Aw) between 
these points. For convenience, draw through P (Fig. 15) three 
lines parallel to the codrdinate axes, and let Q=(a’, y', z'). 

Lei PQ=r, P'Q=—r', and X'’PQ=y. 

Then 

7? =" + (Aw)’?— 27+ Ax-cosy, 


I 
xv! — 2 
where cos fy = ; 
. 


ae a SSS GH Ja paren 
Ax 
=(((F535 7 pdx! dy' dz! 
r a Aa 


Sik 2r Az cosy — (Ax)*\ pda! dy'dz! 
ge? + rr? Aa 
Therefore 


D.V=x limit = ) 


Ax= 0 Aw 


=ffe 2reme - pda! dy! de! 
da! dy' dz' cos 
=f poms Z 


This last integral is evidently the component parallel to the | 
axis of « of the attraction at P, so that the theorem of Article 
21 may be extended to points within the attracting mass. 

It is to be noticed that p is a function of a, y', and z', but not 
a function of #, y, and z, and that we have really proved that the 
derivatives with regard to x, y, and z of 


aan F(z", y', 2") de! dy! dat, 
lie 
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where F’ is any finite, continuous, and single-valued function of 
x, y', and z', can always be found by differentiating under the 
integral signs, whether (#,¥,%) is contained within the limits of 
integration or not. 


23. The Potential Function due to a Straight Wire. Let 
; p be the mass of the unit length of a uniform straight wire AB 
Sid (Fig. 16) of length 27. Take the middle point of the wire for 
the origin of codrdinates, and a line drawn perpendicular to the 

wire at this point for the axis of 2. 


Fie. 16. 


The value of the potential function at any point P(x,y n 
e the codrdinate plane is, then, according to [47], 


| ok ee [uci vErO=+ yo] 


a. = [F+y'—y) 
os ytVe+ (Tl yy? 
= nos { Tanta = be 


If r= AP=Ve+(—y), and r= BP=V¥+(+y), — 
als a 


whence y= a we may eliminate x and y eee apie Yan: 
express V, in terms of r and +’. ? 
Thus: = 
ae (r$20)2— 1 _ rr 2l : 
Pe ee s(n 2h? ray = 


It is evident from [60] that if P move so as to bee t 
of its distances from the ends of the wire conste 
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remain constant. P’s locus in this case is an ellipse whose 
foci are at A and B. 
From [59] we get 


D,Vp=# ee - se 
erp U9) |e tr— C+ 9) ] 


See SS ee) ] 
[r+@—y)] "—r’—C+y)] 


=i5 
=H ssh yaa: D) 


! 


x r 
a4 = cose ie cos8| 
2 
=— H] eos 6+ cos a 
x 


and this (Section 6) is the component in the direction of the 
axis of w of the attraction at P. 


24. The Potential Function due to a Spherical Shell. In 
order to find the value at the point P of the potential function 
due to a homogeneous spherical shell of density p and of radii 75 
and 7,, we may make use of the notation of Section 9. 


pr’sind drdéd¢d ={f prdydrdd 
pips pppoe 


yy 
Se ara rdr dy. [61]: 


rT 
If P lies within the cavity enclosed “ the shell, the limits of 
y are (7 —c) and (r+¢), whence 
V=2p(r?—1%)- [62] 
If P lies without the shell, the limits of y are (e—7) and 
(¢+7), whence 


“st Gis) : 63 
i te [63] 


If P is a point within the mass of the shell itself, at a dis- 
tance c from the centre, we may divide the shell into two parts 
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by means of a spherical surface drawn concentric with the given 
shell so as to pass through P. The value of the potential fune- 
tion at P is the sum of the components due to these portions of 
the shell; therefore 


Bc 
(2 © __42p,3 64 
Se hod [54] 


If we put these results together, we shall have the following 
table : — 


TAL MC | mn<¢ 


2 2 - Tr 4 7 
V= 2ap(ri—) 2ap(nt—S — =P r3 se (re — 70) 


ac 3 
4 Th 4a 
— 0 Fahd oO ge | *7p r2 — 7,3 
Dy 5 & °) | a (rj .°) 
Sans P 
D2V= 0 Amp (270 5 4 8xp (73 1,3) 
= e | 38¢ 


If we make V, D.V, and D2V the ordinates of curves whose 
abscissas are c, we get Fig. 17.* 

Here LNQS represents V, and it is to be noticed that this 
curve is everywhere finite, continuous, and continuous in direc- 
tion. The curve OABC represents D,V. This curve is every- 
where finite and continuous, but its direction changes abruptly 
when the point P enters or leaves the attracting mass. The 
three disconnected lines OA, DE, and FG@ represent D2V. 

If the density of the shell instead of being uniform were a 
function of the distance from the centre [p= (7) ], we should 
have at the point P, at the distance ¢ from the centre of the 


sphere, 9 . " 
V= Tf f)-redr dy. [65] 
To Yo 


* See Thomson and Tait’s Treatise on Natural Philosophy. Notice that 
AD=-—47p and that EF =47p. For values of c greater than 7, V. 


? 


D.V, and D,?V are respectively equal to M/c, — M/c2, and 2M (c3, 
where M is the mass of the shell. 
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From this it follows, as the reader can easily prove, that the 
value of the potential function due to a spherical shell whose 
density is a function of the distance from the centre only is 


|e 


constant throughout the cavity enclosed by the shell, and at 
all outside points is the same as if the mass of the shell were 
concentrated at its centre.* 


25. Equipotential Surfaces. As we have already seen, Vis, 
in general, a function of the three space codrdinates [V = 
f(@ y, #)], and in any given case all these points at which the 
potential function has the particular value ¢ le on the surface 
the equation of which is V=/f(a, y, z)= ce. 

Such a surface is called an “equipotential” or “level” sur- 
face. By giving to ¢ in succession different constant values, 
the equation V = c yields a whole family of surfaces, and it is 
always possible to draw through any given point in a field of 
force a surface at all points of which the potential function has 
the same value. The potential function cannot have two differ- 
ent values at the same point in space, therefore no two differ- 
ent surfaces of the family V =c, where V is the potential func- 
tion due to an actual distribution of matter, can ever intersect. 


* If the outer radius of the shell be unchanged while the radius of the 
cavity approaches zero, the values of V and D,V at O approach as limits 
the corresponding values at the centre of a solid, homogeneous sphere of 
density p and radius r}. The value of D.2V, however, does not approach 
as a limit the value of D2V at the centre of such a sphere. 
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THEOREM. 

If there be any resultant force at a point in space, due to any 
attracting masses, this force acts along the normal to that equi- 
potential surface on which the point lies. 


For, let V=f(a, y, 2) = ¢ be the equation of the equipotential 
surface drawn through the point in question, and let the coérdi- 
nates of this point be 2, Y, %- The equation of the plane 
tangent to the surface at the point is 


(a — 2X) Dz,V + (y —Y) Dy, V+ (2 — 29) Dz, V=0, 


and the direction-cosines of any line perpendicular to this plane, 
and hence of the normal to the given surface at the point 
(os Yos 20), are 


cosa = DesV [664] 
V (Dr, lhe 5 (Dy, ¥)-+ (Lz, yy 
os cos B = Dy, V. — [66,] 
V (De, V 2+ (Dy, V)?+ (Dz, V2 
and e087 DesV (66. 


~ V(De,P + (DV) 2, ¥)? 


But if we denote the resultant force of attraction at the point 
(% Ys %) by R, and its components parallel to the codrdinate 
axes by X, Y, and Z, these cosines are evidently equal to 
2, + and “ respectively, so that a, 8, and y are the direction- 
angles not only of the normal to the equipotential surface at the 
point (a, Yo, %), but also [35] of the line of action of the re- 
sultant force at the point. Hence our theorem. 

Fig. 18 represents a meridian section of four of the system 
of equipotential surfaces due to two equal spheres whose sec- 
tions are here shaded. The value of the potential function due 
to two spheres, each of mass M, at a point distant respectively 
r, and 7, from the centres of the spheres, is 

Tie -T, 
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and if we give to V in this equation different constant values, 
we shall have the equations of different members of the system 
of equipotential surfaces. Any one of these surfaces may be 
easily plotted from its equation by finding corresponding values 


Fic. 18. 


of 7, and 7, which will satisfy the equation; and then, with ‘the 
centres of the two spheres as centres and these values as radii, 
describing two spherical surfaces. The intersection of these 
surfaces, if they intersect at all, will be a line on the surface 
required. 

If 2a is the distance between the centres of the spheres, 


aes gives an equipotential surface shaped like an hour- 
a 


glass. Larger values of V than this give equipotential sur- 
faces, each one of which consists of two separate closed ovals, 
one surrounding one of the spheres, and the other the other. 


Values of V less than cus give single surfaces which look more 
a 


and more like ellipsoids the smaller V is. 
Several diagrams showing the forms of the equipotential 
surfaces due to different distributions of matter are given at 
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the end of the first volume of Maxwell’s Treatise on Electricity 
and Magnetism. 


26. The Value of V at Infinity. The value, at the point P, 
of the potential function due to any attracting mass M has 


been defined to be 
y_ limit Am 
~ Am= 0 hae ; 


Let 7) be the distance of the nearest point of the attracting 
mass from P, then  . 
a 8 M “ 
f2—) Ast of —. [67] 
- 


iM : 
The fraction — has a constant numerator, and a denominator 


7 

which grows darger without limit the farther P is removed from 
the attracting masses; hence, we see that, other things being 
equal, the value at P of the potential function is smaller the 
farther P is from the attracting matter; and that if P be moved 
away indefinitely, the value of the potential function at P 
approaches zero as a limit. In other words, the value of the 
potential function at ‘*infinity” is zero. 

About O, any fixed point near the attracting mass, as centre, 
imagine a spherical surface, S, drawn, of fixed radius, 79, so. 
large that S shall just include all the distribution. Then, if 
P is any distant point without S, and if OP =7, 

M rM rM 


V2<.—— : 
TE Re SATE = cA tabi ieee 


limit 7 limit 7 
Ba ha a = . : ‘ 
Pee ee PR eg V so vanishes at infinity 


Since 

that the limit of (- V,), as r increases without limit, is U 
: M : " M 
Since ——— cos sin-!{ =} < — ——_, 
+r? in (2) < D,Vp < Gory” 

it is easy to see that 
‘fit bere 
paw (DV) =— Mand that | (2D, 7) = — M cos (2, v), 


where (a, 7) denotes the angle between the axis of x and OP. 
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27. The Potential Function as a Measure of Work. The 
amount of work required to move a unit mass, concentrated at 
a point, from one position, P,, to another, P,, by any path, in 
face of the attraction of a system of masses, M, is equal to 


V, — V2, where V, and V, are the values at P, and P, of the 
potential function due to M. . 

To prove this, let us divide the given path into equal parts 
of length As, and call the average force which opposes the 
motion of the unit mass on its journey along one of these 
elements AB (Fig. 19), #. The amount of work required to 
move the unit mass from A to B is FAs, and the whole work 
done by moving this mass from P, to P, will be 


limit Py 
: } FAs. 
As = 0 Pr, 


As As is made smaller and smaller, the average force opposing 
the motion along AB approaches more and more nearly the 
actual opposing force at A, which is —D,V: therefore 


ee emees. = —{-"D, V-ds=V,—Y;. 
It is to be carefully noticed that the decrease in the potential 
function in moving from P, to P, measures the work required 
to move the unit mass from P, to P,. If P, is removed farther 
and farther from M, V, approaches zero, and V,— V, approaches 
V, as its limit, so that the value at any point P;, of the poten- 
tial function due to any system of attracting masses, is equal 
- to the work which would be required to move a unit mass, sup- 
posed concentrated at P,, from P, to ‘‘ infinity” by any path. 
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The work (WV) that must be done in order to move an attract- 
ing mass M' against the attraction of any other mass M, from 
a given position by any path to “infinity,” is the sum of the 
quantities of work required to move the several elements (Am') 
into which we may divide 1/', and this may be written in the 
torm 


> limit Ret i pda dy dz 
Mie amity > am'f ff [(a' — x)? +(y'—y)? + ('— z)?}) 


W is called by some writers “the potential of the mass Jf' 
with reference to the mass IZ”; by others, the negative of W 
is called “the mutual potential energy of M@ and J'.” 

In many of the later books on this subject, the word “po- 
tential” is never used for the value of the potential function 
at a point, but is reserved to denote the work required to move 
a mass from some present position to infinity. If V is the 
value of the potential function at a point P, at which a mass 
m is supposed to be concentrated, mV is the potential of the 
massm. If we could have a unit mass concentrated at a point, 
the potential of this mass and the value of the potential function 
at the point would be numerically identical. 

Imagine any given distribution of attracting matter which 
has the potential function V, divided into elements, of volume 
Ar;, Ars, Ars, +++, of density p;; pa, ps, ---, and of mass Am, 
Ams, Ams,---. If the density at every point in the distri- 
bution were A times what it now is (A being any positive 
constant), the potential function would be AV, and, since the 
volume occupied by each element would be unchanged, the 
mass of the pth element would be AAm,. To change d to 
X+ Ad, the mass of every element must be increased and 
to the pth element must be brought up the mass-increment 
Ad: Am,. If this quantity were brought up from an infinite 
distance, the attraction of the existing distribution would do 
upon it an amount of work represented by AV-Ad-Am,, so 
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that the work done on the additions to the whole mass would 
be XAX-limit > VAm. The work done by the attractive 
forces while A was being changed from \, to r, would be 
limit) VAm- JS 2. dX. ‘To find the work done by the attrac- 


tion for one another of its own parts, while the given distri- 
bution is constructed by bringing together its particles from 
infinite ee we may put A, = 0, A, = 1, and get 


Aaa DS V- An, 
where the summation is to extend over the whole distribution. 
This quantity, the negative of which (when the matter is 
attracting) is sometimes called “the intrinsic energy” of the 
distribution, is given by the formula in attraction units of 
work. In absolute kinetic work units, 


=4h ff Vp dr. 


The potential function inside a homogeneous sphere of 
radius a and density p, at a distance 7 from the centre, being 
2 xp (a? — $77), the intrinsic energy of the sphere is 

: Ph ok Sipe 27. =I6< 34s =—3 

={f Tp (a — $7") 4 rpr?di or 18 wpa or i 

attraction units of work. If the c.g.s. system has been used 
=o Me 
5 a (15430000) 

If V and V’' are the potential functions due to two neighbor- 
ing distributions, and M’, if AM and AM' are mass elements 
of the two distributions, and P and P' points in AM and AM' 
respectively, the mutual potential energy of M and M' may 

5 ja I 
be found by integrating es over both distributions, 
and, since the order of integration is immaterial, the result 
may be written —{vau fot f V' dM. 

The intrinsic energy of M and M' considered as a single dis- 
tribution is to be found by integrating —4(V + V’') over both 


throughout, this is equivalent to ergs. 


44 THE NEWTONIAN POTENTIAL FUNCTION 


masses. This gives — + (Van — + {Vian — {vam or 
the sum of the intrinsic energies of 17 and M' and the mutual 
energy of the two. 

If M and M' were made up of matter every particle of 
which repelled every other particle according to the Law of 


Nature, the intrinsic potential energy of JJ would be + +f VadM 
and the mutual potential energy of Mand M' would be 


+ fram, or + {V'aMt 


28. Laplace’s Equation. We have seen that the value of 
the potential function, and the component in any direction of 
the attraction at the point P, are always finite functions of the 
space coérdinates, whether P is inside, outside, or at the sur- 
face of the attracting masses. We have seen also that by dif- 
ferentiating V at any point in any direction we may find the 
always finite component in that direction of the attraction at 
the point. It follows that D,V, D,V, D,V are everywhere 
finite, and that, in consequence of this, the potential function 
is everywhere continuous as well as finite. 

If P is a point outside of the attracting masses, the quan- 
tity under the integral signs in [48], by which da! dy'dz' is 
multiplied, cannot be infinite within the limits of integration, 
and we can find D,?V by differentiating the expression for 
D,V under the integral signs. 

In this case 


3 (z' — 2)*— 7 
Dav =f ff SO pdeldy'de', [69] 
and similarly, 


3(y' — y)? — 
DV -(ppee aL p'da'dy'dz', [70] 


pv=fff “Guar pide! dy'dz. [71] 
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Whence, for all points exterior to the attracting masses, 
EDV A Dav = 0. [72] 
This is Laplace’s Equation. For the operator 
(Qe OD), 
the symbols 8, A, A,, — V*, V?, and V? have been used by dif- 
ferent authors, and [72] may be written 
V7V = 0. [73] 
The potential function, due to every conceivable distribu- 


tion of matter, must be such that at all points in empty space 
Laplace’s Equation shall be satisfied.* 


29. The Second Derivatives of the Potential Function are 
Finite at Points within the Attracting Mass. If the point P 
lies within the attracting mass, V and D,V are finite, but the 
quantity under the integral signs in the expression for D,V 
becomes infinite within the limits of integration, and we can- 
not assume that D,?V may be found by differentiating D,V 
under the integral signs. In order to find D,?V under these 
circumstances, it is convenient to transform the equation for 
D,V. et us choose our coérdinate axes so as to have all the 
attracting mass in the first octant, and divide the projection of 
the contour of this mass on the plane yz into elements (dy'dz'). 
Upon each one of these elements let us erect a right prism, 
‘eutting the mass twice or some other even number of times. 
Consider one of the elements dy'dz' the corner of which next 
the origin has the coérdinates 0, y', and z'’. The prism erected 
on this element cuts out elements ds,, ds,, dss, ds4, --- ds, from 
the surface of the attracting mass, and that edge of the prism 
which is perpendicular to the plane yz at (0, y’, 2’) cuts into 
the surface at points whose distances from the plane of yz are 
yy Ag, Usy +** Ayn 1, aNd Out of the surface at points whose dis- 
tances from the same plane are dp, a4, de, +++ A, At every one 


* Tf a function, continuous with its first derivatives within a region, 7, 
satisfies Laplace’s Equation at every point of the region, it is sometimes 
said to be harmonic in T. 
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of these points of intersection draw a normal towards the inte- 
rior of the attracting mass, and call the angles which these 
normals make with the positive direction of the axis of 2, a, 
Gg) dg) +++ ay,. It is to be noticed that ay, ag, a5, +++ ay,_; are all 
acute, and that ag, a4, ag, -*- a, are all obtuse. The element 
dy'dz' may be regarded as the common projection of the sur- 
face elements ds,, ds., ds3, --- ds,,, and, so far as absolute value 
is concerned, the following equations hold approximately : 


dy'dz' = ds, cos a; = dsq COS az = dsz COS ag = -- - = ds, COS ay,. 


But dy'dz', ds,, ds,, dss, etc., are all positive areas, and COS ag, 
COS a4, COS ag, etc., are negative, so that, paying attention to 
signs as well as to absolute values, we have 


dy'dz'=+ ds, cos ay =— ds, COS ag=+ ds; COS aa=—ds, Cos a,= etc. 


Now 


'(gt— 'dy'dz! 
es if af (eee f faye fo’ pi( 3) de’, 
[74] 
and in order to find the value of this expression by the use 
of the prisms just described, we are to cut each one of these 
prisms into elementary rectangular parallelopipeds by planes 
parallel to the plane of yz; we are to multiply the values of 
every one of these elements which lies within the attracting 
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1 : 
mass by the value of p'D,!'( — = at its corner next the origin 


[v.e., at (x', y', 2')]; and we are to find the limit of the sum 
of these as dx' is made smaller and smaller. We are then to 
compute a like expression for each of the other prisms, and 
to find the limit of the sum of the whole as the bases of the 
prisms are made smaller and smaller and their number corre- 
spondingly increased. 


t 


Wherever the function © is a continuous function of a', we 
- 


have 
r , 


Dz = Dip! + p'Di==* Dp! ~ p'ds(—4): 


hence, if the elementary prisms cut the surface of the attract- 
ing mass only twice, 


DV= dy' dz! _o] = Dap 'da'dy'dz' ; [75 
ie y y 


and, in general, 


7 3 1 lon 
ie [76] 


Ul f t 
= lim ) (2 COs a, ds, + P2 cog 02 AS_ + P3 cos agds3 +--+ 
fe 12 13 


im) 4 ff fbosvedayee, (07 


t 
where ee is the value of the quantity = at the point where the 
line y oF z= 2! cuts the surface of the attracting mass for 
the Ath time, counting from the plane yz. 

In order to find the value of the limit of the sum which 
occurs in this expression, it is evident that we may divide the 
entire surface of the attracting mass into elements, multiply 
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p'cos a. 


the area of each element by the value of - at one of its 


points, and find the limit of the sum formed by adding all 
these products together; but this is equivalent to the surface 


! 
integral of on taken all over the outside of the attracting 


mass, so that 


' f-0 
D,V= fe cosads +f f f=? da'dy'dz', [78] 


where the first integral is to be taken all over the surface of 
the attracting mass and the second throughout its volume. 
This expression for D,V is in some cases more convenient 
than that of [48]. 
We have proved this transformation to be correct, however, 
t 


only when . is finite throughout the attracting mass. If P 


! 


is a point within the mass, . is infinite at P. In this case 


surround P by a spherical surface of radius « small enough to 
make the whole sphere enclosed by this surface lie entirely 


S 


on 


Fre, 21. 


within the attracting mass. This is possible unless P lies 
exactly upon the surface of the attracting mass. Shutting 
out the little sphere, let VY, be the potential function due to 
the rest (7,) of the attracting mass; then, since P is an out- 
side point, with regard to 7,, we have, by [78], 


; ' 1m 
DV. =fe cosa - ds! + fe cosads +f af fi Pee dx'dy'dz', [79] 


where the first integral is to be extended over the spherical 


a 
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surface, which forms a part of the boundary of the attracting 
mass to which V, is due; the second integral is to be taken 
over all the rest of the bounding surface of the attracting 
mass; and the triple integral embraces the volume of all the 
attracting mass which gives rise to V7. 

As «is made smaller and smaller, 7, approaches more and 
more nearly the potential function V, due to all the attract- 
ing mass. 


! 
In the integral ( & cosa ds', cosa can never be greater than 


1 nor less than — 1, so that if p' is the greatest value of p! on 
the surface of the sphere, the absolute value of the integral must 


on 
be less than E fas’ or 4 p'e, and the limit of this as e approaches 


zero is zero. The second integral in [79] is unaltered by any 
change ine. If we make P the origin of a system of polar 
coordinates, it is evident that the triple integral in [79] may 


be written 
ff if D,'p!-rsin 6 drd6 dé, [80] 


and the limit which this approaches as « is made smaller and 
smaller is evidently finite, for, if =0, the quantity under 
the integral sign is zero. 

Therefore, 


limit p 7.—pV= p! 1 D0" nl ‘de! [81 
62-0 D2 V2= DV = pone ds + aw dy 2', [31] 


and [79] is true even when P lies within the attracting mass. 
Under the same conditions we have, similarly, 


! D.! ! 
Dv=fe cos Bds +f f fee du'dy'dz, [82] 


! ff 
DV =f" cos yds +fffre dal dade. 88) 
“a 


Observing that in these surface integrals rv can never be zero, 
since we have excluded the case where P lies on the surface 
of the attracting mass, and that the triple integrals belong to 


and 
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the class mentioned in the latter part of Section 22, we will 

differentiate [81], [82], and [83] with respect to 2, y, and z 

respectively, by differentiating under the integral signs. If 

the results are finite, we may consider the process allowable. 
Performing the work indicated, we have 


sinful Sale) ale 
D3 V=f pleosB- »,(¢) i+ Sf f0,(2).Dyodatay ae'f95) 
D2 V= { p'eos y: o(2)a+ ff fr. (4) Dip! ae'ty ae! 86) 


and by making P the centre of a system of polar coérdinates 
and transforming all the triple integrals, it is easy to show 
that the values of D,2?V, DV, D?V here found are finite, 
whether P is within or without the attracting mass, if the 
derivatives of the density are finite. This result* is important. 


30. The Derivatives of the Potential Function at the Surface 
of the Attracting Mass. Let the point P lie on the surface of 
Pp 


Fie. 22. 


the attracting mass, or at some other surface where p is 
discontinuous. Make P the centre of a sphere of radius «, 


* Lejeune Dirichlet, Vorlesungen iiber die im umgekehrten Verhiiltniss 
des Quadrats der Entfernung wirkenden Kriifte. 

Riemann, Schwere, Electricitit, und Magnetismus. 

It is to be noticed that while the integral in the second member of [48] 
represents D,V even at points within the attracting mass, the integral, J, 
obtained by differentiating this expression for D,V under the signs of 
integration represents D,?V only at outside points. Within the mass I 
is infinite, while D,?V is finite. 
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and call the piece which this sphere cuts out of the attracting 
mass 7 and the remainder of this mass 7, Let V; and V, be 
the potential functions due respectively to 7, and 7, then 


V = BS + Vay De Vi = Ne Vy + Ds ie 


and the increment [A (D,V)] made in D,V by moving from P 
_ to a neighboring point P’, inside 7}, is equal to the sum of the 
corresponding increments [A(D,V;) and A(D,V;)] made in 
D,V, and D,V3, 

With reference to the space 7, P is an outside point, so 
that the values at P of the first derivatives of V, with respect 
to x, y, and z are continuous functions of the space coérdinates 


Bad ane gd (DaVa) = 0. 

Let dw be the solid angle of an elementary cone whose vertex 
is at any fixed point O in 7, used as a centre of codrdinates. 
The element of mass will be pr?dwdr. The component in the 
direction of the axis of x of the attraction at O due to 7; is the 


2 
pr-adwdr 
eer ea 


limit of the sum taken throughout 7 » where @ 


is the cosine of the angle which the line joining O with the 
element in question makes with the axis of x, The difference 
between the limits of w is not greater than 47, and the differ- 
ence between the limits of 7 is not greater than 2«. If, then, 
x is the greatest value which pa has in 7}, 


(D,Vi)0 <8 tke. 


It follows from this that if P' is a point within 7, so that 
PP! <.«, the change made in D,V, by going from P to P' is 
far less than 16 7xe; but this last-quantity can be made as 
small as we like by making « small enough, so that 


limit a 
pp =o S(P2%1) = 0, 
whence 
ae limit limit = 
pro DeV)= peng S(DzVi) + pprzo 4 (DaV) = 0; 


and D,V varies continuously in passing through P. In a 
similar manner, it may be proved that D,V and D,V are 
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everywhere, even at places where the density is discontinuous, 
continuous functions of the space codrdinates. 

The results of the work of the last two sections are well 
illustrated by Fig. 17. We might prove, with the help of a 
transformation due to Clausius,* that the second derivatives 
of the potential function are finite at all points on the surface 
of the attracting matter where the curvature is finite, but that 
the normal second derivatives generally change their values 
abruptly whenever the point P crosses a surface at which p is 
discontinuous, as at the surface of the attracting masses. The 
fact, however, that this last is true in the special case of a 
homogeneous spherical shell suffices to show that we cannot 
expect all the second derivatives of V to have definite values 
at the boundaries of attracting bodies. 


31. Gauss’s Theorem. If any closed surface S drawn ina 
field of force be divided up into a large number of surface 


Fia. 28. 


elements, and if each one.of these elements be multiplied by 
‘the component, in the direction of the interior normal of the 
force of attraction at a point of the element, and if these 
products be added together, the limit of the sum thus obtained 
is called the “surface integral of normal attraction ‘over S.” 
If any closed surface S be described so as to shut in com- 
pletely a mass m concentrated at a point, the surface integral 


a ne 


* Die Potentialfunction und das Potential, §§ 19-24. 
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of normal attraction due to m, taken over S, is 4m; and, 
in general, if any closed surface S be described so as to shut 
in completely any system of attracting masses MV, the surface 
integral over S of the normal attraction due to Mis 47M. 
In order to prove this, divide S up into surface elements, 
and consider one of these ds at Y. The attraction at Q in 
the direction @O, due to the mass m concentrated at O, is 
m m Sk ae fe 
00° ee The component of this in the direction of the 
interior normal is = cos a, and the contribution which ds yields 


to the sum whose limit is the surface integral required is 


m Cos ads 


5 Connect every point of the perimeter of ds with 


* 
O by a straight line, thus forming a cone of such size as to 
cut out of a spherical surface of unit radius drawn about O 
an element dw, say. If we draw about O a sphere of radius 
r= OQ, the cone will intercept on its surface an element 
equal to 7?-dw. This element is the projection on the spher- 
ical surface of ds; hence ds cosa = r*do, approximately, and 
the contribution of the element ds to our surface integral is 
mdw. But an elementary cone may cut the surface more than 
once; indeed, any odd number of times. Consider such a 
cone, one element of which cuts the surface thrice in S,, 8), 
and §;. Let OS,, OS,, and OS; be called 7, 7,, and 73 respec- 
tively, and let the surface elements cut out of S by the cone 
be ds,, ds,, and dsz, and the angles between the line S;0 and 
the interior normals to S at S,, S,, and Ss be a4, as, az. It 
is to be noticed that when the cone cuts out of S, the 
corresponding angle is acute, and that when it cuts in, the 
corresponding angle is obtuse. a, and a; are acute, and az 
obtuse. If we draw about O three spherical surfaces with 
radii 7,, 72, and 7, respectively, the cone will cut out of these 
the elements 72d, 72dw, and 7;?dw. In absolute size, 
ds, = r2dw seca, ds, = 722dw seca, and ds; = 73’dw SeC ag, 
approximately, but ds, and r?dw are both positive, being 
areas, and seca, is negative. Taking account of sign, then, 
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ds, = — r*dw se ag, and the cone’s three elements yield to the 
surface integral of normal attraction the quantity 


ds,CoSa, , d8,COSaq , ds3C00Say 
UM era ae oT ee eT ee 


72 To" 5" 


) = m(dw—dw+dwo)=mdo, 
However many times the cone cuts S, it will yield mdw to 


the surface integral required: all such elementary cones will 
yield then m> do = m4, if S is closed, and, in general, m®, 


where @ is the solid angle which S subtends at 0. 

If, instead of a mass concentrated at a point, we have any 
distribution of masses, we may divide these into elements, 
and apply to each element the theorem just proved; hence 
our general statement. 

If from a point O without a closed surface S an elementary 
cone be drawn, the cone, if it cuts S at all, will cut it an even 
number of times. Using the notation just explained, the con- 
tribution which any such cone will yield to the surface integral 
taken over Sof a mass m concentrated at O is 


de, ( oe ay 4 dso = ag 4 dss a Gs , aS, a ay 
ry UP "3 Ms 
=m(— dw + dw — dw + dw — + -)=m-0 = 0, 
and the surface integral over any closed surface of the normal 
attraction due to any system of outside masses is zero. 


The results proved above may be put together and stated 
in the form of a 


THEOREM DUE TO GAUSS. 


If there be any distribution of matter partly within and partly 
without a closed surface S, and if M be the sum of the masses 
which S encloses, and M' the sum of the masses outside S, the 
surface integral over S of the normal attraction N toward the 
interior, due to both M and M', is equal to4aM. If V be the 
potential function due to both M and M', we have 


rds = [D.Vods = 4M. 
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It is easy to see that if a mass M be supposed concentrated 
on any closed surface S the curvature of which is everywhere 
finite, the surface integral of normal attraction taken over S 
will be 27M; for all the elementary cones which can be drawn 
from a point P on the surface so as to cut S once or some 
other odd number of times, lie on one side of the tangent plane 
at the point, and intercept just half the surface of the sphere 
of unit radius the centre of which is P. 

From Gauss’s Theorem it follows immediately that at some 
parts of a closed surface situated in a field of force, but en- 
closing none of the attracting mass, the normal component of 
the resultant attraction must act towards the interior of the 
surface and at some parts toward the exterior, for otherwise 
the limit of the sum of the intrinsically positive elements of 
the surface, each one multiplied by the component in the 
direction of the interior normal of the attraction at one of its 
own points, could not be zero. In other words, the potential 
function, the rate of change of which measures the attraction, 
must at some parts of the surface increase and at others 
decrease in the direction of the interior normal. 


32. Tubes of Force. A line which cuts orthogonally the dif- 
ferent members of the system of equipotential surfaces cor- 
responding to any distribution of matter is called a ‘‘line of 
force,” since its direction at each point of its course shows the 
direction of the resultant force at the point. If through all 
points of the contour of a portion of an equipotential surface 
lines of force be drawn, these lines lie on a surface called a 


(Sy 


‘‘tube of force.” We may easily apply Gauss’s Theorem to a 
space cut out and bounded by a portion of a tube of force and 
~ two equipotential surfaces ; for the sides of the tube do not con- 
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tribute anything to the surface integral of normal attraction, and 
the resultant force is all normal at points in the equipotential 
surfaces. If w and w! are the areas of the sections of a tube of 
force made by two equipotential surfaces, and if # and F" are 
the average interior forces on » and o', we have 


Fo+F'w' =0 [87] 
if the tube encloses empty space, and 
Fo +F' o'=47m [88] 


when the tube encloses a mass m of attracting matter. 


33. Spherical Distributions. In the case of a distribution 
about a point in spherical shells, so that the density is a 
function of the distance from this point only, the lines of force 
are straight lines whose directions all pass through the central 
point. Every tube of force is conical, and the areas cut out of 
different equipotential surfaces by a given tube of force are pro- 
portional to the square of the distance from the centre. 

Consider a tube of force which intercepts an area y from a 
spherical surface of unit radius drawn with O as a centre, and 
apply Gauss’s Theorem to a box cut out of this tube by two 
equipotential surfaces of radii r and (7 + Ar) respectively. 


d B 
0 a 
e 5 A 
Fic. 25. 


Let AOB (Fig. 25) be a section of the tube in question. 
The area of the portion of spherical surface » which is repre- 
sented in section at ad is 7°, and the area of that at de is 
(r+Ar)*y. If the average force acting on w toward the inside 
of the box is F’, the average force acting on w' toward the inside 
of the box will be —(F+A,F), and the surface integral of 
normal attraction taken all over the outside of the box is 


Fry—(F+A,F)(rt+Ar)y=—y-A (FP) [89] 
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If the tube of force which we have been considering be ex- 
tended far enough, it will cut all the concentric layers of matter, 
traverse all the empty regions between the layers, if there are 
such, and finally emerge into outside space. 

If we choose 7 so that the box shall contain no matter, the 
surface integral taken over the box must be zero. 


In this case, 
—yA,(Fr’) = 0, 


therefore, has [90] 


and Va" +p [91] 


From this it follows that in a region of empty space, either 
included between the two members of a system of concentric 
spherical shells of density depending only upon the distance 
from the centre, or outside the whole system, the force of attrac- 
tion at different points varies inversely as the squares of the 
distances of these points from the centre. 

Suppose that the box (abed) lies in a shell whose density is 
constant; then the surface integral of normal attraction taken 
over the box is equal to 47 times the matter within the box. In 
this case the quantity of matter inside the box is 


pez (r+ Ar)?— 7°] oH or pwrArte, 
T 


where ¢ is an infinitesimal of an order higher than the first. 


Therefore, 
—wWA,(Fr’) =47( pwr’ Ar+e), 


limit Ar") — _ 4 pr’, 


oF Ar=0” Ap 


whence f= — eet = Ly [92] 


and V=—- : - = apr? + p. [93] 
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Tf the box lies in a shell whose density is inversely propor- 
tional to the distance from the centre, we shall have 


limit 4 Fr’) 
im BSS) =—42(*)eF [94] 
whence F=—2i\4+ ~, [95] 
and Va=—°~2edr+ap. [96] 
= 


In general, if the box lies in a shell whose density is f(r), we 
shall have 


oon “ar i Axf(r)r, [97] 
whence F= Bad —== { f(r) *- dr. [98] 


Yr 


In order to learn how to use the results just obtained to de- 
termine the force of attraction at any point due to a given 
spherical distribution, let us consider the simple case of a single 
shell, of radii 4 and 5, and of density [Ar] proportional to the 
distance from the centre. 

At points within the cavity enclosed by the shell we must 
have, according to [90] and [91], 

‘ F=5 and V=—= +p; 

But the force is evidently zero at the centre of the shell, where 
r is zero, so that ¢ must be zero everywhere within the cavity, 
and there is no resultant force at any point in the region. The 
value, at the centre, of the potential function due to the phe is, 
evidently 


on __ 2444r 
p= [serdar ao ey 


and it has the same value at all other points in the cavity. Oe 
In the shell itself it is easy to see that we must have at all 
points, 


c! wo e wr. 
f= 2 —m7* and V=— tte eA maa (100) 
= Neg 


a 


_— * 
” 
see 
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In order to determine the constants in this equation, we may 
make use of the fact that # and V are everywhere continuous 
functions of the space codrdinates, so that the values of F and 
V obtained by putting r = 4, the inner radius of the shell, in 
[100], must be the same as those obtained by making r= 4 in 
the expressions which give the values of F and V for the cavity 
enclosed by the shell. This gives us 


c'=2567A and p'= ee 
so that for points within the mass of the shell we have 
j=) 2S [101] 
Le 
tal ae otek m+ ate. [102] 


For points without the shell we have the same general expres- 
sions for F and V as for points within the cavity enclosed by 
the shell, namely, 


F= 


Fol oS! 


and pes” gone [103 ] 
vi 


but the constants are different for the two regions. 

Keeping in mind the fact that F and V are continuous, it is 
easy to see that we must get the same result at the boundary of 
the shell, where r = 5, whether we use [103], or [101] and [102]. 

This gives 

k=—3697A and m=0; 


so that for all points outside the shell we have 
__ 869 7dr 


a [104] 
and ve aon [105] 


These last results agree with the statements made in Section 
13, for the mass of the shell is 369 7A. 

The values, at every point in space, of the potential function 
end of the attraction due to any spherical distribution may be 
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found by determining, first, with the aid of Gauss’s Theorem, 
the general expressions for / and V in the several regions ; 
then the constants for the innermost region, remembering that 
there is no resultant attraction at the centre of the system; and 
finally, in succession (moving from within outwards), the con- 
stants for the other regions, from a consideration of the fact 
that no abrupt change in the values of either F or V is made by 
crossing the common boundary of two regions. 

This method of treating problems is of great practical im- 
portance. 


34. Cylindrical Distributions. In the case of a cylindrical 
distribution about an axis, where the density is a function of 
the distance from the axis only, the equipotential surfaces are 
concentric cylinders of revolution ; the lines of force are straight 
lines perpendicular to the axis; and every tube of force is a 
wedge. 

If we apply Gauss’s Theorem to a box shut in between two 
equipotential surfaces of radii r and r+ Ar, two planes perpen- 
dicular to the axis, and two planes passing through the axis, 


Fic. 26. 


we have, if y is the area of the piece cut out of the cylindrical 
surface of unit radius by our tube of force, 

w=rep, w'=(r+Ar)-y, 
and for the surface integral of normal attraction taken over the 
box, 


Fo + F'o'=—y-A,(r-F). [106] 
If our box is in empty space, 
A.(r> F) = 0, 


xo that F= ; and V=clogr+uy. [107] 


—— 
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If the box is within a shell of constant density p, 
—w-A(r-F) = 4a prAr, 
so that F= “ —2zpr and V=clogr—mpr+uy. [108] 


35. Poisson’s Equation. Let us now apply Gauss’s Theorem 
to the case where our closed surface is that of an element of 
volume of an attracting mass in which p is either constant or a 
continuous function of the space codrdinates. |‘ We will consider 
three cases, using first rectangular codrdinates, then cylinder 
coordinates, and finally spherical coérdinates. 


I. In the first case, our element is a rectangular parallelopiped 
(Fig. 27). Perpendicular to the axis of x are two equal sur- 
faces of area Ay- Az, one at a distance # from the plane yz, and 
one at a distance «+ Aa from the same plane. The average 
force perpendicular to a plane area of size Ay Az, parallel to the 
plane yz, and with edges parallel to the axes of y and 2, is evi- 
dently some function of the codrdinates of the corner of the 
element nearest the origin. 

That is, if P=(a, y,z), the average force on PP, parallel to 
the axis of x is X=f(z,y, z), and the average force on P, P; in 
the same direction is f(a+ Az, y, z)= X+A,X, so that PP, 
and P,P, yield towards the surface integral of interior-normal 


: [DE 
attraction taken over the element, the quantity —AwvAy Az. Ath . 


Similarly, the other two pairs of elementary surfaces yield 
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44 


and — Aw Ay Az a.7, and, if py is the average 
Zz 


— AvAy Az 


the 
: 

density of the matter enclosed by the box, we have 

AX. MY , AZ 
: Zz 


y 
Aw “i Ay - A 


_ Ardy 2] | =4rp,ArAyAz. [109] 

This equation is true whatever the size of the element Az Ay Az. 
If this element is made smaller and smaller, the average nor- 
mal force [X] on PP, approaches in value the force [D,V] at 
P in the direction of the axis of x; Y and Z approach respec- 
tively the limits D,V and D,V; and p, approaches as its limit 
the actual density [p] at P.. 

Taking the limits of both sides of [109], after dividing by 
Aa Ay Az, we have 

DZV+ D27V+D2V=—Azp, 

or VV=—4rp, [110] 
which is Poisson’s Equation. The potential function due to any 
conceivable distribution of attracting matter must be such that 
at all points within the attracting mass this equation shall be 
satisfied. 

For points in empty space p= 0, and Poisson’s Equation 
degenerates to Laplace’s Equation. 

II. In the case of cylindrical codrdinates, the element of vol- 
ume (Fig. 28) is bounded by two cylindrical surfaces of revo- 


lution having the axis of z as their common axis and radii r and 
r+ Ar, two planes perpendicular to this axis and distant Az 


_—- 


a 
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from each other, and two planes passing through the axis and 
forming with each other the diedral angle Ad. 

Call 2, @, and Z the average normal forces upon the elemen- 
tary planes PP;, PP;, and PP; respectively, then the surface 
integral of normal attraction over the volume element will be 

— AG AzA,(r- R) — Ar AzA,0 — AO [rAr + 4(Ar)*]A,Z 
=47rp, (vol. of box) ; [111] 
whence, approximately, 
TANT) 14,0 , AZ vol. of box .- 
om = otek 12 
Tee: r Ad a Az Po “Ar AO AZ scl 

The force at Pin direction PP; is D,V, in direction PP, is D,V, 

and perpendicular to LP in the plane PLP, is z. D,V, so that 


if the box is made smaller and smaller, our equation approaches 


he for 
Ot ~D,(t-D,V)+DjV + D2V =—4np. [113] 
r 


Z 


Fie. 29. 


III. In the case of spherical codrdinates, the volume element 
is of the shape shown in Fig. 29. Let OP=r, ZOP=8, and 
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denote by ¢ the diedral angle between the planes ZOP and 
ZOX. Denote by R, @, and & the average normal forces on the 
faces PP,;, PP;, and PP, respectively ; then the surface integral 
of normal attraction over the elementary box is approximately 


— singAGAd-A,(7R) — rAbArA,& —rAdgAr-A,(sing-O) 


=47p,:(vol. of box) ; [114] 
LoeA 1 As® 1 A,(sin6@-@) 
pci rt Ar rsingd Ad rsing Ag 
vol. of box 
iy a gen oe Oe 115 
“Po” 72 sin Ar ABAd Fad 


The force at P in the direction PP; is D,V, in the direction 
TETERAE 


7 - Dg V, and in the direction PP, is a D,V ; there- 
rsin6é rf 

fore, as the element of volume is made smaller and smaller, our 
equation approaches the form 


sind -D,(2D,V) + 


Ds'V 1 1p, (sind. D,V) 
8s 


ind 
=—4drprsind. [116] 


This equation, as well as that for cylinder codrdinates, might 
have been obtained by transformation from the equation in 
rectangular codrdinates. 

We may devote the rest of this section to the stating of 
some general results which will be intelligible only to those 
readers who are familiar with the theory and the use of 
curvilinear coérdinates. 

If uw, v, w are any three analytic functions of 2, y, which 
define a set of orthogonal curvilinear codrdinates, and if 
hit = (Dyn)? + (Dy)? + (Dzui)’, 2 = (Dy)? + (Dy)? + (Dry 
hy? = (D,w)? + (Dw)? + (Dac)’, it is possible to show that 
Poisson’s Equation may be written in either of the forms 


18 RAEN ME + DZV-h? of D,?V- fi* +. DV -V%u 
= DV -V*v + DV Vw = 4 zp, 
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yeah BUS Ee [DOORN 
h,-h,-hy D u uw v v 
{ ( hy- Ii )+0,( Thi, To ) 
hy: DV. 
ve D.( ae \\e lap. 


By giving to ¢ in the equation «= c, where wu is a given 
function of (a, y, ), different values in succession we may get 
the equations of any number of surfaces on each of which wu 
is constant. These surfaces may or may not be the equipo- 
tential surfaces of a possible distribution of matter. If they 
are, it must be possible to find a potential function which 
changes only when u changes and is, therefore, a function of 
uw only. We may in this case consider uw as one of a set of 
three orthogonal curvilinear coédrdinates (u, v, w), and since, 
by hypothesis, D,V = 0, and D,,V =0, we may write Laplace’s 
Equation in the form D,?V-h,?+ D,V-V?u = 0, or 


2 
D2V+ vv (¥) ==: 


If now the ratio of V?u to h,? is expressible as a function of | 
uw only, the equation is an ordinary differential equation the 
solution of which gives the most general solution of Laplace’s 
Equation which is a function of w only. If, however, the 
ratio of V?u to h,? is not expressible as a function of u only, V, 
which by hypothesis involves w only, must satisfy a differ- 
ential equation which involves besides uw one or both of the 
other coordinates v and w, so that we infer that no solution of 
Laplace’s Equation exists which is everywhere a function of 
u only. A set of confocal ellipsoidal surfaces forms a possible 
set of equipotential surfaces, while a family of concentric, sim- 
ilar, and similarly placed ellipsoidal surfaces cannot be the 
level surfaces in empty space of any distribution of matter. 
Two concentric, similar, and similarly placed ellipsoidal sur- ° 
faces, S, and S,, may be equipotential but, in this case, the 
level surfaces between S, and S, will not be ellipsoidal sur- 
faces similar to them. 
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36. Poisson’s Equation in the Integral Form. In [109] X 
may be regarded as a function of #, y, 2, Ay, and Az, which ap- 
proaches D,V as a limit when Ay and Az are made to approach 
zero, and it may not be evident that the limit, when Az, Ay, and 


= 


9 Ra 
Az are together made to approach zero, of the fraction Pm is 
z x 


D2ZV. For this reason it is worth while to establish Poisson’s 
Equation by another method. 
It is shown in Section 29 that the volume integral of the 


quantity —D, (*), taken throughout a certain region, is the sur- 

face integral of cosa taken all over the surface which bounds 
re 

the region. In this proof we might substitute for c any other 


function of the three space codrdinates which throughout the 
region is finite, continuous, and single-valued, and state the 
results in the shape of the following theorem : 


If T is any closed surface and U a function of 2, y, and z 
which for every point inside 7 has a finite, definite value which 
changes continuously in moving to a neighboring point, then 


ofele D,U-dzdydz = — f Ueosads, [117] 
18) D,U- du dydz =— { Ueos Bas, [118] 


and fies D,U- dedydz = — { Ucosyas, [119] 


where a, 8, and y are the angles made by the interior normals 
at the various points of the surface with the positive direction 
of the codrdinate axes, and where the sinister integrals are to be 
extended all through the space enclosed by 7’, and the dexter 
integrals all over the bounding surface. 


If we apply this theorem to an imaginary closed surface which 
shuts in any attracting mass of density either uniform or vari- 
able, and if for U in[117], [118], and [119] we use respectively 


a ie Ee i! 
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D,V,D,V,and D,V, and add the resulting equations together, 
we shall have 


f af uf (D2V + D2V + D2V) dedy dz 
= [ROSE cosa + D,V cosB + D,V cosy) cs. [120] 


The integral in the second member of this equation is evi- 
dently (see [56]) the surface integral of normal attraction 
taken over our imaginary closed surface, and this by Gauss’s 
Theorem is equal to 47 times the quantity of matter inside 
the surface, so that 


f if if (D2V + D2V + D2V) dudy dz 
=—4nf ff pavdyde. [121] 


Since this equation is true whatever the form of the closed 
surface, we must have at every point 


DZV+ DZV + D2V=— Atrp. 


For if throughout any region VV were greater than —4 7p, we 
might take the boundary of this region as our imaginary surface. 
In this case every term in the sum whose limit gives the sinister 
of [121] would be greater than the corresponding term in the 
dexter, so that the equation would not be true. Similar reason- 
ing shuts out the possibility of V V’s being less than — Ap. 


37. The Average Value of the Potential Function on a Spheri- 
cal Surface. If, in a field of force due to a mass m concentrated 
at a point P, we imagine a spherical surface to be drawn so as 
to exclude P, the surface integral taken over this surface of the 
value of the potential function due to m is equal to the area of 
the surface multiplied by the value of the potential function at 
the centfe of the sphere. 

To prove this, let the radius of the sphere be a and the dis- 
tance [OP] of P from its centre c. Take the centre of the 
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sphere for origin and the line OP for the axis of z. Divide the 
surface of the sphere into zones by means of a series of planes 
cutting the axis of « perpendicularly at intervals of Ax. The 
area of each one of these zones is 2 radz, so that the surface 


4 m . 
integral of ; 38 
2 2 9 +a 
+a m2radz . | Sem + ¢—2exr 
— ; 
—a Vai+c*?—2cx er 


and the value of this, since the radical represents a positive 
2m 


Cc 


quantity, is a » which proves the proposition. 


The surface integral of the potential function taken over the 
sphere, divided by the area of the sphere, is often called “the 
average value of the potential function on the spherical surface.” 

If we have any distribution of attracting matter, we may 
divide it into elements, apply the theorem just proved to each 
of these elements, and, since the potential function due to the 
whole distribution is the sum of those due to its parts, assert 
that : 


The average value on a spherical surface of the potential func- 
tion due to any distribution of matter entirely outside the sphere 
is equal to the value of the potential function at the centre of the 
sphere. 


If a function, U, of the space coérdinates attains a maxi- 
mum (or a minimum) value at a point, Q, it is possible to draw 
about @ as centre a spherical surface, S, of radius so small 
that the value of U at every point of S shall be less (or 
greater) than the value of U at Q. It follows, therefore, 
from the theorem just stated that: 


The potential function due to a finite distribution of matter 
cannot attain either a maximum or a minimum value at any 
point in empty space. 


We may infer from the first of the theorems just stated 
that, if the potential function is constant within any closed 
surface, S, drawn in a region, 7, which contains no matter, it 
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will have the same value in those parts of 7’ which lie outside 
S. For, if the values of the potential function at points in 
empty space just outside S were different from the value in- 
side, it would always be possible to draw a sphere of which 
the centre should be inside S, and which outside S should in- 
clude only such points as were all at either higher or lower po- 
tential than the space inside S; but in this case the value of 
the potential function at the centre of the sphere would not be 
the average of its values over its surface. A more satisfac- 
tory proof can be given with the help of Spherical Harmonies. 

The value of the potential function cannot be constant in 
unlimited empty space surrounding an attracting mass I, for, 
if it were, we could surround the mass by a surface over 
which the surface integral of-normal attraction would be zero 
instead of 471. 

The average value on a spherical surface of the potential 
function [ V ], due to any distribution [J/] of attracting matter 
wholly within the surface, is the same as if MW were concen- 
trated at the centre O of the space which the surface encloses. 
For the average values [Vy and V,+A,Vo] of V on con- 
centric spherical surtaces of radii r and r + Ar may be written 


: f Vas (or + fi Vdw, if dw is the solid angle of an ele- 
4a? 4a 


mentary cone with vertex at O, which intercepts the element ds 
from the surface of a sphere of radius r), and Ef Veny) dw 5 
Tv 


whence A,Vo= Lf V-do, 
An 


end Deve. fi DEY -du. 
Ag 


Now -{D, V-a?dw is the integral of normal attraction taken 
over the spherical surface, whence, by Gauss’s Theorem, 


4nM M 
D,Vo=— 73 and ame, Vor t93 


since V,=0, for r=. 
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38. The Equilibrium of Fluids at Rest under the Action of 
Given Forces. Elementary principles of Hydrostatics teach us 
that when an incompressible fluid is at rest under the action of 
any system of applied forces, the hydrostatic pressure p at the 
point (2, y, Z) must satisfy the differential equation 

dp = p(Xdu+ Ydy+ Zdz), [122] 


where X, Y, and Z are the values at that point of the force 
applied per unit of mass to urge the liquid in directions parallel 
to the codrdinate axes. 

For, if we consider an element of the liquid [Az Ay Az] 
(Fig. 27) whose average density is p, and whose corner next 
the origin has the codrdinates (x, y, 2), and if we denote by p, 
the average pressure per unit surface on the face PP, P, Ps. by 
p:+A,p, the average pressure on the face P, P; P; P;, and by 
X, the average applied force per unit of mass which tends to 
move the element in a direction parallel to the axis of x, we 
have, since the element is at rest, 

Pxdy Az + py X) Aw Ay Az = (p, +A, p,) Ay Az, 
A, P, 
or po Xp = i 

If the element be made smaller and smaller, the first side of 
the equation approaches the limit pX, and the second side the 
limit D,p, where p is the hydrostatic pressure, equal in all direc- 
tions, at the point P. 


This gives us D,p = p X. [123] 
In a similar manner, we may prove that 
D,p=pY, 
and D,p=pZ; 
whence dp = D, pdx + D,pdy + D, pdz 
=p(Xda+ YVdy+ Zdz). 


If in any case of a liquid at rest the only external force 
applied to each particle is the attraction due to some outside 
mass, or to the other particles of the liquid, or to both together, 
X, Y, and Z are the partial derivatives with regard to a, y, and 
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z of a single function V, and we may write our general equation 
in the form 


dp = p(D,V-dx + D,V.dy + D,V-dz)=p-daV, 
whence, if p is constant, 
p=pV-+ const, [124] 
and the surfaces of equal hydrostatic pressure are also equi- 
potential surfaces. 


According to this, the free bounding surfaces of a liquid at 
rest under the action of gravitation only are equipotential. 


EXAMPLES. 


1. Prove that a particle cannot be in stable equilibrium 
under the attraction of any system of masses. [Earnshaw. ] 

2. The earth’s potential function expressed in the common, 
kinetic, centimetre-gramme-second units is 981 a? /r, for points 
above the surface. 

3. Prove that if all the attracting mass les within an equi- 
potential surface S on which V = C, then in all space outside 
S the value of the potential function lies between C and 0. 

4. The source of the Mississippi River is nearer the centre of 
the earth than the mouth is. What can be inferred from this 
about the slope of level surfaces on the earth? 

5. If in [59] « be made equal to zero, V becomes infinite. 
How can you reconcile this with what is said in the.first part of 
Section 22? 

6. Are all solutions of Laplace’s Equation possible values of 
the potential function in empty space due to distributions of 
matter ? Assume some particular solution of this equation 
which will serve as the potential function due to a possible dis- 
tribution and show what this distribution is. 

7. If the lines of force which traverse a certain region are 
-parallel, what may be inferred about the intensity of the force 
within the region ? 

8. The path of a material particle starting from rest at a 
point Pand moving under the action of the attraction of a given 
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mass M is not in general the line of force due to M which passes 
through P. Discuss this statement, and consider separately 
cases where the lines of force are straight and where they are 
curved. 

9. Draw a figure corresponding to Figure 17 for the case of 
a uniform sphere of unit radius surrounded by a concentric 
spherical shell of radii 2 and 3 respectively. 

10. Draw with the aid of compasses traces of four of the 
equipotential surfaces due to two homogeneous infinite cylinders 
of equal density whose axes are parallel and at a distance of 
5 inches apart, assuming the radius of one of the cylinders to 
be 1 inch and that of the other to be 2 inches. 

11. Draw with the aid of compasses meridian sections’ of 
four of the equipotential surfaces due to two small homogeneous 
spheres of mass m and 2im respectively, whose centres are 4 
inches apart. Can equipotential surfaces be drawn so as to lie 
wholly or partly within one of the spheres? What value of the 
potential function gives an equipotential surface shaped like 
the figure 8? Show that the value of the resultant force at the 
point where this curve crosses itself is zero. 

12. A sphere of radius 3 inches and of constant density » is 
surrounded by a spherical shell concentric with it of radii 4 
inches and 5 inches and of density »~7v, where r is the distance 
from the centre. Compute the values of the attraction and of 
the potential function at all pomts in space and draw curves to 
illustrate the fact that V and D,V are everywhere continuous 
and that D,*V is discontinuous at certain points. 

13. A very long cylinder of radius 4 inches and of constant 
density » is surrounded by a cylindrical shell coaxial with it 
and of radii 6 inches and 8 inches. The density of this shell is 
inversely proportional to the square of the distance from the 
axis, and at a point 8 inches from this axis is ». Use the Theo- 
rem of Gauss to find the values of V, D,V, and D2V at differ- 
ent points on a line perpendicular to the axis of the cylinder at 
its middle point. If the value of the attraction at a distance 
of 20 inches from the axis is 10, show how to find p. 


) 
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14. Use Dirichlet’s value of D,V, given by equation [78], 
to find the attraction in the direction of the axis of # at points 
within a spherical shell of radii 7) and 7, and of constant den- 
sity p. 

15. Are there any other cases except those in which the 
density of the attracting matter depends only upon the dis- 
tance from a plane, from an axis, or from a central point, 
where surfaces of equal force are also equipotential surfaces ? 
Prove your assertion. 

16. Show that the second derivative with respect to a, of 
the potential function due to a homogeneous sphere of density 
p and radius a, with centre at the origin, is — 4 zpr for inside 
points, and — 4 zpa*(r? — 3x?) /r® for points without the sur- 
face. Similar expressions give the values of the second deriy- 
atives with respect to y and z. Show that the normal second 
derivative of V is — zp just within the surface and + 8 zp 
just without. Show that the tangential second derivatives 
are continuous at the surface. 

17. Two uniform straight wires of length / and of masses m, 
and mz, are parallel to each other and perpendicular to the line 
joining their middle points, which is of length y, Show that 
the amount of work required to increase the distance between 
the wires to y, by moving one of them parallel to itself is 
en "8 y _ViF+y —Llog er lie ” (Minchin. ] 
P uy y=" 

18. Show that if the earth be supposed spherical and covered 
with an ocean of small depth, and if the attraction of the par- 
ticles of water on each other be neglected, the ellipticity of the 
ocean spheroid will be given by the equation, 

The centrifugal force at the equator 
/ g 

19. A spherical shell whose inner radius is 7 contains a mass 
m of gas which obeys the Law of Boyle and Mariotte. Find 
the law of density of the gas, the total normal pressure on the 
inside of the containing vessel, and the pressure at the centre. 


e? 
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20. If the earth were melted into a sphere of homogeneous 
liquid, what would be the pressure at the centre in tons per 
square foot ? If this molten sphere instead of being homo- 
geneous had a surface density of 2.4 and an average density 
of 5.6, what would be the pressure at the centre on the sup- 
position that the density increased proportionately to the 
depth ? 

21. A solid sphere of attracting matter of mass m and of 
radius 7 is surrounded by a given mass M of gas which obeys 
the Law of Boyle and Mariotte. If the whole is removed 
from the attraction of all other matter, find the law of density 
of the gas and the pressure on the outside of the sphere. 

22. The potential function within a closed surface S due to 
matter wholly outside the surface has for extreme values the 
extreme values upon S. 

23. If the potential functions V and V’' due to two systems 
of matter without a closed surface have the same values at all 
points on the surface, they will be equal throughout the space 
enclosed by the surface. 

24. The potential function outside of a closed surface due 
to matter wholly within the surface has for its extreme values 
two of the following three quantities: zero and the extreme 
values upon the surface. 

25. If w is harmonic in the domain 7, the average value 
of w on any spherical surface within 7’ is equal to the actual 
value at the centre of the surface. If S is a closed surface 
drawn in 7, and if w is not constant, greater and smaller 
values of w are to be found on S than within it. 


[Answers to some of these problems and a collection of additional prob- 


lems illustrative of the text of this chapter may be found near the end of ~ 
the book. ] 


‘ 
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CHAPTER IIL 


THE POTENTIAL FUNCTION IN THE CASE OF 
REPULSION, 


39. Repulsion, according to the Law of Nature. Certain 
physical phenomena teach us that bodies may acquire, by 
electrification or otherwise, the property of repelling each other, 
and that the resulting force of repulsion between two bodies is 
often much greater than the force of attraction which, ac- 
cording to the Law of Gravitation, every body has for every 
other body. 

Experiment shows that almost every such case of repulsion, 
however it may be explained physically, can be quantitatively 
accounted for by assuming the existence of some distribution of 
a kind of ‘* matter,” every particle of which is supposed to repel 
every other particle of the same sort according to the ‘‘ Law of 
Nature,” that is, roughly stated, with a force directly propor- 
tional to the product of the quantities of matter in the particles, 
and inversely proportional to the square of the distance between 
their centres. 

In this chapter we shall assume, for the sake of argument, 
that such matter exists, and proceed to discuss the effects of 
different distributions of it. Since the law of repulsion which 
we have assumed is, with the exception of the opposite direc- 
tions of the forces, mathematically identical with the. law which 
governs the attraction of gravitation between particles of pon- 
derable matter, we shall find that, by the occasional intro- 
duction of a change of sign, all the formulas which we have 
proved to be true for cases of attraction due to gravitation 
can be made useful in treating corresponding problems in 


repulsion. 
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40. Force at Any Point due to a Given Distribution of 
Repelling Matter. ‘Iwo equal quantities of repelling matter 
concentrated at points at the unit distance apart are called 
‘‘ unit quantities” when they are such as to make the force of 
repulsion between them the unit force. 

If the ratio of the quantity of repelling matter within a small 
closed surface supposed drawn about a point P, to the volume 
of the space enclosed by the surface, approaches the limit p when 
the surface (always enclosing P) is supposed to be made smaller 
and smaller, p is called the ‘* density”’ of the repelling matter 
at P. 

In order to find the magnitude at any point P of the force due 
to any given distribution of repelling matter, we may suppose 
the space occupied by this matter to be divided up into small 
elements, and compute an approximate value of this force on the 
assumption that each element repels a unit quantity of matter 
concentrated at P with a force equal to the quantity of matter 
in the element divided by the square of the distance between P 
and one of the points of the element. The limit approached by 
this approximate value as the size of the elements is diminished 
indefinitely is the value required. 


‘Fie. 30. 


Let Q (Fig. 30), whose coédrdinates are a’, y', 2', be the 
corner next the origin of an element of the distribution. Let p 
be the density at Q and Av’ Ay'Az' the volume of the element; 
then the force at P due to the matter in the element is approxi- 
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mately equivalent to a force of magnitude gnu Ay Ae acting in 
the direction QP, or a force of magnitude — op eae acting 


in the direction PQ. If the codrdinates of P are x, y, 2, the 
component of this force in the direction of the positive axis of a 
— pAa! Ay' A2'(a' — x) 
* T@=2)+ yy) + (z'—2)*}! 
to the axis of # due to the whole distribution of repelling 
matter is 


oe p(a'— x)da'dy'dz!' ae 
X= alae (= 2)? + (y'— 9) + (2'— Pray [125,] 


where the triple integration is to be extended over the whole 
space filled with the repelling matter. For the components of 
the force at P parallel to the other axes we have, similarly, 


=- fff; AR ee Da ron [2s 
[(#'—2)?+(y'—y)*+ (2'—2)*]} » 


7 f if i a(el—2) dal dy'de' é [125,] 
[(a'—«)’+ (y'—y)*+ @—z)?]3 


If we denote by V the function 


SSSrw=aatoaxcecyr 08 


which, together with its first derivatives, is everywhere finite 
and continuous, as we have shown in the last chapter, it is easy 
to see that 

A=—-DY, .o-D VY, 2=—D,), [127] 


R=V(D,V)?+(D,V)? + (DV); [128] 
and that the direction-cosines of the line of action of the re- 


sultant force at P are 


D,V D.V 
— 2. cape 5 and Siw [129] 


,» and the force at P parallel 


and 
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It follows from this (see Section 21) that the component in 
any direction of the force at a point P due to any distribution 
M of repelling matter is minus the value at P of the partial 
derivative of the function V taken in that direction. 

The function V goes by the name of the Newtonian potential 
function whether we are dealing with attracting or repelling 
matter. 

In the case of repelling matter, it is evident that the resultant 
force on a particle of the matter at any point tends to drive that 
particle in a direction which leads to points at which the poten- 
tial function has a lower value, whereas in the case of gravita- 
tion a particle of ponderable matter at any point tends to move 
in a direction along which the potential function increases. 


41. The Potential Function as a Measure of Work. It is 
easy to show by a method like that of Article 27 that the 
amount of work required to move a unit quantity of repelling 
matter, concentrated at a point, from P, to P,, in face of the 
force due to any distribution .W of the same kind of matter, is 
V.— Vi, where V; and Vz, are the values at P, and P, respec- 
tively of the potential function due to WM. The farther P, is 
from the given distribution, the smaller is Vj, and the less does 
V,—V, differ from V,. In fact, the value of the potential 
function at the point P., wherever it may be, measures the work 
which would be required to move the unit quantity of matter by 
any path from ‘* infinity’? to Py. 


42. Gauss’s Theorem in the Case of Repelling Matter. Ifa 
quantity m of repelling matter is concentrated at a point within 
a closed oval surface, the resultant force due to m at any point 
on the surface acts toward the outside of the surface instead of 
towards the inside, as in the case of attracting matter. 

Keeping this in mind, we may repeat the reasoning of Article 
31, using repelling matter instead of attracting matter, and sub- 
stituting all through the work the exterior normal for the in- 
terior normal, and in this way prove that; 
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If there be any distribution of repelling matter partly within 
and partly without a closed surface 7’, and if M be the whole 
quantity of this matter enclosed by 7', and M' the quantity out- 
side 7’, the surface integral over 7 of the component in the di- 
rection of the exterior normal of the force due to both M@ and M' 
is equalto47M. If V be the potential function due to M and 


M' AV 
M', we have {Pn V-ds=47M. 


43. Poisson’s Equation in the Case of Repelling Matter. If 
we apply the theorem of the last article to the surface of a 
volume element cut out of space containing repelling matter, 
and use the notation of Article 35, we shall find that in the case 
of rectangular codrdinates the surface integral, taken over the 
element, of the component in the direction of the exterior 
normal is 

Ce Shey nod, 7 
AnAyacl Seren aS ote ce 
where X is the average component in the positive direction of 
the axis of x of the force on the elementary surface Ay Az, and 
where Y and Z have similar meanings. It is evident that if 
the element be made smaller and smaller, X, Y, and Z will 
approach as limits the components parallel to the codrdinate 
axes of the force at P. These components are —D,V, —D,V, 
and —D,V; so that if we divide [130] by AwAy Az and then 
decrease indefinitely the dimensions of the element, we shall 
arrive at the equation 


] =4rp,-AvAyAz, [130] 


VV=—Anp. [131] 


By using successively cylinder coérdinates and spherical co- 
drdinates we may prove the equations 


£D.(cD.V)+5DgV+DiV=—4xp, [182] 


De'V 4 p,(sind- D,V) 
sin 6 


and sinO-D,(7?D,V) + 


= — 4zpr’sind, [133] 
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so that Poisson’s Equation holds whether we are dealing with 
attracting or repelling matter. 


44. Coexistence of Two Kinds of Active Matter. Certain 
physical phenomena may be most conveniently treated mathe- 
matically by assuming the coexistence of two kinds of “matter” 
such that any quantity of either kind repels all other matter of 
the same kind according to the. Law of Nature, and attracts all 
matter of the other kind according to the same law. 

Two quantities of such matter may be considered equal if, 
when placed in the same position in a field of force, they are 
subjected to resultant forces which are equal in intensity and 
which have the same line of action. The two quantities of 
matter are of the same kind if the direction of the resultant 
forces is the same in the two cases, but of different kinds if the 
directions are opposed. The unit quantity* of matter is that 
quantity which concentrated at a point would repel with the 
unit force an equal quantity of the same kind concentrated at 
a point at the unit distance from the first point. 

It is evident from Articles 2, 14, and 40 that m units of one 
of these kinds of matter, if concentrated at a point (2, y,2) and 
exposed to the action of m,, mo, M,, ... Mm, Units of the same 
kind of matter concentrated respectively at the points (2, 4,,%), 
(Ay Yos 2) 5 (3 Yay %)y oe+ (Les Yar %)s ANA OF My si, My soy «++ My 
units of the other kind of matter concentrated respectively at 
the points (W419 Yetas Ze41)> (Wy 4.05 Yu+2 249) - (2,5 Yns Zn)s 
will be urged in the direction parallel to the positive axis of a 
with the foree 


tok in 
X= —m Som = 2) a: my a= x) ; [134] 
¢=1 ‘ i=k+1 . 


where 7, is the distance between the points (x, y, 2) and 
(®is Yan %)- 


* With this definition of the unit of quantity, the repulsion and attrac- 
tion force unit is identical with the absolute kinetic force unit. 
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If we agree to distinguish the two kinds of matter from each 
other by calling one kind “ positive” and the other kind “neg- 
ative,” it is easy to see that if every m which belongs to positive 
matter be given the plus sign and every m which belongs to 
negative matter the minus sign, we may write the last equation 
in the form 


i=n 


bes —m ya), [135] 


3 
vr; 
=3 


The result obtained by making m in [135] equal to unity is 
called the force at the point (a, y, 2). 

In general, m units of either kind of matter concentrated at 
the point (a, y, z), and exposed to the action of any continuous 
distribution of matter, will be urged in the positive direction of 
the axis of x by the force 


een p(x'— x) da'dy'dz' i 
ef Jrecary yearn Ue 


in this expression, p, the density at (a',y’, z'), is to be taken 
positive or negative according as the matter at the point is 
positive or negative: m is to have the sign belonging to the 
matter at the point (a, y, z): and the limits of integration are to 
be chosen so as to include all the matter which acts on m. 
With the same understanding about the signs of m and of p, 
it is clear that the force which urges in any direction s, m units 
of matter concentrated at the point (x,y, z) is equal to —m-D,V, 
where V is the everywhere finite, continuous, aud single-valued 


function 
SSF p da! dy' dz! ; 
[(a'= #)?+ (y'—y)?+ (= 2)" ]8? 


and that mV measures the amount of work required to bring up 
from ‘‘ infinity” by any path to its present position the m units 
of matter now at the point (a, 7, z). 

If we call the resultant force which would act on a unit of 
positive matter concentrated at the point P ‘‘the force at P,” 
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it is clear that if any closed surface 7 be drawn in a field of 
force due to any distribution of positive and negative matter so 
as to include a quantity of this matter algebraically equal to Q, 
the surface integral taken over 7 of the component in the direc- 
tion of the exterior normal of the force at the different points of 
the surface is equal to 47Q. 

It will be found, indeed, that all the equations and theorems 
given earlier in this chapter for the case of one kind of repelling 
matter may be used unchanged for the case where positive and 
negative matter coexist, if we only give to p and m their proper 
signs. 

It is to be noticed that Poisson’s Equation is applicable 
whether we are dealing with attracting matter or repelling mat- 
ter, or positive and negative matter existing together. 


EXAMPLES. 


1. Show that the extreme values of the potential function 
outside a closed surface S, due to a quantity of matter algebrai- 
cally equal to zero within the surface, are its extreme values 
on S. 

2. Show that if the potential function due to a quantity of 
matter algebraically equal to zero and shut in by a closed sur- 
face S has a constant value all over the surface, then this con- 
stant value must be zero. 

3. Show that if the function w, which is harmonic every- 
where outside the finite closed surface S, vanishes at infin- 
ity, and if r represents the distance from any fixed point, 


limit (2. D,w) is finite. 


f= 2 


| 
: 
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CHAPTER IV. 


SURFACE DISTRIBUTIONS.— GREEN'S THEOREM. 


45. Force due to a Closed Shell of Repelling Matter. If a 
quantity of very finely-divided repelling matter be enclosed in a 
box of any shape made of indifferent material, it is evident 
from [127] and from the principles of Section 38 that if the vol- 
ume of the box is greater than the space occupied by the repel- 
ling matter, the latter will arrange itself so that its free surface 
will be equipotential with regard to all the active matter in 
existence, taking into account any there may be outside the box 
as well as that inside. It is easy to see, moreover, that we 
shall have a shell of matter lining the box and enclosing an 
empty space in the middle. 

That any such distribution as that indicated in the subjoined 
diagram is impossible follows immediately from the reasoning 
of Section 37. For ABC and DEF are parts of the same 


Fic. 31. 


equipotential free surface of the matter. If we complete this 
surface by the parts indicated by the dotted lines, we shall 
enclose a space void of matter and having therefore throughout 
a value of the potential function equal to that on the bounding 


84 SURFACE DISTRIBUTIONS. 


surface. But in this case all points which can be reached from 
O by paths which do not cut the repelling matter must be at the 
same potential as O, and this evidently includes all space not 
actually occupied by the repelling matter; which is absurd. 

Let us consider, then (see Fig. 32), a closed shell of repelling 
matter whose inner surface is equipotential, so that at every 
point of the cavity which the shell shuts in, the resultant force, 
due to the matter of which the shell is composed and to any 
outside matter there may be, is zero. 

Let us take a small portion w of the bounding surface of the 
cavity as the base of a tube of force which shall intercept an 


area w' on an equipotential surface which cuts it just outside the 
outer surface of the shell, and let us apply Gauss’s Theorem to 
the box enclosed by o, w', and the tube of force. If F’' is the 
average value of the resultant force on w', the only part of the 
surface of the box which yields anything to the surface integral 
of normal force, we have 


F'w' = 4m, 


where m is the quantity of matter within the box. If we multi- 
ply and divide by , this equation may be written 
4 
Figg hott Fs [137] 


wo o! 


If » be made smaller and smaller, so as always to include a 
given point A, w' as it approaches zero will always include a 
point B on the line of force drawn through A, and F' will ap- 
proach the value F’ of the resultant force at B. 

The shell may be regarded as a thick layer spread upon the 
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inner surface, and in this case the limit of ”” may be consid- 
WwW 


ered the value at A of the rate at which the matter is spread 
upon the surface. If we denote this limit by o, we shall have 
F=A4A7o: ae or [138] 


— t 
be w 


If B be taken just outside the shell, and if the latter be very 
thin, cai! i, evidently differs little from unity; and we see 
a wW 


that the resultant force at a point just outside the outer sur- 
face of a shell of matter, whose inner surface is equipotential, 
becomes more and more nearly equal to 47 times the quantity 
of matter per unit of surface in the distribution at that point as 
the shell becomes thinner and thinner. 

The reader may find out, for himself, if he pleases, whether or 
not the line of action of the resultant force at a point just out- 
side such a shell as we have been considering is normal to the 
_ shell. 

It is to be carefully noticed that the inner surface of a closed 
shell need not be equipotential unless the matter composing the 
shell is finely divided and free to arrange itself at will. 

When the shell is thin, and we regard it as formed of matter 
spread upon its inner surface, o is called the ‘‘ surface density ” 
of the distribution, and its value at any point of the inner sur- 
face of the shell may be regarded as‘ measure of the amount of 
matter which must be spread upon a unit of surface if it is to 
be uniformly covered with a layer of thickness equal to that of 
the shell at the point in question. ; 


46. Surface Distributions. It often becomes necessary in the 
mathematical treatment of physical problems, on the assump- 
tion of the existence of a kind of repelling matter or agent, to 
imagine a finite quantity of this agent condensed on a. surface 
in a layer so thin that for practical purposes we may leave the 
thickness out of account. If a shell like that considered in the 
last section could be made thinner and thinner by compression 
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while the quantity of matter in it remained unchanged, the 
volume density (p) of the shell would grow larger and larger 
without limit, and o would remain finite. A distribution like 
this, which is considered to have no thickness, is called a sur- 
face distribution. 

The value at a point P of the potential function due to 
a superficial distribution of surface density o is the surface 


integral, taken over the distribution, of 7, where r is the dis- 
r 


tance from P. 

It is evident that as long as P does not lie exactly in the 
distribution, the potential function and its derivatives are always 
finite and continuous, and the force at any point in any direc- 
tion may be found by differentiating the potential function 
partially with regard to that direction. 

If p were infinite, the reasoning of Article 22 would no 
longer apply to points actually in the active matter, and it is 
worth our while to prove that in the case of a surface distri- 
bution where o is everywhere finite, the value at a point P of 
the potential function due to the distribution remains finite, as 


xX 


Fra, 33. 


P is made to move normally through the surface at a point of 
finite curvature. 

To show this, take the point O (Fig. 33), where P is to cut 
the surface, as origin, and the normal to the surface at O as 
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the axis of 2, so that the other codrdinate axes shall lie in 
the tangent plane. 

If the curvature in the neighborhood of 0 is finite, it will be 
possible to draw on the surface about O a closed line such that 
for every point of the surface within this line the normal will 
make an acute angle with the axis of a. 

For convenience we will draw the closed line of such a shape 
that its projection on the tangent plane shall be a circle whose 
centre is at O and whose radius is U, and we will cut the area 
shut in by this line into elements of such shape that their pro- 
jections upon the tangent plane shall divide the circle just 
mentioned into elements bounded by concentric circumferences 
drawn at radial intervals of Aw, and by radii drawn at angular 
distances of Ad. 

If x, 0, 0 are the codrdinates of the point P, 2', y', z'’ those 
of a point of one of the elements of the area shut in by the 
closed line, and a the angle which the normal to the surface 
at this point makes with the axis of @, the size of the surface 
element is approximately Dead shee a a: where w?=z'?+ y'?, and the 

3 a 


value at P of the potential function due to that part of the sur- 
face distribution shut in by the closed line is 


2m a oudu 
Vie of DEY goon see [139] 
‘Sy ss 0 cosay (w#—a')*+u? . 
The quantity 
ou ao SeCa 


aaa) eas (oe *) 
U 


is always finite, for, whatever the value of the quantity under 
the radical sign in the last expression may be when @, a’, and u 
are all zero, it cannot be less than unity, and therefore V, must 
be finite even when P moves down the axis of & to the surface 
itself. 

If V and JV, are the values at P of the potential functions 
due respectively to all the existing acting matter and to that 
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part of this matter not lying on the portion of the surface shut 
in by our closed line, we have V=V,+ V,, and, since P is a 
point outside the matter which gives rise to V2, the latter is 
finite; so that V is finite. 

The reader who wishes to study the properties of the deriva- 
tives of the potential function, and their relations to the force 
components at points actually in a surface distribution, will find 
the whole subject treated in the first part of Riemann’s Schwere, 
Electricitiét und Magnetismus. 

Using the notation of this section, it is easy to write down 
definite integrals which represent the values of the potential 
function at two points on the same normal, one on one side of 
a superficial distribution, and at a distance a from it, and the 
other on the other side at a like distance, and to show that the 
difference between these integrals may be made as small as we 
like by choosing a small enough. This shows that the value of 
the potential function at a point P changes continuously, as P 
moves normally through a surface distribution of finite super- 
ficial density. If matter could be concentrated upon a geo- 
metric line, so that there should be a finite quantity of matter 
on the unit of length of the line, orif a finite quantity of matter 
could be really concentrated at a point, the resulting potential 
function would be infinite on the line itself, and at the point. 


47. The Normal Force at Any Point of a Surface Distribu- 
tion. In the case of a strictly superficial distribution on a 
closed surface where the repelling matter is free to arrange 
itself at will, the inner surface of the matter (and hence the 
outer surface, which is coincident with it) is equipotential, and 
the resultant force at a point B just outside the distribution is 
normal to the surface and numerically equal to 47 times the 
surface density at B. This shows that the derivative of the 
potential function in the direction of the normal to the surface 
has values on opposite sides of the surface differing by 4 =e, 
and at the surface itself cannot be said to have any definite 
value, 
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It is easy, however, to find the force with which the repelling 
matter composing a superficial distribution is urged outwards. 
For, take a small element w of the surface as the base of a tube 
of force, and apply Gauss’s Theorem to a box shut in by the 
surface of distribution, the tube of force, and a portion o! of 
an equipotential surface drawn just outside the distribution. 
Let F and F' be the average forces at the points of w and w! 
respectively, then the surface integral of normal forces taken 
over the box is F'o'— Fw, and this, since the only active 
matter is concentrated on the surface of the box (see Section 
31), is equal to 270), where oy is the average surface density 
at the points of the element w. This gives us 


' 
F=F'- —270, 
w 


Now let the equipotential surface of which o! is a part be 
drawn nearer and nearer the distribution; then 


' 
lim = 1, lim F!=470,, and F=2z0,. 


F is the average force which would tend to move a unit quan- 
tity of repelling matter concentrated successively at the differ- 
ent points of » in the direction of the exterior normal, but the 
actual distribution on w is wo,, so that this matter presses on 
the medium which prevents it from escaping with the force 
27o,'w; and, in general, the pressure exerted on the resisting 
medium which surrounds a surface distribution of repelling 
matter is at any point 270” per unit of surface, where a is the 
surface density of the distribution at the point in question. 

We may imagine a superficial distribution of matter which is 
fixed, instead of being free to arrange itself at will. In this 
casé the surface of the matter will not be in general equipoten- 
tial, but, if we apply Gauss’s Theorem to a box shut in by a 
slender tube of force traversing the distribution, and by two 
_ surfaces drawn parallel to the distribution and close to it, one 
on one side and one on the other, we may prove that the 
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normal component of the force at a point just outside the dis- 
_ tribution differs by 40 from the normal component, in the 
same sense, of the force at a point just inside the distribution 
on the line of force which passes through the first point. 

It is sometimes convenient to denote the “charge” on a 
small area about a point P on a surface distribution by 4’, 
and the rest of the distribution by A", and to consider sepa- 
rately the effects of A'and A”. If P, and P, are points on 
the normal to the surface drawn through P and near the 
surface on opposite sides of it; if V,', VY," are the components 
in the direction PP, of the forces at P, due to A' and A” 
respectively, and if 1,5 NV," are the corresponding components 
at P, in the direction PP,, then if P, and P, approach P, 


lim [Wy! + Wy" + Ny! + N,"] = 4 x0, 


where o is the density of the distribution at P. The force 
due to A" changes continuously as P; moves toward P;, however 
small A' may be, sothat 


lim N,''= — lim XN," and lim (Nj' + N,')= 470, 


and, by choosing 4' small enough, we may make J,’ to differ 
in numerical value as little as we please from lim V,' or from 
2x0. 

If the surface distribution is equipotential, and if it shuts 
in a region of no force, then if P; is in this region, N,'=— N,", 
so that 1," and JN," can be made to differ as little as one 
pleases in numerical value from 270 by making A’ small 
enough. Let the element of area covered by A' be w and the 
surface density of the charge on it o, then the force with 
which 4’ is urged in a direction normal to the surface by A" 
is w+ 2ro0 within an infinitesimal of higher order than o. 
That is, whatever the sign of o, the surface distribution may 
be said to urge the surrounding medium outwards with a 
pressure in force units per unit of area which at P has the 
value 2 ro”, as we have already seen. 

It is easy to show that even if the surface distribution is 
not equipotential the components at P,; and P, of the force 

‘ 


; . 
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in any fixed direction parallel to the surface approach the 
same limit as P,; and P, approach P. 

At any point P of an equipotential surface covered with a 
superficial distribution of density o the normal second deriv- 
ative of V has a discontinuity* of 420 (+ + x) where FR, 

1 2 
and #, are the radii of curvature at P of two mutually per- 
pendicular normal sections of the equipotential surface. 


48. Green’s Theorem. Before proving a very general theo- 
rem due to Green,t of which what we. have called Gauss’s 
Theorem is a special case, we will show that if S is any closed 
surface and U a function of x, y, and z, which for every point 
inside S is continuous, and single-valued, 


ip if D,U-dxdydz = fi U- Dx. ds, [140] 


where the first integral is to include all the space shut in by 
S, and the second is to 
be taken over the whole 
surface, and where Dx 
represents the deriva- 
tive of x taken in the 
direction of the exte- 
rior normal. 

To prove this, choose 
the codrdinate axes so 
that S shall lie in the 
first octant, and divide 
the space inside the 
contour of the projection of S on the plane yz into elements of 
size dydz. Oneach of these elements erect a right prism cutting 
SS twice or some other even number of times. Let us call the 
values of U at the successive points where the edge nearest the 


* C. Neumann, Math. Ann. 1880. Th. Horn, Zeitschr. f. Math. wu. 


Phys. 1881. 
+ George Green, An Essay on the Application of Mathematical Analy- 


sis to the Theories of Electricity and Magnetism. Nottingham, 1828. 
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axis of x of any one of these prisms cuts S; U,, Us, Us,-+- Ue, 
respectively; the angles which this edge makes with exterior 
normals drawn to S at these points, a, a, ag, +++ a,, 3; and the 
elements which the prism cuts from the surface S$; ds,, ds, 
dsz,---ds,,. It is evident that wherever a line perpendicular to 
the plane yz cuts into S, the corresponding value of a is obtuse 
and its cosine negative, but wherever such a line cuts out of S, 
the corresponding value of a is acute and its cosine positive. 
Keeping this in mind, we shall see that although the base of 
a prism is the common projection of all the elements which it 
cuts from S, and in absolute value is approximately equal to 
any one of these multiplied by the corresponding value of cos a, 
yet, since dady, ds,, ds,, etc., are all positive areas and som? cf 
the cosines are negative, we must write, if we take account of signs, 


dy dz = —ds, cos a, = +ds, cos ay = —ds, C08 ay = +++. 


If the indicated integration with regard to 2 in the left-hand 
member of [140] be performed and the proper limits introduced, 
we shall have 


ff fP.Vaxdyaz= f ftyael— U4 U.- 0,4 GJ, 141] 


where the double sign of integration directs us to form a quan- 
tity corresponding to that in brackets for every prism which 
cuts S, to multiply this by the area of the base of the prism, 
and to find the limit of the sum of all the results as the bases of 
the prisins are made smaller and smaller. 

Since we may substitute for dydz any one of its approxi- 
mate values given above, we may write the quantity within 
the brackets 


U, cos a; ds, + Uy 008 ay dy + U3 cos as ds, + +++, 


and this shows that the double integral is equivalent to the sur- 
face integral, taken over the whole of S, of Ucosa, whence we 


may write 
o, ff D.0-dedy de = [Ucosads, [142] 
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where the first integral is to be taken all through the space 
shut in by S, and the second over the whole surface. 

Let P or (@, y, 2) be any point of S, a, 8, and y the angles 
which the exterior normal drawn at P to S makes with the 
codrdinate axes, and P'a point on this normal at a distance 
An from P. The codrdinates of P' are 


“+ An-cosa, y+An-cosB, z+An-cosy, 
and if W=/f(a,y,z) be any continuous function of the space 
codrdinates, 
Wp = f(x, Y; z), 
Wp =f(* + Ancosa, y+AncosB, z+Ancosy) 
=f(2, y,z) + Ancosa- D, f+ Ancos B+ D,f 


Sad + An cos y D,f + (An)? Q, 
Bette cosa: D, f+ cosB-D,f+cosy:D,f+An-Q, 

whence 

li Wp = We = — », 1 

im pasha D,, Wp = cosa D, f+cos BD, f+cosy D,f. [143] 


If, as a special case, W=a, we have D,«%= cosa; so that 
[142] may be written 


S ff B.0- dedyda = (UD, 2-ds, 144) 


which we were to prove.* 

Green’s Theorem, which follows very easily from this result, 
may be stated in the following form : 

If U and V are any two functions of the space codrdinates 
which together with their first derivatives with respect to these 
codrdinates are finite, continuous, and single-valued throughout 
the space shut in by any closed surface S, then, if refers to 
an exterior normal, 


* This theorem has been virtually proved already in Sections 29 and 36. 
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Sf [D.0-D.V + DUD V+ D,U-D,V) dxdy dz 


={U. D,,V+ds -ff fu: VV -daedydz [145] 
=if V-D,U-ds -ff fv V'U-dadydz, [146] 


where the triple integrals include all the space within S and the 
single integrals include the whole surface. 


Since  D,U-D,V=D,(U-D,V)—U- DV, 
we have if f D,U-D,V+dxdy dz 
= fff Dt U-D,V )dxdy dz -{f fo D2ZV-dxedy dz; 
but, from [144], 
if is D,(U-D,V’) dedy dz = ef; U-D.V- D,x-ds, 
whence f if (D,U-D,V )dxdy dz 


= {U-D,V- D,,x+ds -{f fu: D2V-dxedydz. [147] 


If we form the two corresponding equations for the deriva- 
tives with regard to y and z, and add the three together, we shall 
obtain an expression which, by the use of [143], reduces im- 
mediately to [145]. Considerations of symmetry give [146]. 

If we subtract [146] from [145], we get 


Sf. (U-VV—V-v°U)dedydz 
= {(U-D.P— V-D,U)ds. [148] 
In applying Green’s Theorem to such spaces as those marked 


JT) in the adjoining diagrams, it is to be noticed that the walls 
of the cavities, marked S' and S", as well as the surfaces, 
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marked S, form parts of the boundaries of the spaces, and that 
the surface integrals, which the theorem declares must be taken 


Gd A 
= 


Fie. 35. 


over the complete boundaries of the spaces, are to be ex- 
tended over S'and S"as well as over S. We must remember, 
however, that an exterior normal to JZ, at S' points into the 
cavity C’. 


If U and V both satisfy Laplace’s Equation, the second 
member of [148] is equal to zero. 


If within the closed surface S the functions A, U, and V 
are continuous, and if the first derivatives of U and V are 
continuous (the first derivatives of and the second deriva- 
tives of U and V being finite), 


Sf \(D,U-D,V + D,U-D,V + D,U-D,V) dady dz 


=f frU-D,Vas— ff (U[DA-D,7) 


+ D,(A-D,V)+D,(4-D,V)]dedydz [149] 
=f frv-D,vas— ff [7[D.0-D.0) 
+ D,(A-D,U) + D, (d+ D,U)]dxdy de. 


Special Cases under Green’s Theorem. Applications. 


I. If in [145] we put VU=1, we learn that if Vis any function 
which within and on the closed surface S is finite and contin- 
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uous, together with its derivatives of the first order, the surface 
integral of D,V taken over S is equal to the volume integral 
of V?V taken through the space shut in by S. If V happens 
to satisfy Laplace’s Equation within S, the surface integral 
is equal to zero. This result should be compared with Gauss’s 
Theorem, treated in Section 31. 


II. If in[145] we make U equal to V, the potential function 
due to any distribution of matter, and assume that, in the 
general case, some of this matter is spread superficially on a 
surface S (or on a number of such surfaces), we may shut in 
S by two other surfaces, S, and S,, parallel and very close to 
it. We may then apply Green’s Theorem to so much of the 
space within a spherical surface, with centre at some con- 
venient fixed point and radius r large enough to include 
the whole distribution, as does not lie between S, and §). 
This gives 


Sf [CO1) + DV) + DV) dedy de 


— ff [Vv Pdedy de, 


where the first surface integral is to be extended over the 
spherical surface, the second over S,, and the third over S,, it 
being understood that », represents a normal to S, taken in 
the direction away from S, and m, a normal to S, taken in the 
direction away from S. Since V is continuous at S, while its 
normal derivatives are discontinuous in the manner indicated 
by the equation D, V+ D,,V =— 47, the limit of the sum 
of the two surface integrals taken over S, and S, as these 


surfaces approach § is 47 af Vods. The value of the first 


surface integral is equal to 477? times the average value of 
V-D,V on the surface; and, if this be written in the form 47 


oe ee 
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[average value of V(r?D,V)], it is evident that the integral 
approaches zero as the radius r is made infinite, so that the 
field of the triple integrals may embrace all space. Since 
V7V =—4-zp, the whole second member of the equation 


represents 47 lim) V Am extended over all the distribution, 


and this is 8 z times the intrinsic energy of the distribution. 
The first member of the equation represents the volume integral 
of the square of the resultant force extended over all space. 
We may write this result in the form 


Wasi ff Becayae [150] 


III. If in [145] we make V=V-=v, any function which 
within the closed surface S satisfies the equation V?u = 0, we 
shall have 


Sf fe (Duy? + (Du)? = (D,u)?] dadydz= | u- Du- dS. [151] 


IV. If in [148] V is the potential function due to two dis- 
tributions of active matter, W/, inside the closed surface S and 


MM, outside it, andif U= 1 where 7 is the distance of the point 


Fic. 36. 


(a, y, 2) from a fixed point O, we must consider separately the 
two cases where O is respectively without S and within S. 

A. If O is without S, V’ (4) = 0 for points within the sur- 
face. Also, V?V = — 4 7p, so that 
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fer ds -f V-D, (¢) adS=—A4 rfffe dx dy dz. 
r r r 


The triple integral is evidently equal to the value at the point 
O of the potential function due to M, alone. If we eall this Vy, 
and notice (see [143]) that D,r at any point of S is the cosine 
of the angle § between r and the exterior normal to S, we have 


[PZ as+f—S Shoe. | ee 


r 


If Sis asurface equipotential with respect to the joint action 
of M, and M,, and if we denote by V, the constant value of 
V on S, we have 


[Pt ast, (SP as=—40%, 
r ia 


and it is easy to show, by the reasoning used in Section 31, 


that f° : dS = 0, whence 


, 


V,=—— as. [153] 


B. If O is a point inside S$, whether or not it is within If, 
and if S is equipotential with respect to the action of I, and 


& 
q 8 


Fic. 37. 


M,, we will surround O by a small spherical surface S$! of 
radius 7’ and apply [148] to the space lying inside S§ and 
without the spherical surface. In doing so, it is to be noticed 
that S' forms part of the boundary of the region we are deal- 
ing with, and that an exterior normal to the region at S$’ will 
be an interior normal of the sphere. 


GREEN’S THEOREM. 99 


' : : ene : 1 
Since for all points of the region we are considering v(t =0, 
s 
we have 


DV v 
fre as— fret as'—r, f0,(2)as+fr-p,(4) ds! 
: 
=— anf f fe da dy dz ; 


or, since dS'=7"dw', where dw! is the area which the elemen- 
tary cone the base of which is dS' and the vertex O intercepts 
on the sphere of unit radius drawn about O, 


fr dS+ Vf 5° aS —o' { DoV- do! — {Vee 
ae Bie boys 
=—4nf f (Pdrdyde. [154] 


It is easily proved, by the reasoning of Section 31, that 


[SS as = 40, 


v2 


and it is clear that if r' be made smaller and smaller, the third 
integral of [154] approaches the limit zero. If V' is the 
average value of V on the surface S', 


f Vado! =" f do! = Td; 


and as rv’ is made smaller and smaller this approaches the 
value 47V,, where V, is the value of V at O. The value, 
when 7" is zero, of the triple integral is evidently V;, and we 
have 


[PE as +42¥,—42Vo=— 400 


If V, is the value at O of the potential function due to I, 
alone, Vp = V, + V2, so that 


Univ. of Arizona Library 
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V,—Va=—z- | as. [154,] 


If § is not equipotential with respect to the action of I, 
and M,, we have 


a 7 1 ; 2 
4nV_= {> is if V-D, (2 )as. [154,] 


V. If in [148] we make U = where r is the distance of 


the point (2, y,z) from a fixed point O, and if )/ =v, any fune- 
tion harmonic everywhere within the closed surface S, we 
shall have 


Ahr = fi wD, & iS— fi out dS, [155,] 


if O is within S, and 


f2tasfoo(ay cms 


if O is outside S, 


VI. The closed surface S encloses a region 7, and excludes 
the rest of space, 7, A function V is continuous and has 
finite first and second derivatives everywhere in the field of 
Green’s Theorem. The first derivatives are everywhere con- 
tinuous except at certain surfaces, S,! in 7, and S,' in 7, 
where the tangential derivatives are continuous, and the nor- 
mal derivatives discontinuous in the manner indicated by the 
equation 


Dy, V + DyV=—8. 


At infinity 7 vanishes like the Newtonian Potential Func- 
tion due to a finite distribution of matter. If U is the recip- 
rocal of the distance from a fixed point O, and if we apply 
Green’s Theorem to U and V, using successively as fields, 7; 
when O is in 7,, 7, when O is in 7,, ZT, when O is in 7\, and 
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7, when O is in Z,, and representing by n a normal to S 
pointing into 7, in all cases, we learn that the expression 


{S.f~e2as f [Fas} 


oe {ffrr.(2)as-f fas} 


is equal respectively to 


SSdav Sf [Zan p88, 
eerie te 
-fftasr fff Zam (564 
brVn—ffhasr ff fim (1664 


If there is no surface S' at which the normal derivative 
of V is discontinuous, and if V satisfies Laplace’s Equation 
everywhere within S, the expression 


' way Vcos(n, ry, DyV 
LSS( i a ? )as 


is equal to zero or to the value of V at O according as O is 
without or within S. 

If, now, S is a spherical surface of radius a, and if O, is 
distant J, from the centre C, the distance from C of O,, the 
inverse point of O, with respect to S may be denoted by &, 
where 1,/, = a% If r, and 7, represent the distances of any 
point P from 0, and OQ, respectively, then, if P lies on S, 


1/12 = 1,/4, 
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1? = 7,2 + a? — 2rya-cos(r,, 7), 
1,2 = 147 + a? — 2 roa - COS (72, 7), 


cos(71, 2) a cos(re,n) a? —1,° 
and SS = eS 
Ty Lh 1" 


In this case, 


4nVo = Jae F dS + sit SBA — (, r1) dS 
I ial ry 


eae o=( (7 ast+f fr wet he rs) as 
Tg Ts” 


=4f 2.7 iS + f? wai a8, 


a 


so that it is easy to eliminate D,V by multiplying the second 
equation by a//, and subtracting the members from those of 
the first equation. The result is 


iar x =Sfr(= a n) ae ie n) as, 
1 a 


1 


Oran = SS dae [157] 


= { f V(a ~~ 1,?) dS 
~ Bara [a? + 1,7 — 2 al, cos (a, l,)]¥2 


This integral determines V at every point within S when 
its value is given at every point on S. If O, is at the centre 


of S, 4, =0, and r, =a, 80 that My, = — f { a8, or the 


average value on a spherical surface S, of a function V, har- — 
monic within and on S is the value of ry at the centre of SN. 
It follows from this that a function which is harmonic about 


a point O cannot have at O either a maximum or a minimum 
value. 
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If a function V is constant on any analytic surface S, is 
harmonic without S, and if it vanishes at infinity like a New- 
tonian Potential Function, 


and V is the potential function in outer space due to a super- 
ficial distribution on S of surface density — D,V/4z. 


VII. A function V has the value zero everywhere on the 
closed surface S,, and the constant value C on the closed sur- 
face S,, shut in by S;. In the space 7, between S, and S,, V 
is harmonic. If we apply Green’s Theorem, in 7, to V and 
to the reciprocal of the distance from any point O in JZ, we 
learn that 


1 Da V 1 DV. 
Vuo=ZeJ Jet geS J % 


where both normals point out of 7. 

V is, therefore, the potential function due to surface distri- 
butions on S, and S, numerically equal to D,V/4a at every 
point. 


VIII. If the closed surface S shuts in a region 7, and if 
the functions V and V', which are equal at every point of S, 
are finite and continuous with their derivatives of the first 
order at every point of 7, and if within 7, V does and V' 
does not satisfy Laplace’s Equation, then the integral 


Qr= ff [(D.V)? + (D,V)? + (D.V)*]dady dz, 
extended throughout T is less than the corresponding integral 
On ={[ GAL +(D,V")? + (D,V")?] dedy dz. 


If we write V'= V + u, u vanishes at every point of S, but 
is in general different from zero. 
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Or 


=v + Q.42f f [[D.u-D.V+Dye-D,V+D.u-D,V \dedyde 


=Or+Q+2 f fu-D,VaS—2 ff fu VV dedyde 
=Qyt+ Qu 


Now, since the integrands of Q, and Q, are made up of squares, 
and since neither « nor V are constants, both Y, and @, are 
positive, so that Vp > Qy- 


IX. There cannot be two different functions, W, and W,, 
which have equal values at every point of S, and S, (two 
closed surfaces the first of which shuts in the second), and 
between these surfaces are everywhere harmonic. If we 
suppose, for the sake of argument, that two such funetions 
exist and call their difference w, it is clear that wu is harmonic 
between the surfaces and that it vanishes at every point of 
both S, and 8, If, therefore, in [145] we make U = V =u, 
we learn that 


ifs i ( [D202 + (Dio)? + (Dao)? dx dy dz = 0, 


where the integral extends over all the space between S, and 
S.. Since the integrand cannot be negative, it must be zero at 
every point, so that D,w = Dju = Du =0 and wu is constant. 
But w= 0 on S,, therefore it is identically equal to zero and 
W, = W,. 

It is easy to show that two functions which have equal 
normal derivatives at every point of S, and S,, and are har- 
monic everywhere between the surfaces, can differ only by a 
constant. 


X. We may now give an old proof of a theorem, originally 
discovered by Green from physical considerations, which is 
usually called Dirichlet’s Principle by Continental writers, 
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but in English books is generally attributed to Sir W. Thom- 
son.* This theorem asserts that there always exists one, but 
no other than this one, function, v, of 2, y, z, which (1) is 
continuous, and single-valued, together with its first space 
derivatives, throughout a given closed region 7’; (2) at every 
point of the region satisfies the equation V?v = 0; and (3) at 
every point on the boundary of the region has any arbitrarily 
assigned value, provided that this can be regarded as the value 
at that point of a single-valued function, continuous all over 
this boundary. 

There is evidently an infinite number of Haran which 
satisfy the first and third conditions. If, for instance, the equa- 
tion of the bounding surface S of the region is F(a, y,z)=0, 
and if the value of v at the point (x, y, 2) upon this surface is 
to be f(x, y, 2), any function of the form 


O(a, y, 2) - F(a, y, 2) +S (@, y, %) 
would satisfy the third condition, whatever continuous function 
® might be. 

If we assign to the function to be found a constant value C 
all over S, v = C will satisfy all three of the conditions given 
above. 

If the sought function is to have different values at different 
points of S, and if for w in the integral 


Q= if ff if; [ (D,u)? + (Dy)? + (Du)? ] daedy dz, 
which is to be extended over the whole of the region, we sub- 
stitute any one of all the functions which satisfy conditions 
(1) and (8), the resulting value of @ will be positive. Some 
one at least of these functions (v) must, however, yield a 
value of Q which, though positive, is so small that no other 
one can make Q smaller.t Let / be an arbitrary constant to 


* W. Thomson, Liowville’s Journal, 1847. Dirichlet’s Vorlesungen, 
Bacharach, Abriss der Geschichte der Potentialtheorie. 

+ A principle which will doubtless lead to a justification of this by no 
means self-evident assumption was pointed out by Hilbert in a remark- 
able paper read before the Deutsche Mathematiker-Vereinigung in 1899. 
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which some value has been assigned, and let w be any func- 
tion which satisfies condition (1) and is equal to zero at all 
parts of S, then U =v + hw will satisfy conditions (1) and 
(3), and, conversely, there is no function which satisfies these 
two conditions which cannot be written in the form V=v+huw, 
where / is an arbitrary constant, and w some function which 
is zero at S and which satisfies condition (1). 

Call the minimum value of Q due to v, Y,, and the value of 
@ due to U, Qy, then 


Qv=Q.t2h ff [ (Dev Dzwo+ Dy Dyo+D,v- Dz) dedy dz 


+18 ff ( [Dae}? + (Dye)? + (Da0)*] de dy de, 


which, since w is zero at the boundary of the region, may be 
written, by the help of Green’s ‘Theorem, 


Qr—-O,=-2 hf f { wvededy ds + h?O?, 


Now, since @, is the minimum value of Q, no one of the 
infinite number of values of Q,,—Q, formed by changing A 
and w under the conditions just named can be negative; but 
if V?u were not everywhere equal to zero within 7, it would 
be easy to choose w so that the coeflicient of 2 / in the expres- 
sion for QY,,— Q, should not be zero, and then to choose h so 
that @,, — Q, should be negative. Hence V?v is equal to zero 
throughout 7, and there always exists at least one function 
which satisfies the three conditions stated above. Compare 
VIII. 

There is only one such function; for if beside v there were 
another « = v + hw, we should have, since the coefficient of h 
is zero when V2v = 0, 


Q,, — Q, + h?0?, 


and that @,, may be as small as Q,, hQ must be zero, whence 
either h = 0 or Q=0, and if Q=0, w is zero. Therefore, 
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w =v, and there is only one function which in any given case 
satisfies all the three conditions given above. 


XI. The potential function V, due to a volume distribution 
of finite density p in the region Z and a superficial distribu- 
tion of finite surface density o on the surface S, is everywhere 
continuous, and it so vanishes at infinity that, if 7 is the dis- 
tance from any finite point, each of the quantities 


7V,-—?'D.V, 


as 7 becomes infinite, approaches the limit 14, where // is the 
amount of matter (algebraically considered) in the whole dis- 
tribution. The first derivatives of V are everywhere finite, 
and they are continuous except on S, at every point of which 
tangential derivatives are continuous, while the normal deriva- 
tive is discontinuous in the manner indicated by the equation 


D,V + D,,V =—470, 


where 7, and 7, are the normals to the surface drawn away 
from it on each side. The second derivatives of V are every- 
where finite, and they are continuous except at surfaces where 
p is discontinuous. At any point on such a surface the tan- 
gential second derivatives are continuous, but the normal sec- 
ond derivative is discontinuous by an amount equal to 47 
times the discontinuity in p reckoned in the direction opposite 
to that in which the derivative is taken. Everywhere, except 
at surfaces of discontinuity in p, V satisfies Poisson’s Equa- 
tion, V?V = — 4.xp, and without 7, where there is no matter, 
this degenerates into Laplace’s Equation. 

For a given value of p in the given region 7, and a given 
value of o on the given surface S, only one function has all 
these properties. Assuming that there are two such functions, 
V and V’', let their difference be the function wu. At every 
point of S, 


jana ae IPA G = Dev Me De =—Arno, 
so that Wl pei, 
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and even the normal derivatives of wu are continuous at every 
point of S. At surfaces of discontinuity in p, the derivatives 
of uw are all continuous and w satisfies everywhere Laplace’s 
Equation. The limits, as r becomes infinite, of ru and r?D,1 
are zero. Since wu with its first and second derivatives is 
everywhere continuous, we may imagine a spherical surface 
of large radius 7, drawn about any finite point O, as centre, 
so as to enclose all the attracting mass and apply Green’s 
Theorem in the form of [151] to wu inside this surface. The 
numerical value of the surface integral 


fu Duds 


taken over the spherical surface is no greater than the area 
of the surface (477r”) multiplied by the aren value which 
u-D,w has on the surface, or 


4 [greatest value of (wu r?D,1)}. 


If, now, the radius of the surface be indefinitely increased, - 


this expression approaches the limit zero so that the integral 


if at [ (D,)* + (Dw)? + (D.u)?] da dy dz 


taken over all space has the value zero. Since the integrand 
is made up of squares which can never be negative, we must 
have at every point of space 


Du = Du = Du = 0. 


Therefore, w is constant in all space; and since it is zero at 
infinity, it must be everywhere zero, so that V and V' are 
identical. It is to be understood that Z may be made up of 


several distinct regions, and that § may consist of several 
distinct surfaces. 
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49. The Surface Distributions Equivalent to Certain Volume 
Distributions. Keeping the notation of IV. in the last article, 
let S be a closed surface equipotential with respect either to 
the joint action of two distributions of matter, M, inside S and 
M, outside it, or (when M, equals zero) to the action of a 
single distribution within the surface; and let V,, Vj, and V 
be the values of the potential functions due respectively to M, 
alone, to M, alone, and to M, and M™, existing together. If a 
quantity of matter were condensed on S so as to give at every 


point a surface density equal to — Y the whole quantity of 


matter on the surface would be 


= (D.V-as, 
4a 


and this, by § 31, is equal in amount to %. Let us study the 
effect of removing M, from the inside of S and spreading it in 
2 superficial distribution M,' over S, so that the surface density 
at every point shall be ——*— a ix In what follows, it is assumed 
that we have two distributions of matter, one inside the closed 
surface and the other outside. It is to be carefully noted, how- 
ever, that by putting M, equal to zero in our equations, all our 
results are applicable to the case where we have an equipotential 
surface surrounding all the matter, which may be all of one kind 
or not. 

The value, at any point O, of the potential function due to 
the joint effect of M, and the surface distribution M,', would be 


ont, [PF a8 
4a "2 


If O is an outside point, we have, by [153], 
Vo =Vot+ Vi; 
so that the effect at any point outside an equipotential surface 
of a quantity Mf, of matter anyhow distributed inside the sur- 


face is the same as that of an equal quantity of matter dis- 
tributed over the surface in such a way that the superficial 
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ai 
density at every point is =2.!, where V is the value of the 
T 


potential function due to the joint action of M@, and any matter 
(M,) that may be outside the surface. 
If O is an inside point, we have, 
Vo=Vi.tV,—Vi=V¥,, 

which shows that the joint effect of JZ, and M,' is to give to all 
points within and upon the surface the same constant value of 
the potential function which points upon the surface had before 
M, was displaced by M,'. If, therefore, M,' and M, exist without 
M,, there is no force at any point of the cavity sbut in by S; 
or, in other words, the force due to WM’ alone is at all points 
inside S equal and opposite to that due to WM). 

If M, and &M, exist without M', the cavity enclosed by S is, in 
general, a field of force. J,‘ acts as a screen to shield the space 
within S from the action of J. 

The surface of M,' is equipotential with respect to all the 
active matter, so that there is no tendency of the matter com- 
posing the surface distribution to arrange itself in any different 
manner upon S, 

Since M,' exerts the same force on every particle outside 
S that 1, did, and since action and reaction are equal and 
opposite, every particle of J/, exerts on M,' forces the result- 
ant of which is equal to the resultant of the forces with 
which the same particle urged 1. The resultant effect, 
therefore, of the action of Jf, on M,' is the same as the 
resultant effect of its action on M;. Now the whole system 
of forces applied to the surface distribution by MM, and by 
the repulsions for one another of its own parts is equivalent 
to a tension from without of 2 70? dynes per square centi- 
meter applied all over S, and since the internal forces form 
a system in equilibrium, the resultant effect of M, on M, 
is equal to the resultant effect of the tension just mentioned 
on M,'. 

If two closed surfaces, S, and S,, which mutually exclude 
each other, shut in, respectively, the two portions, M,, WM, of a 
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distribution MW, and are level surfaces of M’s potential function, 
it is easy to see that a superficial distribution on S, of density 
o=—D,V/4x would act on a particle without S, just as I, 
does, and that a similar distribution on S, would act on parti- 
eles outside of S, as WM, does. The action of MW, on M, is the 
same as the resultant effect of the tension 2 10? or (D,V)?/8x 
considered as acting all over S;. The surface integral of 
— D,,V /4 x extended over any closed surface has been called 
by Maxwell the “electric displacement” through the surface. 


50. Vectors. Stokes’s Theorem. The Derivatives of Scalar 
Point Functions. It is frequently convenient to define a 


vector by giving the values (tensors) of its components paral- 
lel to the coérdinate axes; and if for our present purposes we 
call these “the components of the vector,” no confusion will 
arise. The expression (Q,, Q,, Q,) denotes a vector, Q, the 
components of which parallel to the axes of a, y, and z are 
respectively equal to Q,, @,, and @,. The direction cosines of 
the vector are the ratios of Q,, Q, Q, to VQ + 97+ Q2. 
The letter which represents a vector is often used in scalar 
equations to denote merely the tensor. Sometimes, however, 
the heavy face letter (Q) is used to denote the vector, while 
its tensor is represented by the same letter in ordinary type. 
Any three scalar point functions can be considered the com- 
ponents of a vector point function. Scalar and vector point 
functions are sometimes called “distributed” scalars and 
vectors. Where there is no danger of any misunderstanding 
a vector point function may be called simply a vector. 

The scalar function D,Q, + D,Q,+D.Q, is called the diver- 
gence of Q, and if this quantity vanishes identically, Q is said 
to be a solenoidal vector. The force due to any finite distri- 
bution of matter attracting or repelling according to the “ Law 
of Nature” is solenoidal in empty space. The negative of the 
divergence of a vector is called its convergence. 

The vector, the components of which taken parallel to the 
coérdinate axes are the three scalar point functions, 


D,Q: a D,Qy DQ: a D,Qes D,Qy cae Di Qs 
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is called the curl of Q; and if these components vanish at every 
point of a region, Q is said to be /amellar in that region. If 
the vector R is the curl of the vector Q, Q is said to be a 
vector potential function of R. The force due to a finite dis- 
tribution of attracting or repelling matter is lamellar within 
and without the distribution. The curl of any vector is 
itself solenoidal. If two vectors have the same curl, their 
difference is a lamellar vector. 

The lines of a vector are a family of curves, one of which 
passes through every point of space, and each of which has 
at every one of its points the direction of the vector at the 
point. The differential equations of the lines of the vector Q 


are evidently dx /Q, = dy /Q, = dz /Q,: 
after the values of Q,, Q,, and Q, have been substituted, we 
have two sige of the form 


Fe PO MH *)s ot W(X, Ys *)5 


whence we get, G differentiating, 


dx dx 
qa Pb z+ Dey + D4, j 
dy dy | 


Ta Dabo + Dy A+ Dy; 


and, by eliminating y between the pe and third equations, 
and & between the second and fourth equations, two equations 
of the second order between # and z and between y and z 
respectively. The integrals of these last equations are the 
equations of the lines of the vector. Sometimes the variables 
may be separated at the start, and then the work is much 
simplified. The lines of the vector (— 2%, y, z) have the equa- 
tions y= Az, «log (By)=1, and those of the vector (Baz — yz, 
xz + yz, 2), the equations =(B+ A+ Bz) e™*, y= (A+ Bz) e**, 
where 4 and B are arbitrary constants. 

If n represents the exterior normal of any closed surface S, 
the integral taken over S of the exterior normal component 
of the analytic vector Q is 
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fe cos (n, Q) dS 


=(@ [cos (a, @) cos (#, n) + cos (y, Q) cos (y, 2) 
+ cos (2, Q) cos (2, n) ]dS 
= q° [Q, cos (x, n) + Q, cos (y, n)-+ Q, cos (z, n)] dS; 


and this is equal to the volume integral of the divergence of 
@ taken through the space within S. The integral of the 
exterior normal component of any analytic solenoidal vector, 
taken over any closed surface, is zero. 


An important theorem due to Sir George Gabriel Stokes 
may be stated as follows: 

The line integral taken around a closed curve s, of the tan- 
gential component of an analytic vector point function Q, is 
equal to the surface integral taken over any surface S, bounded 
by the curve, of the normal component of the curl of the vector, 
the direction of integration around the curve forming a right- 
handed screw rotation about the normals, or 


fla. cos (x, s) + Q, cos (y, 8) + Q, cos (2, s) ]ds. 


= { [a — D,Q,,) Cos (#, 7) 
+ (DQ, — DzQ;) 608 (y, 2) 
+ (D,,Q, — D,Q,) 00s (z, n)] a8. [158] 


To prove this, we may evaluate first so much of the double 
integral as involves Q,, that is, 


f if [_D.Q,- cos (y, n) — D,Q,,- 0s (2, n)]d8. 


Let the area S be divided into quadrilateral elements by 
means of equally spaced planes parallel to the planes of zy 
and zy respectively, and consider especially one of these 
elements, AS, the projection of which on the xz plane is Ax - Az, 
so that AS: cos (y, n) = Ax Az approximately. 
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That corner of the element AS which has the least x and z 
coordinates shall be the point P, and that side of the element 
which passes through P and is parallel to the plane of yz 
shall be represented by As; Since As, is perpendicular both 
to the normal to S at P and to the axis of x, cos(z, s,;)=0, 


and cos (n, s;) = cos (a, ) - cos (a, s;) + cos (y, 2) - Cos (y, $1) 
+ cos (2, n) cos (#, 8;)= 9, 


= O08 (6, 2) 2 S08 (6: Bt) pong ane 


cos (y, n) 


Fic. 38. 


Moreover, D,,.Q,=0+ (D,Q,) cos (y, 8) + (D,Q,) cos (2, 81), 


and 18 eS ee ee eee $1) | 
cos(y, 2) — ds, cos (y, m) cos (y, 2) 
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Hence, aiex cos (y, 2) — DOr cos (2, n) ]dS 
=f pre 2) - COS (2, 81)-_D,Q,,— C08 (2,2) COS (2, 81) D, Q, |ds, dx 
cos (Y, 2) 
= f f [D.Q,-cos (2, 8,) + D,Q,- cos (y, 8)]ds,dex 


= ( f DQ. ds,de. 


If we perform the integration with respect to s, and intro- 
duce the limits, it will appear that this integral may be found 
by proceeding around the contour s in the direction indicated 
in the theorem and determining the line integral of 


da 
o ds = Q,,- COs (a, 8) ds, 


where ds is an element of s. If we treat in a similar manner 
those portions of the double integral which involve Q,-and Q., 
the theorem will be evident. 


According to the definition used in the preceding sections, 
the numerical value of the directional derivative of any scalar 
point function wu, at any point P, in any fixed direction PQ’, 
is the limit, as P@ approaches zero, of the ratio of ug — up to 
PQ, where Q is a point on the straight line PQ' between P 
and Q'. The gradient h, of the function u at P is the direc- 
tional derivative of w at P taken in the direction in which 
uw increases most rapidly. This direction is normal to the 
surface of constant w which passes through P. 

em U0) AD) nt)", 

The directional derivative of any scalar point function 
at any point in any given direction is evidently equal to 
the product of the values of the gradient and the cosine of 
the angle between the given direction and that in which the 
function increases most rapidly. 

The vector, the components of which parallel to the coordi- 
nate axes are numerically equal to D,u, D,u, D,u, has been 
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called the vector differential parameter of u. The numerical 
value (tensor) of this vector at any point is the gradient of u 
at the point, according to some writers ; others use “gradient ” 
to represent the vector itself. The lines of the vector are 
curves which cut orthogonally the surfaces of constant u, that 
is, the family of surfaces the equation of which is u = c, where 
ec is a parameter constant for any one surface of the family. 

If f(a, y, 2) is any scalar point function, any vector func- 
tion the lines of which cut the surfaces of constant f normally 
must have components &.D,f, R-D,f, R- Df, where F& is 
some function of 2, y, and z. The curl of this vector has 
components D.f-D,R — D,f-D,R, D,f-DAR — D_f-D fk, 
D,f:D,R — D,f-D,R, and the cosine of the angle between 
the vector and its curl is zero, so that these two vectors are per- 
pendicular to each other. If a vector has a curl which is not 
perpendicular to it at every point, no family of surfaces exists 
the members of which cut the lines of the vector orthogonally 
at every point of space. Every plane vector point function 
has for its curl a vector perpendicular to its plane. The 
vector (3 yz, xz, xy) is not lamellar, but it is perpendicular to 
its curl: its lines cut orthogonally the family of surfaces 
x*®yz = ¢, as do the lines of the lamellar vector (3 yz, az, x°y), 
each component of which is 2 times the corresponding 
component of the first. 

If the ratios of the corresponding components of two vector 
point functions are all equal to the same scalar point function, 
the vectors have the same lines. Two lamellar vectors may 
have the same lines, thus: the lines of every vector of the 
form [/f(«), 0, 0,] are parallel to the axis of x, and every such 
vector is lamellar, whatever analytic function / may represent. 

We may define the numerical value of the normal deriva- 
tive at any point P of a scalar point function wu, taken with 
respect to another scalar point function v, to be the limit, as 
P approaches zero, of the ratio of wg — up to vg — vp, where 
@ is a point so chosen on the normal at P of the surface of 
constant v which passes through P that vg— vp is positive. 
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If (wu, v) denotes the angle between the directions in which u 
and v increase most rapidly, the normal derivatives of w with 
respect to v, and of v with respect to u, may be written 


h,- cos (u, v)/h, and h,-cos (u, v) /h, 


respectively. If h, = h,, these derivatives are equal. 

The derivative of xyz with respect to «+ y+ has at the 
point (1, 2, 3) the value 11/3. The derivative at the same 
point of + y +2 with respect to xyz is 11/49. 


51. The Attraction of Ellipsoids. If we transform the 
equation p ; ' 
Git Ope 
Gan 
to parallel axes, using a point A,, which lies on the surface 
and has the coérdinates (— x, — yo, — %) as origin, and then 
denote by 6 the angle which any radius vector drawn through 
A, makes with the z axis, the equation of the surface in polar 
coérdinates takes the form 
(SS 6 x sin? 6 cos? fs sin? 6 sin? $) 
a 6? e 


= 2 (scge8 4 mesin Fong 4 satin’ ne). 


Ta o 
If A, were at*that extremity, A, of the a axis which has the 
coérdinates (— a, 0, 0), the equation would be 


R (5 6 a sin? 9 cos? rs sin? 6 sin? *) _ 2 cos a. 


a 6? c a 


we will denote the coefficient of #& in this equation by 2 (8, ¢). 

Let us compare the z components of the attraction at A, and 
at A, due to a homogeneous ellipsoid of density p bounded by 
this surface. If, with each of these points as origin, a set of 
(conical) surfaces of constant @ with the constant difference 
Aé, and a set of (plane) surfaces of constant ¢ with the con- 
stant difference Ad, be imagined drawn, the ellipsoid will be 
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divided into elementary “cones” in two ways. The vertices 
of all the cones of one system will be A, and the vertices of all 
the cones of the other system will be 4,. To every cone of the 
first system corresponds a cone with parallel axis belonging 
to the second system, but whereas every cone of the first 
system yields a positive contribution to the x force compo- 
nent at A, some of the corresponding cones of the second 
system yield negative components to the corresponding force 
component at Ao. 

We shall find it convenient to write in parentheses after R 
and 7! the value of @ and ¢ to which they belong, and to note 
that r@_9,7+4) = — "@¢y 

If the values of @ and ¢ which correspond to a given cone 
of the first system are 6, and qo, the values of 6 and ¢ which 
belong to the corresponding cone of the second system may 
be either 0, and ¢,, or r— 0, and z+ ¢,. The contribution of 
any cone of the first system to the « component of the force at 
A is 


wea cos 6 : 
rf r? sin 6drdéd¢ - ee: pF, 4) Sin 6 cos 6déd¢, 


and the contribution of the corresponding cone of the second 
system to the x component of the force at A, is either 
pro, 6) 8in 6 cos Odbdq or pr—e, 4+) Sin 6 cos ddd, 
‘as the case may be. 
If, now, we group together two cones of the first system 
corresponding to (@, )) and (®, r+ )) respectively, we 
may write the positive contribution coming from this pair in 


the form 
4 cos? 6, 


a2 (Oy bo) 
The values of 6 and ¢ for the corresponding cones of the 
second system are one of the pairs 
| (05 bo} 9% + ho); (Fos bo3 7 — 4% $0) 
(3 — By r+ hy; H, r+ Gy), OF (r— 0, r+ do; *— %, $o)- 


p sin 6,d0d¢ 
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The two values of 6 and ¢ of either of these pairs give equal 
and opposite values to 


(4 sin oe > race sin 6 sin *) sf 
b ce 

so that the positive contributions of this pair of cones of the 

second system is 

4 x,.cos? 6, 

a* 2 (Go, 9) 


This contribution to the 2 component of the force at A, is to — 
the contribution of the corresponding cones of the first sys- 
tem to the corresponding force component at A as 2, to a. 
Therefore, the 2 component at A, of the attraction due to the 
whole ellipsoid is to the corresponding component at A as 2, 
to a. 

If, then, we know the values (Xj, Yi, Z,) of the attraction 
due to a homogeneous ellipsoid bounded by the surface 


p sin 6, ddd 


2 2 2 


ae genes ee 

at pte 
at points on the surface at the negative extremities of the 
semiaxes a,.}, c, we may find the numerical values of the com- 
ponents parallel to the codrdinate axes of the attraction at any 
point (— x, — ¥%, — %) on the surface from the equations 


X= MX, /a, Y= YM /b, 4=%A/e. 
The attraction X, at A can be easily found* by adding 
together the contributions coming from all the elementary 


cones with vertices at A into which the ellipsoid is divided, 
that is, 


w/2 |. 20 7 
P 6a of sin 6 cos odo f Re, 4d, or, since 


* See Routh’s Analytical Statics, Vol. II, §§ 182-221. Tarleton’s 
Mathematical Theory of Attraction, §§ 21-24 and 82-105. Schell’s 
Theorie der Bewegung und der Kriifte, pp. 690-716. 
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Gf ose ee eee 
() $) “~ 2¢2 cos? 6 + a%c? sin? 6 cos? @ + a*b* sin? 6 sin? 
< 2 ab’c* cos 6 ; 
~ u+vcos*d +w sind 


X, = 8 ab*c* pf (sin O costoda f ed 
7/2 dd 
Now ay u+vcos?¢+w sin? ¢d 
ee ee 
) (utrvtutu)yy 
Tv 


~ 2Vu+0) (ut wv) 


Hence, 


» where y = tan ¢, 


7/2 sin 6 cos? 6d6 
X, =4abemp f ee EEE 
0 (0? cos? 6 + a* sin? @) (ce? cos? 6 + a*sin*@) - 


or, if s = a* tan? 8, 


A,=2 abemp f ae ee 
and 
; Ay = 2 aberp xy per eA a ns 
| CPM CT AGT A 
= 2 abe rp xy Ky = ryKo', [159] 


ds 
¥y=2abexpyy f Corea CEO 
=2aberpy ke YoL', 


Zy = 2 uberp x 


ds 

; 0 ‘CFO GTRD AGHA 
“sy = 2 aberp2)M, = 2M)’. 

At the positive ends of the axes of the ellipsoid the force 
components are — X,, —Y,, — Z,. If the ellipsoid were made 
of matter of density p, repelling according to the “ Law of — 
Nature,” the foree components at the positive ends of the | 
axes would be +4), + Yj, + Z,. 
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2 2 

If (a, y1, 21) is a point on the ellipsoid = = nae8 +—=1, 

Ox AY AA) is a corresponding point on the Sane allipsoid 
co yy? a 

a a3 272 a Be = 1, and the straight line which joins these 

two points passes through the origin. 

It is to be noticed that K,', Z,', ,' have the same values 
for all similar ellipsoids, no matter what their actual dimen- 
sions may be, and that the components of the attraction at 
corresponding points on two similar homogeneous ellipsoids 
of equal density p are to each other as the linear dimensions of 
the ellipsoid. 

Since the attraction of a homogeneous ellipsoidal homeeoid is 
zero (Section 12) at all inside points, we may draw through any 
point P within a homogeneous ellipsoid bounded by a surface 
So, a surface S, concentric with S, and similar and similarly 
placed, and affirm that the attraction at P is equal to the 
attraction of so much of the whole ellipsoid as lies within S. 
If OP cuts S, in Py, the attraction components at P are 


XA=—2 aberpx Kg, Y=—2 aberp yLy, Z=—2 aberp2M,, 
or — #2’, — yLo', — 2M)’; 


therefore, the resultant attractions at internal points on any 
straight line drawn through the centre of a homogeneous ellip- 
soid are parallel in direction. They are proportional in inten- 
sity to the distances of the points from the centre. 


The potential function V within a gen ellipsoid 
2 


of density p bounded by the surface — = hee Fee —=1 is such 


that its derivatives with respect to a, y, ne zare eas oe 
equal to — 2aberpxK,, —2aberpyLy, — 2 aberpzM,, where 
K,, In; M, have the same values at every point of the solid, 


so that 
V = aberp (Gy — Kye? — Ly — My), 


in which G, is a constant to be determined by computing 
aberp Gi, the value of the potential function at the centre. 
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The polar equation of an ellipsoidal surface of semiaxes a, b, ¢, 
when the origin is at the centre and 6 is the angle which any 
radius vector through the origin makes with the a axis, is 
ac? 
~~ §?¢? cos? 6 + a*c? sin? 6 cos*® p + a*b? sin? 6 sin? d 
arb 


~ av cos? @ + w sin? d 
7 27 ny és 
Hence, V, = Gyaberp = pf f f r sin 6d6dd¢dr 
0 v0 uv 


= 4aritetp {sin gag f-——_#¢ —_ 
0 » u+vecos?d+wsin*¢d. 


Using the method of reduction already employed in finding 
the value of Ay, we learn that 


Vie 


aie ds 
o aan (s re gyrate as nyt Te oy? 

G, is an elliptie integral of the first kind, A,, Z,, and M, are 
elliptical integrals of the second kind. If a>b>e, 


(s +a?) >(s +) > (s+?) and K,<L, <M, 
and, unless s is zero, 
(s + a?) /(s + 0°) <a? /L? and (s + 6?) /(s +c?) < B/c% 
The equation for V may be written in the form 


oo? y a 
hee deed gee 
Ayalerp Lyaberp Myaberp 


so that the equipotential surfaces within a homogeneous ellip- 
soid are a set of ellipsoidal surfaces coaxial with the given 
ellipsoid and similar to each other. The axes are in the 
same order of length as are those of the ellipsoidal mass, but 
are more nearly equal. The outer surface of the attracting 
ellipsoid is not equipotential. 

The differential equations of the lines of force within a 
homogeneous ellipsoid are evidently 


— Ie Ce ee 
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dx /xK, = dy/yL, = dz/zM, 
so that if the reciprocals of A), L,, M are represented by k, J, m, 
2” = Cak = Cy. 


The two ellipsoidal surfaces 


+ ps2 
apa pel, f+¥+5=1 
are confocal if a= a*+), d2=6?+)A,c?=e+2r. Wewill 
assume for convenience that A is positive. A point P’ on 
the second surface S' is said to correspond to a point P on 
the dirst.sutiace S, it 2! :2=— a':¢,y':y = b':b, 2 :2= ere. 

If P, and P, are any two points on S, and P,', P,' the 
corresponding points on S’, the distance P,P,! is equal to the. 
distance P,'P, [ixary, s Theorem], as may be seen by substi- 
tuting for a’, 0', and ec! in the following equation their values 
in terms of a, 0, and c. 


ate \* by \? elzy\" 
CS) e-F 
DENG b'y, \? e'z 

=(7,—) +(y.—%) +(a- #1). 


To the points on a chord HF of S, drawn parallel to the 
a axis, correspond the points on a parallel chord #'F' of S’. 
The lengths of these two chords are as a to a'. To the points 
in a slender prism Q, of cross-section AyAz, within S, one 
edge of which is the line #/, correspond the points in a 
slender prism Q!, of cross-section Ay'Az', or Ay-Az-ble'/be, 
within S', and one edge of this is the line #'F"'. 

If Q. and Q! are made of homogeneous matter of equal den- 
sity, the z component of the attraction at any point P', on 
the larger ellipsoid S’, due to Q, is [Section 6] equal to 


1 1 
p:Ay: as( ag Pa) 
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and the a component of the attraction due to Q' at the point 
P on S corresponding to P' is 


pAyAzb'c!f 1 1 \. 
be Hh LE A ag 


The quantities in the parentheses are equal, by Ivory’s Theo- 
rem, and the two attraction components are to each other as 
be:b'c!. If the whole space inside S' is filled with homoge- 
neous matter of density p, the x component at any point P’, 
on S', of the attraction of so much of the mass as lies within S 


“, and the x component of the 
attraction of the whole mass at the inside point P which lies 
on S§ and corresponds to P’. We have already found an 
expression for the last-named force component. 

To find, then, the attraction at the outside point P'(z', y', z'), 
due to a homogeneous Lae of density p bounded by the 


is equal to the product of 


2 2 
surface S, or =; + toe +-=1, we aoe first find the positive 
iit 


value of A which catisfed the cubi¢ ——— os x + weg + SWE tees 1, 


and thus determine the axes of the ellipsoidal surface S' 
through P' confocal with S. If we call this value of A, A’, the 
point P on S which corresponds to P' on S' has the codrdi- 

ax! . by' cz! 
Vatn Vern Ven 
of the attraction at P due to an ellipsoid of density p bounded 
by S' would be 


nates y} and the x component 


—2a'b'e'n fee 

™p t (s + a)8/2(s + b%)1/2(s + eye 
If we multiply this result by dc /b'c', we shall get the result 
sought. If we substitute s+. for s in the integral and 
remember that «:a'=a:a', we may write the « component 

of the attraction of the ellipsoid at the point P in the form 
vs ds 

Ye? rr 

aberpx x (8 + a?)8/2(8 + B26 + oF)? 


= — 2aberpx'K = — 3 ma' K, [160] 
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where m is the mass of the ellipsoid. The components parallel 
to the axes of y and z of the attraction at P’ are, similarly, 
: ds 
Y=—gmy'f 
eo v (Sta@)2(64R97(5+ 17 
= — 2aberpy'L = — 3my'L, 


2 = 3 ma! f SA te SS Bea bc oe 
2 aes Xu (Se) GSB) 4 (s ae e)8/2 
= — 2aberp2'M = — 3 mz' M. 


We know that, if we substitute in the equation 

vy? z 
FA)= oes 1=0, 
the coérdinates of any point in space, the largest root of the 
equation corresponds to an ellipsoid passing through the point, 
and is negative, zero, or positive according. as the point lies 
within, on, or without S. Following Dirichlet, let us imagine 
a function w of the space coédrdinates, which shall have the 
value zero at every point within or on S, and, at every point 
outside of S, shall be equal to the positive root of the equa- 
tion F(A)=0 which belongs to that point; and let us con- 
sider the integral 


bes x 2 22 
AR ee u G-.- 44-5) 
ds 
(s +, a?)'/?(s Je b2)1/2.(¢ a ye 

which evidently vanishes at infinity. For inside points where 
wu is zero, V is identical with the value just found for the 
potential function within a homogeneous ellipsoid of density p. 

Since V involves z explicitly and also implicitly through u, 
we have, in general, at any outside point, 


C-) ds 
D,V =—2xrabep2 i (s + a)8/2(s + b%)1/2(5 + 0%)? 
2 ee ee 
tay? (ut Au Ay tu P+u tu)’ 
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but, from the definition of ~, the coefficient of D,« vanishes 
when w is positive, so that the integral alone remains and gives 
the value already found for the « component of the attraction 
at an outside point due to a homogeneous ellipsoid of density 
p bounded by S. At S, D,V is continuous: V gives every- 
where, therefore, the value of the potential function due to a 
homogeneous ellipsoid of density p bounded by S. 
If we note that 


if i rs a rr 1 ds 
s + a* s + U? s + ce (s = a*)*/7(s + b?)1/?(s +o)" 
pe) 


= (s + a*)*/?(s + Tp eae C3) + o2jira? 
and that the equation /(w) = 0 yields 


- ee a y 7 
Se hk aay (a +a! @+u! @+ =) 
(with similar values for D,u and D,u), so that 


x Du 4 yDu , #=Du 


Oe+u P+u e+u 


2 
~ 


for an outside point, and zero for a point within S, it is easy 
to see that V satisfies * Laplace’s Equation without S and 
Poisson’s Equation within S, as it should. 


52. Logarithmic Potential Functions. Whena distribution 
of matter attracting or repelling according to the “Law of 
Nature” is such that by a proper choice of axes of reference 
for a set of orthogonal Cartesian codrdinates the density can 
be made to depend on two of these codrdinates only, the dis- 
tribution evidently extends indefinitely far in both directions 
parallel to the third axis. Such a distribution is sometimes 
said to be “columnar.” Any infinitely long cylinder the 
density of every filament of which is the same throughout 
the whole length of that filament, though different filaments 
pet eee 

* Picard, Traité @’ Analyse, Vol.I, p. 177. . 


q 
f 
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may have different densities, is a columnar distribution. If 
we choose for 2 axis a line parallel to these filaments, the 
components of the force taken parallel to the x and y axes at 
any point involve x and y only, and there is no force compo- 
nent parallel to the axis of z. Since the z coérdinate will not 
appear in any of our equations, we may represent a columnar 
distribution by its trace in the ay plane, if we keep in’ mind 
the fact that the distribution itself extends to infinity in both 
directions perpendicular to this plane. 

It is evident from the work of Section 6 that a fine, homo- 
geneous filament of cross-section A.A, made of repelling matter 


vf 


Fic. 39. 


of density p,, urges a unit mass at a point at a distance r from 


Pi AA, 


the filament with a force of Z absolute kinetic force 


units. It follows that if the trace of a columnar distribution 
in the zy plane is an area Aj, the force components at the 
point (a, y, z) parallel to the axes of x and y are 


x= fz 2 pi (a4 — 2) dA, v=(f 2 ply — 1) Ay 
@—aPH(y-y) @—2P+(—y)* 
where p, is the density at any point the # and y coérdinates of 


which are x, and y, respectively, and where the integrals are 
to be extended over the whole of A,. The integral 


V=+f fotostr—2) + (1-2 d= [2 os logrdds 
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extended over A is called from its form the “logarithmic 
potential function” belonging to the distribution, and 
X=+ DV, Y=+D,V. 

In the general case the columnar distribution must be con- 
sidered to be made up partly of filaments of positive matter 
and partly of filaments of negative matter, so that the density 
is positive for some values of x and y and negative for others. 
Under these circumstances X and Y represent the force com- 
ponents which would act on a unit quantity of positive matter 
concentrated at the point (x, y, z). It will be convenient to 
denote the amount of matter (reckoned algebraically) in the 
unit length of a columnar distribution by M. It is evident 
that at an infinite distance (in the zy plane) from the trace A, 
of a columnar distribution the logarithmic potential function 
becomes infinite, unless M is zero, while the force components 
vanish in any case. 

It is easy to prove that, if MW is zero, V so becomes infinite 
at infinity in the xy plane that, if r is the distance from any 
finite point in the plane, rV and 7*D,V have finite limits as 
r increases indefinitely. If MZ is not zero, V becomes infinite 
at infinity in such a way that the quantities (V — 2M logr), 
(r-D,V —2M), (vr. V-D,V —4 M?*log r), and (V —r-logr-D,V) 
all approach the limit zero when r becomes infinite. That 
X, Y, and V are finite at every finite point in the zy plane 
outside of A, is evident ; that no one of them is infinite at any 
point within A, can be proved by transforming the integrals 
which define them to polar codrdinates, using the suspected 
point as origin. 

If n is the exterior normal of any closed curve s in the xy 
plane, and r the distance from any fixed point O in the plane, 
the line integral of cos(n, r)/r taken around s is equal to 
zero, mw, or 2m, according as O is without, on, or within s. 
From this it follows that the line integral around any closed 
curve in the ay plane, of the normal outward component of 
the force due to any columnar distribution of repelling matter . 
the lines of which are perpendicular to that plane, is equal 
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to 4a times the mass of the unit length of so much of the 
columnar distribution as is surrounded by the curve. We 
may regard this as Gauss’s Theorem applied to columnar 
distributions. 

If a function w involves x and y and does not involve z, no 
confusion need be caused by denoting D,2u + D,?u by Vu. 
Using this notation, Green’s Theorem for functions of the two 
variables 2 and y may be written in the form 


f (D,u- Dw + D,u- Dw) dA 


= fu-Dyo-ds— f (u.vw- dA 
= ['w-Dyu-ds— f fw. vu- dd, 


where the line integrals are to be extended around a closed 
curve sin the zy plane, within and on which w and w with 
their first derivatives are continuous, and the double integrals 
extended over the area shut in by s. If in this equation we 
make w=1 and w the logarithmic potential function V, due 
to a columnar distribution, we get 


f fv vas = (D,Vas, 


and this, according to the special form of Gauss’s Theorem, 
just stated, is equal to 


fi 4 mpd. 


Since the form of the curve s may be chosen at pleasure, it 
must be true that at every point V7V =+47p. It is desirable 
to notice that the plus sign here precedes 4 zp, whereas in Pois- 
son’s Equation, as applied to the Newtonian Potential Func- 
tion of a finite mass, the corresponding sign is minus, This 
and many other differences of sign that appear in our equa- 
tions might have been removed if the opposite sign had been 
given to the integral which defines the logarithmic potential 
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of a columnar distribution, but if this had been done a 
positive mass would have given rise to a negative potential 
function, and this might have caused confusion. 

If a portion of a columnar distribution consists of a surface 
charge on a cylindrical surface, we may conveniently construct 
a small quadrilateral in the zy plane by drawing two normals 
across the ends of an element of the trace of the cylindrical 
surface and two very near curves parallel to the trace element, 
one on one side and the other on the other. If, then, we apply 
Gauss’s Theorem to this quadrilateral, we shall learn that at 
every point of the trace the sum of the normal derivatives of 
V taken away from the curve on each side is 47. 

If a closed curve s be drawn in the zy plane so as to 
include the trace of a portion of a columnar distribution the 
lines of which are perpendicular to that plane and to exclude 
the trace of another portion, and if VY; and V, represent the 
parts of the potential function VP’ belonging to these two 
portions of the distribution, we may apply Green’s Theorem 
to V and the logarithm of the distance from a fixed point O 
in the plane. If x represents a normal pointing outward from 
s, we shall find that 


SAS O as — (DV log r-ds 


is equal to the value at O of 27V,, if O is within s; and to 
the value at O of —27V,, if O is without s. 
If s happens to be a curve on which V is constant, 


fe (2: PY tog rds 
47 

is equal to the value at O of V,, if O is without s, or of V,—V,, 
if Ois within s. The reader may compare these results with 
those given in equations [153] and [157]. 

If a function w= f(a, y) has the value zero at every point of 
a closed curve s, in the xy plane and the constant value C 
all over another closed curve s,, shut in by s,, and if between 
s, and s,, w is everywhere harmonic, we may apply Green’s 
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Theorem to w and the logarithm of the distance from a fixed 
point O in the plane and prove that 


— Dw — Dw 
fe (=2") log 7- ds, cae (= 2") log 7 - dse, 


where the normals point outward on s, and inward on s,, is 
equal to 0, the value of w at O, or C, according as O is without 
s,, between s, and s,, or within s, Surface charges, of density 


Ww 
47 
potential function w between s, and s. 

If a function w=/(a, y), harmonic at all finite points, has 
the constant value ¢ on a closed curve s in the xy plane and 
becomes infinite at infinity in this plane in such a way that 


» applied to s, and s, would, therefore, give rise to the 


limit (w — 2 log r)= 0, or limit (r log r- Dw — w) = 0, 


where p» is a given constant, then at all points without s, if n 
is an interior normal, 


w 242 (=2=") log 7- ds, 


and w is the potential function due to a columnar distribution 
of superficial density — D,w/4a on the cylindrical surface 
of which s is the right section. The amount of matter in the 
unit length of this cylindrical distribution is p. 

If within the closed curve s in the zy plane, w= f(a, y) is 
harmonic, we may apply Green’s Theorem to w and the loga- 
rithm of the distance r from a fixed point O,, within s, using 
as field the region within s and without a small circumference 
drawn around O,. This yields 


2 TW sto, = fw - D, log 7, — log 7, - D,w] ds, 


where n is the exterior normal tos. If 7, is the distance from 
a fixed point O,, without s, we may prove in a similar way that 


0 = f[w-D, log r, — log 7, - D,w]ds, 
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or 2 TW «0, = f lw (D, logr, — D, log r,) + D,w - log (7/7) ] ds. 
If s is a circumference of radius a with centre at C, and if 
O, and OQ, are inverse points such that 
OL OF — bis CO, — los La => a’, 


then 7, /7, is constant all over s, 


f Davds = ff vwdedy = 0, 


and 21 at 0, =fw [D, log r,; — D, log r,]ds. 


Moreover 7,- D, log r,; = cos (ry, 2), 7.-D, log rz = cos (72, ), 
G = a — ri iio rs ar, cos (1, n), 
1,2 = a? + 1,7 — 2 ar, cos (r,, 7), 
and the value on s of 7, /r, is 1, /a, so that 
1 fw(l? — a*) 
pk. ene “af ar,* a 


taken around the circumference. 
If we introduce polar coérdinates with origin at the centre 
of s and denote the codrdinates of O, by /, and ¢,, we shall have 


th Pg a” w (1° — a*)dp 
wah ae = l,? + a? — 2 al, cos (@ — $1) [764] 


This is sometimes called “ Poisson’s Integral.” 
At the centre of the circumference where /, = 0, 


x 
w= raf we 


EXAMPLES. 


_ 1, If the potential function due to a certain distribution of 
matter is given equal to zero for all space external to a given 
closed surface S and equal to $(a, y, z), where ¢ is a continu- 
ous single-valued function (zero at all points of S), in all space 


ate a 
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within S; there is no matter without S, there is a superficial 
distribution of surface density 


al 
o = 7-[(D.$)? + (Do)? + (D.9)]} 
upon S, and the volume density of the matter within S is 


il 
10 Ne a — [D¢ + Dio —- DED |. 
[Thomson and Tait. ] 


2. Show that, if w is constant on the closed surface S and 
is harmonic within S, it is constant in the space enclosed by 
S; and that if W vanishes at infinity and is everywhere har- 
monic, it is everywhere equal to zero. 

3. If two functions, w, and w,, which without a closed sur- 
face S are harmonic and vanish at infinity, have on S values 
which at every point are in the ratio of d to 1, A being a con- 
stant, then everywhere w, = Aw,. 

4. The functions u and v have the constant values uw, and v, 
on the closed surface S, and the constant values uw, and v, on 
the closed surface S, within S, Between S, and S,, uw and v 
are harmonic. Show that 

(u — Uy) (Ye — V1) = (¥ — ¥) (Ug'— %). 

5. Outside a closed surface S, w, and w, are harmonic and 
have the same level surfaces. w, vanishes at infinity, while 
w, has everywhere at infinity the constant value C. Assum- 
ing that a scalar point function v is expressible in terms of 
another, uw, if, and only if, 

Dv /Duw= Dy / Du = Dy/ Duy, 
show that w, is of the form Bu, + C. 

6. Show that there cannot be two different functions, W 
and W', both of which within the space enclosed by a given 
surface 8 (1) satisfy Laplace’s Equation, (2) are, together 
with their first space derivatives, continuous, and (3) are 
either equal at every point of S, or satisfy on S the equation 
D,W=D,,W', and are equal at some one point. 
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7. Show that, given a set of closed mutually exclusive 
surfaces, there cannot be two different functions, W and W', 
which without these surfaces (1) satisfy Laplace’s Equation, 
(2) are, with their first space derivatives, continuous, (3) so 
vanish at infinity that rW, rW', 72D,W, r?D,W', where r is 
the distance from any finite fixed point, have finite limits, and 
which satisfy one of the following relations: (1) at every 
point on the given surfaces W=W', (2) at every point of 
every surface D,W= D,W'. 

8. At every point of a portion (or the whole) of a closed 
surface S (or of a set of closed surfaces) the functions w, and 
w, have equal values, and at every point of the remainder of 
S these functions have equal normal derivatives. Outside 
and on § both functions are harmonic, and they both vanish 
at infinity in some manner not more closely defined. Each of 


the integrals f D,w,a8, Jf Darods has evidently the same 


finite numerical value when taken over S or over any other 
surface which encloses S. Show that w, and w, are identical. 

If the values of w, and w, at a point P, the codrdinates 
of which referred to any fixed point as origin are (7, 6, ¢), 
instead of approaching zero as r is made to increase indefi- 
nitely, both approach the limit 7(@, ¢), f being a continuous 
function, when, with any values of @ and ¢, r is made infinite, | 
w, and w, are identical. 

9. The given closed surface S, shuts in the given closed 
surface S, The given function w is harmonic between S, 
and S, Show that no other function than w, harmonic be- 
tween S, and S,, has the same value that w has at every point 
of S, and the same value of the normal derivative at every 
point of S,. Show also that any such function which has the 
same value of the normal derivative at every point of S, and S, 
that the normal derivative of w has differs from w at most by 
a constant. No other function than w,, harmonic between S, 
and S,, has the same value that w has at every point of .S, and 
the same value of the normal derivative at every point of S,. 
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10. The harmonic function w, which so vanishes at infinity 
that, if 7 is the distance from any fixed finite point, the limits 
of rw and 7?D,w are not infinite, has an open zero level sur- 
face S, as well as a series of closed level surfaces of which one 
is S, Show that in the region 7, between S, and S,, w is 
the potential function due to surface distributions on S, and 
S, defined by the equation 470 = D,w, where n points out 
of T. The whole charge on the two surfaces is zero. 

11. Outside the closed surface S, upon which its value is 
given at every point, the function w is harmonic except at 
certain points, P|, P,, P;, etc., where it becomes infinite in 
such a way that, if 7, represents the distance from P,, 


w— m,/7, 18 harmonic at P, 
k k& k) 


where m, is a constant belonging to the point P,. At infinity 
w vanishes like a Newtonian potential function. Prove that 
wis unique. if w is a Newtonian potential function, what 
do you know about the distribution which gives rise to it ? 

12. The functions U, W, ©, O with their first space deriva- 
tives are continuous, everywhere without a given closed sur- 
face S, and they vanish at infinity like a Newtonian potential 
function due to a finite distribution of matter. U and W have 
the same values at every point of S, but outside S, U, ©, and 
Q satisfy Laplace’s Equation and W does not. The surface 
integrals of the normal derivatives of @ and Q taken over 
S are equal, but @ has the same value all over S, and Qa 
continuously variable value. Show that, if the integrations 
embrace all space outside S, 


S Sf § DT? + O,UY + DU) dndy de 

< fff DW) + (DW)? + DW) deedy de, 
f a ep § (D,0)? + (D,®)? + (D.O)} da dy dz 

< f f f § (D,.2)? + (D,.0)? + (D, 9) dady dz. 


‘ 


ve) tas 
: - 
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Hence, show that the energy of a given charge spread on a 
given surface S is least when the arrangement is equipo- 
tential. 

13. Everywhere within the closed surface S the two scalar 
point functions V and V' are continuous with their first deriv- 
atives. Over a given portion of S, V and V' have equal 
values, while over the remainder of S both D,V and D,V' are 
equal to zero. The vectors g and qg' have the components 
AD,V, D,V, AD,V and AD,V', AD,V', D_V' respectively, 
where A is a positive analytic scalar point function. Show 
that, if g is solenoidal and q’ is not solenoidal, the integral 


f i A[(D,V)? + (D,V)? + (D,V)*] dr 


extended over the whole space within S is less than the integral | 


cel A[(D.F')? + (D, V2 + (D,V")2] dr 


extended over the same region. 

14. Gravitating matter of given uniform density is confined 
within a given closed surface, but its volume is less than that 
enclosed by the surface. Prove that its potential energy is a 
maximum, if the matter forms a shell of which the given sur- 
face is the outer boundary, while the internal boundary is an 


‘equipotential surface. 


15. Let €=f,(#, y) and y= f\(a, y) be two analytical 
functions of # and y such that the two families of curves 


A@m y= A@y=k 


are orthogonal. Let V be any function of 2 and y which, 
with its first space derivatives, is continuous, within and on a 
closed curve s, drawn in the coérdinate plane. Let h; and h, 
be the positive roots of the equations 


he? = (D.£)? + (D, 5)’, h,? ool (D.n)* <7 (D,n). 


Prove that s, the surface integral of h¢-h, - D¢ (F) » taken all 
7 
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over the area enclosed by s, is equal to the line integral taken 
around s of Vcos(é, ~), where m is an exterior normal and 
(€, m) represents the angle between » and the direction in 
which € increased most rapidly. 

Show that the corresponding theorem in three dimensions 
may be expressed by the equation 


SS Stetate De(GE ar = (feos (é, n) as. 


16. The operator [(D,)? + (D,)? +(D,)*] applied to any of 
the quantities at ytizV2, atiyV2 +z, ete., yields zero: 
is every analytic function of any one of these quantities 
harmonic ? 

17. The product of two harmonic functions, wu, v, is itself 
harmonic if, and only if, the level surfaces of « and v are 
orthogonal. The product of three harmonic functions, w, v, w, 
is itself harmonic if, and only if, the level surfaces of u, v, 
and w are mutually orthogonal. 

18. The function w of the two variables x and y is har- 
monic in the zy plane everywhere outside of the mutually 
exclusive closed curves s, and s, Upon these curves w has 
given constant values. At infinity, w becomes infinite in such 
a manner that, if 7 is the distance from any finite point in 
the zy plane, 

limit 
r= 


(r log r- D,w — w) = 0. 


Show that w is the potential function without s, and s,, due 
to superficial distributions defined by the equation 4 7a = D,w, 
upon the cylindrical surfaces of which s, and s, are the traces. 
In the formula just given the normal points outward at s, 
and s,. 

19. The function w of the two variables x and y is har- 
monic everywhere in the zy plane except at certain points, P,, 
P., Ps, etc., where it becomes infinite in such a manner that, 
if r, is the distance from P,, w — 2p, logr, is harmonic at P, 
where yp, is a constant belonging to P, Upon a certain open 
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curve, s, w has the value zero, and everywhere at an infinite 
distance from the origin w so becomes infinite that 


ee 


w rlogr- Dw — w)= 


show that on either side of s, w may be considered as the 
logarithmic potential function due to a distribution of elec- 


tricity of density « = 


of which s is a right section, and to distributions upon lines 
normal to the xy plane which cut the plane at so many of the 
P points as lie on the chosen side of s. 

20. If the normal component of a vector is zero at every 
point of a closed surface S, and if within and on S the vector is 
everywhere solenoidal and lamellar, its components are equal 
to zero at every point within S. If the normal component of 
a vector is given at every point of S, and if everywhere within 
S the curl and the divergence have given values, the vector is 
determined. If g and q' are vectors the normal components 
of which vanish at every point of S, and if within S, q is 
solenoidal with curl k, while g' is lamellar with divergence 
D, where k and D are given scalar point functions, g + q' is 
the unique vector, the normal component of which is zero at 
every point of S, and which within S has the curl & and the 
divergence D. 

21. The normal derivative of u with respect to v is 


(Du: Dv + Dye» Dye + Du Dw) /h,?. 


22. If u=axyz, v= 2e+y+2, the values at (1, 1, 1) of 
Dyu and Dy are 2/3 and 4/3. 

23. The gradients of wv and v are numerically equal at every 
point, though not in general coincident in direction, if, and 
only if, «+v and w—v are orthogonal functions. If the 
gradients of w and v agree everywhere in direction though 
not in magnitude, v is expressible as a oe of w, so that 


v=f(u), hy =f he 
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24, If the components parallel to the axes of x and y of 
the solenoidal vector (w, v, 0), which has no component parallel 
to the z axis, are independent of 2, a vector, directed parallel 
to the 2 axis, which has for its intensity any partial inte- 
gral (Q.) of «w with respect to y which satisfies the condition 
D,Q.=— v, is a vector potential function of the original 
vector. Thus: (0, 0, xy + y*? — x) is a vector potential func- 
tion. of (v? +377, 9a§—2ay, 0). The value at the point 
(x, y, #) of the derivative of Y., taken in a direction perpen- 
dicular to the z axis and making an angle a + 90° with the 
plane of wz, is D,Q,-cos(a + 90°) + D,Q,-sin(a + 90°), or 
D,Q-: cosa — D,Q_-Sina, or wv cosa + v sina, and this is the 
resolved part of the vector (w, v, 0) at the same point in a 
direction parallel to the zy plane and making an angle a 
with the plane of zz. We learn, therefore, that. the numer- 
ical value at any point P of the derivative of @., taken 
in any direction s parallel to the xy plane, is equal to the 
component of the vector (uw, v, 0) in a direction parallel to 
the zy plane and perpendicular to s. Show that the inter- 
section of any plane parallel to the xy plane with a cylin- 
der of the family Q@,=constant is a line of the vector 
(u, v, 0). Show also that D,’Q,+ D/Q, = — (Dw — Dw), 
the negative of the component. parallel to the z axis of the 
curl of (uz, v, 0). 

25. A vector parallel to the z axis of intensity independ- 
ent of z and equal to the negative of a partial integral of w 
with respect to y, and a vector parallel to the y axis of inten- 
sity independent of z and equal to a partial integral of w 
with respect to xz, are vector potential functions of the vector 
(0, 0, w), provided w is independent of z. For example: the 
vectors [y? — 3a?y + f(x), 0, 0] and [0, 2? — 2ay+ ¢(y), 0] 
are vector potential functions of the vector (0, 0, 8a7— 2y). 

26. If the lines of a vector are circles parallel to the zy 
plane with centres on the 2 axis, and if the intensity of the 
vector is a function f(r) of the distance r from that axis, a 
vector, everywhere parallel to the z axis, of intensity F(r), 
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where f(r) = — D,F(r) is a vector potential function of the 
original vector. Is this original vector solenoidal ? 

27. If the lines of a vector are straight lines parallel to the 
xy plane and emanating from the z axis, and if the intensity 
of the vector is a function f(r) of the distance r from this 
axis, f(r) must be of the form ¢/r if the vector is solenoidal. 
A vector with such lines as these cannot be solenoidal if the 
intensity at every point is a given function of the angle which 
the line of the vector through that point makes with the zz 
plane. . 

28. The lines of the vector [x?f(x,y), y-f(z,y), 0] are 
straight lines parallel to the zy plane and emanating from 
the z axis, and its curl is of the form (0, 0, y-D,f—x-D,f). 
If f is expressible as a function of the angle tan—'(y/z), 
y:D,f —x-D,f is also expressible as a function of this 
angle, but if f is expressible as a function of r = Va? + y, 
y:D,f — x-D,f vanishes and no vector of the form 


[x-F(r), y- f(r), OJ 


can be a vector potential function of the vector [0, 0, $(r)]. 
If the ratio of y to x be denoted by yp, and if f(«)= 
d 
— et = the vector [x-f(u), y-f(«), 0] is a vector 
potential function of the vector [0, 0, ¢()]. 

29. The lines of the vector [— y-/(2, y), -f(2, y), 0] are 
circles parallel to the zy plane with centres on the z axis, and 
its curl is of the form (0, 0, 2f+2-D,f+y-D,f). Show 
that if f is expressible as a function of 7, the distance from 
the z axis, so is 2f+a-D,f+y-D,f, and that, if 


F)=5fr- oar 


[-y-F(r), x-F(r), 0] is a vector potential function of the 
solenoidal vector [0, 0, ¢(7)]. Show also that if / is expressi- 
ble as a function of the angle tan—!(y /2), that is, as a function 
of the ratio, p, of y to a, 2f+a-D,f+y-D,f is expressible 


e 


GREEN’S THEOREM. 141 
as a function of pw, and that [—}ty-f(u), $a-f(u), 0] is a 
vector potential function of [0, 0, f(u)]. 

30. The difference between the values at any two points 
A and B of any analytic scalar point function V is equal to 
the line integral taken along any path from A to B of the 
tangential component of the vector (D,V, D,V, D,V). 

31. The only families of plane curves which are at once 
the right sections of possible systems of equipotential cylin- 
drical surfaces in empty space due to columnar distributions 
of matter which attracts according to the “Law of Nature,” 
and also the generating curves of possible systems of equipo- 
tential surfaces of revolution due to distributions of such 
matter symmetrical about the common axis of these surfaces, 
are families of concentric conics. Must every such family of 
conics be confocal ? [Am. Jour. Math., 1896. ] 

32. If a vector is determined at every point by means of the 
components (R, @, Z) in the directions in which the columnar 
codrdinates of the point increase most rapidly, the divergence 
of the vector may be written D.R + R/r+ D,@/r + D,Z. 

33. The equation — 


a y? 22 


a fy Cs ere 


FA)= 


represents, when a, d, and ¢ are fixed, a family of confocal quad- 
ric surfaces of which \ is the parameter. If a>b>e, and if 


’ 2, y, and z are chosen at pleasure, the cubic in d has three real 


roots (wu, v, w); one between — a? and — 0’, corresponding to 
a parted hyperboloid, one between — J? and — ec’, correspond- 
ing to an unparted hyperboloid, and one between — c? and o, 
corresponding to an ellipsoid, so that through every point of 
space three surfaces of the family can be drawn, and it is 
easy to see that these cut each other orthogonally. The 
direction cosines of a surface of constant »’ have the values 
D,r/h, DA /h, D,A/h, where h? =(D,r)? + (Dr)? + (DA). 


D,\=—2a/(a?+d)D,F, and 2 =—4/D,P. 
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Belonging to every point in space are three values of A 
(u, v, w), and three values of h (Jiys Ms he) and, if we sub- 
stitute w, v, and w successively for A in the equation F(A) =0, 
we shall get three linear equations in 2’, y?, 2? from which 
we may obtain expressions for 2, y, # in terms of wu, v, w. 


he = —4[ (a? + u) (0? + uy) (? + w)]/[(e— 2) (u—w)], 


and h,? and h,,? have corresponding values which, substituted in 


h,, 
PAT ae 
gives Laplace’s Equation in terms of the orthogonal curvi- 
linear coérdinates (vu, v, w). Prove that if we assume that a 
solution of this equation exists which involves w only and 


vanishes when w is infinite, the equation which determines 
this solution takes the form 


Doi [ (a? + w) B+ w) CF + wT Deh} = 0, 


rh, f i. a 
DV\+D,4 7 DV ae Be ia DeV |=0, 


dw 


bo.that Ve O'— At + w)'/2(0? + w)/2(e? + wy}? 


=Of- dw 
*% K (a2 + w)'/2 (U2 + w)'/2 (6% + w)i2 


Hence, show that a set of confocal ellipsoids are possible 
external equipotential surfaces, and that if Wis the mass of 
the corresponding distribution the potential function is given 
by the last equation, in which, since a very large value of w 
corresponds to an ellipsoid little different from a sphere of 
radius Vw, C is to be determined by the equation 


limit 
yn ol Vo. 


Find the density of a superficial distribution on a surface of 
the w family, the potential function of which at all outside 
points shall be the function just defined. 
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34. The curl of the curl of a solenoidal vector such that the 
three functions which give the strengths of its components 
parallel to the codrdinate axes satisfy Laplace’s Equation 
vanishes. If the lines of a vector are all parallel to a plane, 
and the vector has the same value at all points in any line per- 
pendicular to the plane, the vector is perpendicular to its curl. 

35. <A certain vector, the tensor of which is f(a, y, z), is at 
every point directed exactly in the direction of the straight 
line which joins the origin with the point in question; show 
that the vector is not necessarily lamellar, but that it is per- 
pendicular to its curl. If all the components of a vector are 
functions of x and y only, or if all are functions of x only, or 
if one component vanishes and the other components are 
functions of a, y, and 2, the vector may or may not be 
perpendicular to its curl. 

36. If (Q,, Y, Q.) are the components of a vector Q, 
(Ay, #1, v1) the curl components, (Az, 2, vz) the components 
of the curl of the curl of Q, and so on, 


1 = D,Q. — DQ,» dA, = D,, (Div Q)— V7 Oa» 
As = — VAY de = — V7Aq, and so on. 
How are these equations changed if @ is a solenoidal 
vector ? 
37. If the harmonic function f(a, y, 2) represents the x 


component of a vector which is both solenoidal and lamellar, 
the y and z components must be of the form 


Y=(D,fde+ Dhy,2), Z={ D,f-de+D.vy,®); 


where y(y, 2) is a solution of the equation 
Dy + Dov =— Daf 
38. A as vector (X, Y, Z) is not perpendicular to its 


curl (K,, K,, K,). Show that the scalar function /, deter- 
mined pee the equation 


K,:D,F + K,-D,F + K,-DF=—(K,X+ K,Y+ K,Z), 
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is the scalar potential function of a lamellar vector (L, M, V), 
which added to the first vector gives a new vector perpendic- 
ular to its curl. Is this equation always integrable ? 

39. A vector Q, with components (Q,, Q,, Q.), is continuous 
except at a certain surface S. In each of the regions sepa- 
rated by S, D,Q, = D,Q. DQ. = DQ» D,Q.= DQ, 80 that 
at every point within these regions the curl of @ vanishes. 
Investigate the value of the curl of Q on S when the normal 
(or a tangential) component of Q is discontinuous there. 

40. Unless V?f= 0, a vector the z component of which is 
J («, y, #) cannot be both lamellar and solenoidal. 

41. Matter spread uniformly in a superficial distribution 
on a circular portion of a plane forms a “circular surface 
distribution.” Two such distributions, each of radius a, are 
placed parallel and opposite each other at a distance 8 apart. 
If the density of one of these be +o and that of the other — 
—g, and if 6 be made to approach zero and o to increase in 
such a manner that the product of o and 6 is always equal to. 
the constant p, the resulting value of the potential function 
is said to be due to a “circular double layer” of radius a, and 
density ». Show that the limiting value of the potential 
function at a point P on the axis of the double layer and at 
a distance x from its plane is + 2an(1—a/Va* + x*), where 
the positive sign is to be used if P is on one side of the double 
layer, and the negative sign if P is on the other side. Is the 
potential function discontinuous at the double layer? Is the 
force discontinuous ? 

42. Assuming the surface of the earth as defined by the sea- 
level to be a spheroid of ellipticity «, prove that the mass of 
the earth in astronomical units is a*g)(1 + «— 3m), where 
go is the force of gravity at the equator, a) the equatorial 
radius, and m the ratio of “centrifugal force” to true gravity 
at the equator, 
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CHAPTER V. 


THE ELEMENTS OF THE MATHEMATICAL THEORY 
OF ELECTRICITY. 


I, ELECTROSTATICS. 


53. Introductory. Having considered abstractly a few of 
the characteristic properties of what has been called “the New- 
tonian potential function,” we will devote this chapter to a very 
brief discussion of some general principles of Electrostatics and 
Electrokinetics. By so doing we shall incidentally learn how 
to apply to the treatment of certain practical problems many of 
the theorems that we have proved in the preceding chapters. 

In what follows, the reader is supposed to be familiar with 
such electrostatic phenomena as are described in the first few 
chapters of treatises on Statical Electricity, and with the hypoth- 
eses that are given to explain these phenomena. 

Without expressing any opinion with regard to the physical 
nature of what is called electrification, we shall here take for 
granted that whether it is due to the presence of some sub- 
stance, or is only the consequence of a mode of motion or of a 
state of polarization, we may, without error in our results, use 
some of the language of the old ‘‘ Two Fluid Theory of Elec- 
tricity ” as the basis of our mathematical work. 

The reader is reminded that, among other things, this theory 
teaches that : — ' 

(1) Every particle of a body which is in its natural state con- 
tains, combined together so as to cancel each other’s effects at 
all outside points, equal large quantities of two kinds of elec- 
tricity with properties like those of the positive and negative 
‘¢ matter’ described in Section 44. 

(2) Electrification consists in destroying in some way the 
equality between the amounts of the two kinds of electricity 
which a body, or some part of a body, naturally contains, so 
that there shall be an excess or charge of one kind. If the 
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charge is of positive electricity, the body is said to be posi- 
tively electrified ; if the charge is negative, negatively electrified. 
Either kind of electricity existing uncombined with an equal 
quantity of the other kind, is called free electricity. 

(3) When a charged body A is brought into the neighborhood 
of another body B in its natural state, the two kinds of elec- 
tricity in every particle of B tend to separate from each other, 
one being attracted and the other repelled by A’s charge, and 
to move in opposite directions. 

In general, a tendency to separation occurs in all parts of the 
body, whether it is charged or not, where the resultant electric 
force (the force due to all the free electricity in existence) is 
not zero. This effect is said to be due to induction. 

In our work we shall assume all this to be true, and proceed 
to apply the principles stated in Section 44 to the treatment of 
problems involving distributions of electricity. We shall find it 
convenient to distinguish between conductors, which offer prac- 
tically no resistance to the passage of electricity through their 
substance, and nonconductors, which we shall regard as prevent- 
ing altogether such transfer of electricity from part to part. 


54. The Charges on Conductors are Superficial. When elec- 
tricity is communicated to a conductor, a state of equilibrium is 
soon established. After this has taken place, there can be no 
resultant force tending to move any portion of the charge 
through the substance of the conductor, for, by supposition, the 
conductor does not prevent the passage of electricity through 
itself. 

Moreover, the resultant electric foree must be zero at all 
points in the substance of a conductor in electric equilibrium ; 
for if the force were not zero at any point, electricity would 
be produced by induction at that point, and carried away 
through the body of the conductor under the action of the 
inducing force. 

From this it follows that the potential function V, due to all 
the free electricity in existence, must be constant throughout 


~ 
- 
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the substance of any single conductor in electric equilibrium, 
whether or not the conductor be charged, and whether or not 
there be other charged or uncharged conductors in the neigh- 
borhood. Different conductors existing together will in general 
be at different potentials, but all the points of any one of these 
conductors will be at the same potential. 

Wherever V is constant, V’V=0, and hence, by Poisson’s 
iiquation, p= 0, so that there can be no free electricity within 
the substance of a conductor in equilibrium, and the whole 
charge must be distributed upon the surface. Experiment 
shows that we must regard the thickness of charges spread upon 
conductors as inappreciable, and that it is best to consider that 
in such cases we have to do with really superficial distributions 
of electricity, in which the conductor bears a rough analogy to 
the cavity enclosed by the thin shells of repelling matter de- 
scribed in the preceding chapter. 

The surface density at any point of a superficial distribution 
of electricity shall be taken positive or negative, according as 
the electricity at that point is positive or negative, and the force 
which would act upon a unit of positive electricity if it were 
concentrated at a point P without disturbing existing distribu- 
tions shall be called ‘‘ the electric force” or ‘‘ the strength of 
the electric field at P.” 

It is evident, from Sections 45 and 46, that the electric force 
at a point just outside a charged conductor, at a place where 
the surface density of the charge is o, is 470, and that this is 
directed outwards or inwards, according as a is positive or nega- 
tive. . 

In other words, D,,V, the derivative of the potential function 
in the direction of the exterior normal, is equal to —4 70, and 
the value of V at a point P just outside the conductor is greater 

or less than its value within the conductor, according as the 
surface density of the conductor’s persed in the neighborhood of 
P is negative or positive. 

It is to be carefully noted that, although the surface of a con- 

ductor must always be equipotential, the superficial density of 
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the conductor’s charge need not be the same at all parts of the 
surface. We shall soon meet with cases where the electricity 
on a conductor’s surface is at some points positive and at others 
negative, and with other cases where the sign of the potential 
function inside and on a conductor is of opposite sign to the 
charge. 

It is evident, from the work of Section 47, that the resistance 
per unit of area which the nonconducting medium about a con- 
ductor has to exert upon the conductor’s charge to prevent it 
from flying off, is, at a part where the density is o, 270°. 


55. General Principles which follow directly from the Theory 
of the Newtonian Potential Function. If two different distribu- 
tions of electricity, which have the same system of equipoten- 
tial surfaces throughout a certain region, be superposed so as to 
exist together, the new distribution will have the same equipo- 
tential surfaces in that region as each of the components. For, 
if V, and V,, the potential functions due to the two components 
respectively, be both constant over any surface, their sum will 
be constant over the same surface. 

Two distributions of electricity, which have densities every- 
where equal in magnitude but opposite in sign, have the same 
system of equipotential surfaces, and, if superposed, have no 
effect at any point in space. 

Two distributions of electricity, arranged successively on the 
same conductor so that at every point the density of the one 
is m times that of the other, have the same system of equipo- 
tential surfaces, and the potential function due to the first is 
everywhere m times as great as that due to the second. 

If the whole charge of a conductor which is not exposed to 
the action of any electricity except its own is zero, the super- 
ficial density must be zero at all points of the surface, and the 
conductor is in its natural state. For if o is not everywhere 
zero, it must be in some places positive and in others negative ; 
and, according to the work of the last section, the potential 
function V, due to this charge, must have, somewhere outside 
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the conductor, values higher and lower than V,, its value in the 
conductor itself. But this would necessitate somewhere in empty 
space a value of the potential function not lying between Vy and 
0, the value at infinity; that is, a maximum in empty space if 
V) is positive, and a minimum if VY is negative; which is 
absurd. 

A system of conductors, on each of which the charge is null, 
must be in the natural state if exposed to the action of no out- 
side electricity. For, by applying the reasoning just used to 
that conductor in which the potential function is supposed to 
have the value most widely different from zero, we may show 
that the surface density all over the conductor is zero, so that 
no influence is exercised on outside bodies; and then, suppos- 
ing this conductor removed, we may proceed in the same way 
with the system made up of the remaining conductors. 

If a charge M of electricity, when given to a conductor, ar- 
ranges itself in equilibrium so as to give the surface density 
o ds 
ve 
constant within the conductor, a charge — YW, if arranged on the 
conductor so as to give at every point the density —c=—/(2,y,2) 
would be in equilibrium, for it would give everywhere the poten- 


o=f(x,y,2) and to make the potential function Vj = 


tial function 5 es =—V,, and this is constant wherever V, 
t 
is constant. 


Only one distribution of the same quantity of electricity M on 
the same conductor, removed from the influence of all other 
electricity, is possible ; for, suppose two different values of sur- 
face density possible, 45 =/f{(2,y,2) and o,=f,(#,y,%), then 
—o,=—f,(2,y, 2) is a possible distribution of the charge — MM. 
Superpose the distribution — o, upon the distribution o, so that 
the total charge shall be equal to zero; then the surface density 
at every point is o;— a», and this must be zero by what we have 
just proved, so that o, = o>. 

Since we may superpose on the same conductor a number of 
distributions, each one of which is by itself in equilibrium, it is 
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easy to see that if the whole quantity of electricity on any con- 
ductor be changed in a given ratio, the density at each point 
will be changed in the same ratio. 


56. Tubes of Force and their Propertics. We have seen that 
a unit of positive electricity concentrated at a point P just out- 
side a conductor would be urged away from the conductor or 
drawn towards it, according as that point on the conductor which 
is nearest P is positively or negatively electrified. If we regard 
lines of force drawn in an electric field as generated by points 
moving from places of higher potential to places of lower poten- 
tial, we may say that a line of force proceeds from every point 
of a conductor where the surface density is positive, and that a 
line of force ends at every point of a conductor where the sur- 
face density is negative. No line of force either leaves or 
enters a conductor at a point where the surface density is zero, 
and no line of force can start at one point of a conductor where 
the electrification is positive and return to the same conductor 
at a point where the electrification is negative. No line of force 
can proceed from one conductor at a point electrified in any way 
and enter another conductor at a point where the electrification 
has the same name as at the starting-point. A line of force 
never cuts through a conductor so as to come out at the other 
side, for the force at every point inside a conductor is zero. 

Lines and tubes of force are sometimes called in electrostatics 
lines and tubes of ‘‘ induction.” 

When a tube of force joins two conductors, the charges Q,, 
Q, of the portions S,, S, which it cuts from the two surfaces are 


made up of equal quantities of opposite kinds of electricity. 
For if we suppose the tube of force to be arbitrarily prolonged 
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and closed at the ends inside the two conductors, the surface 
integral of normal force taken over the box thus formed is zero, 
for the part outside the conductors yields nothing, since the re- 
sultant force is tangential to it, and there is no resultant force 
at any point inside a conductor. It follows, from Gauss’s 
Theorem, that the whole quantity of electricity (Q, +.) inside 
the box must be zero, or Q; = —Q., which proves the theorem. 
If o, and o, are the average values of the surface densities of 
the charges on S, and S, respectively, we have o,S,;=Q, and 
o2S;=Q,, whence 


Cg == Oa 


5, [162] 

The integral taken over any surface, closed or not, of the 
force normal to that surface is called by some writers the flow 
of force across the surface in question, and by others the induc- 
tion through this surface. 

If we apply Gauss’s Theorem to a box shut in by a tube 
of force and the portions S,, S, which it cuts from any two 
equipotential surfaces, we shall have, if the box contains no 
electricity, 

F, S, — FS, = 0, [163] 
where F, and F, are the average values, over S, and S, respec- 
tively, of the normal force taken in the same direction (that in 
which V decreases) in both cases. In other words, the flow of 
force across all equipotential sections of a tube of force con- 
taining no electricity is the same, or the average force over an 
equipotential section of an empty tube of force is inversely pro- 
portional to the area of the section. 


fe ps 
Fie, 41. 


When a tube of force encounters a quantity m of electricity 
(Fig. 41), the flow of force through the tube on passing this 
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electricity is increased by 47m. If, however, the tube encoun- 
ters a conductor large enough to close its end completely, a 
charge m will be found on the conductor just sufficient to reduce 
to zero the flow of force (J) through the tube. That is, 


x 


m =— —- 
4a 
It is sometimes convenient to consider an electric field to be 
divided up by a system of tubes of force, so chosen that the flow 
of force across any equipotential surface of each tube shall be 
equal to 47. Such tubes are called unit tubes ;* for wherever 
one of them abuts on a conductor, there is always the unit quan- 
tity of electricity on that portion of the conductor's surface which 
the tube intercepts. In some treatises on electricity the term 
‘“‘line of force” is used to represent a unit tube of force, as 
when a conductor is said to cut a certain number of * lines of 
force.” 
It is evident that m unit tubes abut on a surface just outside 
a conductor charged with m units of either kind of electricity, 
if the superficial density of the charge has everywhere the same 
sign. These tubes must be regarded as beginning at the con- 
ductor if m is positive, and as ending there if m is negative. 
If a conductor is charged at some places with positive elec- 
tricity and at others with negative electricity, tubes of force 
will begin where the electrification is positive, and others will 
end where the electrification is nega- 
tive. 

MY / It is evident that no tube of force 

if, << ean return into itself. 


UY y 57. Hollow Conductors. When the 


Fic. 42. nonconducting cavity, shut in by a 
hollow conductor K (Fig. 42), contains 


* They are sometimes called ‘‘unit Faraday tubes,” to distinguish 
them from the more slender tubes of unit induction, of which 4m start 
from a body which has a positive charge m. 
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quantities of electricity (2m,, m,, ms, etc., or) m) distributed 


in any way, but insulated from K, there is induced on the 
walls of the cavity a charge of electricity algebraically equal 
in quantity, but opposite in sign, to the algebraic sum of the 
electricities within the cavity. 

Call the outside surface of the conductor S, and its charge 
M,, the boundary of the cavity S; and its charge M,, and sur- 
round the cavity by a closed surface S, every point of which lies 
within the substance of the conductor, where the resultant force 
is zero. Now the surface integral of normal force taken over 
S is zero, so that, according to Gauss’s Theorem, the algebraic 
sum of the quantities of electricity within the cavity and upon 
S;is zero. That is, 


M,+m, +m, +m,+++- = M,; +> (m) == (l)), [164 ] 


and this is our theorem, which is true whatever the charge on’ 
S, is, and whatever distribution of free-electricity there may 
be outside #. If the distribution of the electricity within the 
cavity be changed by moving m,, mz, etc., to different positions, 
the distribution of M,on S, will in general be changed, although 
its value remains unchanged. 

If K has received no electricity from without, its total charge 
must be zero; that is, \ 


M,=—M,=) (m). 


If a charge algebraically equal to M be given to K, 
M,=M— M,. 


The combined effect of Ym the electricity within the cavity, 


and M,, the electricity on the walls of the cavity, is at all points 
without S, absolutely null. For, if we apply [153] to S, any sur- 
face drawn in the conductor so as to enclose S,, we shall have D,V 
everywhere zero, since the potential function is constant within 
the conductor; this shows that V;, the potential function due to 
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all the electricity within S, must be zero at all points without S ; 
but S may be drawn as nearly coincident with S, as we please. 
Hence our theorem, which shows that, so far as the value of the 
potential function in the substance of the conductor or outside 
it, and so far as the arrangement of M, and of M', any free 


electricity there may be outside J’, are concerned, M, and ) (m) 


might be removed together without changing anything. The 
potential function at all points outside S, is to be found by con- 
sidering only M,and M’. 


If S; happens to be one of the equipotential surfaces of ) (m) 


considered by itself, 1M, will be arranged in the same way as a 
charge of the same magnitude would arrange itself on a con- 
ductor whose outside surface was of the shape S,, if removed 
from the action of all other free electricity. 

The potential function (V,) due to M, and ©’ is constant 
everywhere within S,; for if we apply [154,]to a surface S, 
drawn within the substance of the conductor as near S, as we 
like, we shall have 

V,—Vo=0, 
which proves the theorem. 


The potential function within the cavity is equal to V,+ Vj, 
where V, is the potential function due to VM, and) (i), Of these, 


V, is, as we have seen, constant throughout A and the cavity 
(Section 31) which it encloses, while V, has different values in 
different parts of the cavity, and is zero within the substance of 
the conductor. 

Suppose now that, by means of an electrical machine, some 
of the two kinds of electricity existing combined together in a 
conductor within the cavity be separated, and equal quantities 
(q) of each kind be set free and distributed in any manner 
within the cavity. 

The value of V, within the cavity will probably be different 
‘from what it was before, but V, will be unchanged; for the 
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quantity of matter in the cavity is unchanged, being now, alge- 
braically considered, 


Dm) +9-2= > m), 


so that ©, is unchanged, although it may have been differently 
arranged on S,, in order to keep the value of V, zero within 
the substance of the conductor. If now a part of the free 
electricity in the cavity be conveyed to S; in some way, the sub- 
stance of the conductor will still remain at the same potential as 
before. For, if 7 units of positive electricity and n units of 
negative electricity be thus transferred to S;, the whole quantity 


of free electricity within the cavity will be ym) —l+n, and 


that on S; will be M;+/—xn: but these are numerically equal, 
but opposite in sign, and the charge on S,, if properly arranged, 
suffices, without drawing on M, to reduce to zero the value of 
V,in K. Since M, and M’ remain as before, V, is unchanged, 
and the conductor is at the same potential as before. So long 
as no electricity is introduced into the cavity from without K, 
no electrical changes within the cavity can have any effect out- 
side S;. 

Most experiments in electricity are carried on in rooms, which 
we can regard as hollows in a large conductor, the earth. Va, 
the value of the potential function in the earth and the walls of 
the room, is not changed by anything that goes on inside the 
room, where the potential function is V=V,+ V2. Since we 
are generally concerned, not with the absolute value of the poten- 
tial function, but only with its variations within the room, and 
since V, remains always constant, it is often convenient to d's- 
regard V, altogether, and to call Vj the value of the potential 
function inside the room. When we do this we must remember 
that we are taking the value of the potential function in the 
earth as an arbitrary zero, and that the value of V, at a point in 
the room really measures only the difference between the values 
of the potential function in the earth and at the point in ques- 
Son. When a conductor A in the room is connected with the 
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walls of the room by a wire, the value of V, in A is, of course, 
zero, and A is said to have been put to earth. 


58. Induced Charge on a Conductor which is put to Earth. 
Suppose that there are in a room a number of conductors, viz. : 
A, charged with J, units of electricity, and A,, A., Ay, ete., 
connected with the walls of the room, and therefore at the po- 
tential of the earth, which we will take for our zero. If the 
potential function has the value p, inside A,, every point in the 
room outside the conductors must have a value of the potential 
function lying between p, and 0, else the potential function must 
have a maximum or a minimum in empty space. If p, is posi- 
tive, there can be no positive electricity on the other conductors ; 
for if there were, lines of force must start from these conductors 
and go to places of lower potential; but there are no such places, 
since these conductors are at potential zero, and all other points 
of the room at positive potentials. In a similar way we may 
prove that if p, is negative, the electricity induced on the other 
conductors is wholly positive. 

Now let us apply [154,] to a spherical surface, drawn so as 
to include A, and at least one of the other conductors, but with 
radius @ so small that some parts of the surface shall lie within 
the room.. If we take the point O at the centre of this surface, 
we shall have 


dnVi=* {D,Veas+ { Vas. [165] 


If Mis the whole quantity of electricity within the spherical 
surface, there must be a quantity —.W outside the surface, either 
on the walls of the room or on conductors within the room. 
The value at O of the potential function, V,, due to the elec- 


tricity without the sphere, is less in absolute value than = 
a 


for it could only be as great as this if all the electricity outside 
the sphere were brought up to its surface. 
By Gauss’s Theorem, 


[D.Vds == 40M, 


et ete 


— sr eo 
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therefore, [Vas =4na(M +07). [166] 


Now, if M, is positive, the integral is positive, for all parts of 
the spherical surface within the room yield positive differentials, 
and all other parts zero, so that the second side of the equation 
is positive. But aV2 is of opposite sign to M, and is less in 
absolute value; hence, M is positive, and the total amount of 
negative electricity induced on the other conductors within the 
spherical surface by the charge on Aj, is numerically less than 
this charge, unless some one of these conductors surrounds «A, ; 
in which case the induced charge comes wholly on this conduc- 
tor, while the other conductors, and the walls of the room, are 
free. Some of the tubes of force which begin at A, end on the 
walls of the room, provided these latter can be reached from 
A, without passing through the substance of any conductor. 


59. Coefficients of Induction and Capacity. If a number of 
insulated conductors, A,, As, Ay, etc., are in a room in the pres- 
ence of a conductor A, charged with J, units of electricity, the 
whole charge on each is zero; but equal amounts of positive a: 
negative electricity are so arranged by induction on each, 
the potential function is constant throughout the substance vo. 
every one of the conductors. 

Let the values of the potential functions in the system of con- 
ductors be p,, Ps; Pz, P41, etc. Since each conductor except A, is 
electrified, if at all, in some places with positive electricity, and 
in others with negative electricity, some lines of force must 
start from, and others end at, every such electrified conductor, 
so that there must be points in the air about each conductor at 
lower and at higher potentials than the conductor itself. But 
the value of the potential function in the walls of the room is 
zero, and there can be no points of maximum or minimum poten- 
tial in empty space; so that p, must be that value of the poten- 
tial function in the room most widely different from zero, and 
Po P3, Ps, etc., must have the same sign as 7). 

The reader may show, if he likes, that both the negative part 
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and the positive part of the zero charge of any conductor, ex- 
cept Aj, is less than M). 

Let py be the value of the potential function in a conductor 
A, charged with a single unit of electricity, and standing in 
the presence of a number of other conductors all uncharged 
and insulated. Then if py, ~i3, Py, ete., are, under these cir- 
cumstances, the values of the potential functions in the other 
conductors, A,, A;, Ay, ete., the potential functions in these 
conductors will be M, py, M, pis, My py, ete., if A, be charged 
with M, units of electricity instead of with one unit. This is 
evident, for we may superpose a number of distributions which 
are singly in equilibrium upon a set of conductors, and get a 
new distribution in equilibrium where the density is the sum of 
the densities of the component distributions, and the value of 
the resulting potential function the sum of the values of their 
potential functions. 

If A, be discharged and insulated, and a charge VM, be given 
t» Ay, the values of the potential functions in the different con- 
ductors may be written 

M2 pn, Mz Po, My ps, Mz py, ete. 

If now we give to A, and A, at the same time the charges My 
and M, respectively, and keep the other conductors insulated, 
the result will be equivalent to superposing the second distribu- 


tion, which we have just considered, upon the first, and the con- 
ductors will be respectively at potentials, 


M prt+ Mapa, M py + Me px», My py + Mops, ete. [167] 


If all the conductors are simultaneously charged with quanti- 
ties M,, M,, M;, M,, etc., of electricity respectively, the value 
of the potential function on A, will be 


Vi= My Pie + Me Pox + My gn + +++ + Mi Pax + Mi Pris [168] 
Writing this in the form V,=a,+ M,p,, we see that if the 
charges on all the conductors except A, be unchanged, a, will be 


constant, and that every addition of — units of electricity to 
Pix 
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the charge of A, raises the value of the potential function in 
it by unity. If we solve the n equations like [168] for the 
charges, we shall get n equations of the form 


M, ae Vi Qizrt V2 doxr+ V3 3k ae Ry) ar Vide =a nec ae V2 Qn [169] 
where the q’s are functions of the p’s. 


If all the conductors except A, are connected with the earth, 
M,= Vid, and gy, is evidently the charge which, under these 
circumstances, must be given to A, in order to raise the value 
of the potential function in it by unity. It is to be noticed that 


Qa and are in general different. 


Pix 

The charge which must be given to a conductor when all the 
conductors which surround it are in communication with the 
earth, in order to raise the value of the potential function with- 
in that conductor from zero to unity, shall be called the 
capacity of the conductor. It is evident that the capacity of a 
conductor thus defined depends upon its shape and upon the 
shape and position of the conductors in its neighborhood. 


60. Distribution of Electricity on a Spherical Conductor. 
Considerations of symmetry show that if a charge M be given 
to a conducting sphere of radius 7, removed from the influence 
of all electricity except its own, the charge will arrange itself 
uniformly over the surface, so that the superficial density shall 


b here o =; 
Beevcry where os | 
The value, at the centre of the sphere, of the potential function 


due to the charge M on the surface is a and, since the potential 
a 


function is constant inside a charged conductor, this must be 
the value of the potential function throughout the sphere. If 


is equal to r, ie 1; hence the capacity of a spherical conductor 
r 


removed from the influence of all electricity except its own, is 
numerically equal to the radius of its surface. 
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61. Distribution of a Given Charge on an Ellipsoid. It is 
evident from the discussion of homcoids in Chapter I. that a 
charge of electricity arranged (on a conductor) in the form of 
a shell, bounded by ellipsoidal surfaces similar to each other 
(and to the surface of the conductor), and similarly placed, 
would be in equilibrium if the conductor were removed from the 
action of all electricity except its own. We may use this prin- 
ciple to help us to find the distribution of a given charge on a 
conducting ellipsoid. 

Let us consider a shell of homogeneous matter bounded by 
two similar, similarly placed, and concentric ellipsoidal surfaces, 
whose semi-axes shall be respectively a, b,c, and (1+a)a, 
(1+a)b, (1+a)ec. If any line be drawn from the contre of 
the shell so as to cut both surfaces, the tangent planes to these 
two surfaces at the points of intersection will be parallel, and 
the distance between the planes is pa, where p is the length 
of the perpendicular let fall from the centre upon the nearer of 
the planes. 

If p is the volume density of the matter of which the shell is 
composed, the mass of the shell is M=47abe[(1+a)*'—1]p, 
and the rate at which the matter is spread upon the unit of sur- 
face is, at any point, o=pd, where 8 is the thickness of the 
shell measured on the line of force which passes through the 
point in question. Eliminating p from these equations, we have 

re mee [170] 

a7 abe [a +a°+ ta] 

If, now, in accordance with the hypothesis that the thickness of 

the electric charge on a conductor is inappreciable, we make a 

smaller and smaller, noticing that 6 differs from pa by an infini- 

tesimal of an order higher than the first, we shall have for a 
strictly surface distribution, 


=i MP. 
sever [171] 
If the equation of the surface of the ellipsoidal conductor is 
DRE) fe ae 
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we haye 
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c Swit nue cco?) 
—— — a —— 3 
D ° aaa ee 


This last expression shows that, as ¢ is made smaller and 
smaller, « approaches more and more nearly the value 


M 
L e [172] 
4 rab yjt—— = 
a i 


and 


and this gives some idea of the distribution on a thin elliptical 
plate whose semi-axes are a and 0. 
For a circular plate, we may put a = d in the last expression, 
which gives 
sige ML on: 
Ara/q? — 7 


[173] 


for the surface density at a point 7 units distant from the centre 
of the plate. 

The charge M distributed according to this law on both sides 
of a circular plate of radius a raises the plate to potential 


M { dr aM 
V= = P) 
a4 WVJg@—7 2a 
so that the capacity of the plate is 
os [174] 


T 


G62. Spherical Condensers. If a conducting sphere A of radius 
r (Fig. 43) be surrounded by a concentric spherical conducting 
shell B of radii 7; and 7, and charged with m units of electricity 
while B is uncharged and insulated, we shall have 

(1) the charge m uniformly distributed upon S, the surface 
of the sphere ; 

(2) an induced charge — m (Section &7) uniformly distributed 
upon S,, the inner surface of B; 


ro 


= eer Ye 


“ 


a ee 8 he 


= 
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(3) a charge +m (since the total charge of B is zero) uni- 
formly distributed on S,, the outer surface of B. 


The value at the centre of the sphere of the potential function 

due to all these distributions is V,= pach gs fen’ and this is 
eT Meds 

the value of V throughout the conducting sphere. The value of 


m 
the potential function in Bis Vz = oF 


° 


If now a charge M be communicated to B, this will add itself 
to the charge m already existing on S,, and the charge on S, will 
be undisturbed. The values of the potential functions in the 
conductors are now 


If now B be connected with the earth so as to make V,=0, 
the charges on S and S, will be undisturbed, but the charge on 
S, will disappear. V, is now equal to rank 

r 

If A were uncharged, and B had the charge M, this charge 
would be uniformly distributed upon S,, for, since the whole 
charge on S is zero, the whole charge on S; must be zero also. 
It is easy to see that S and S; must both be in a state of nature, 


for if not, lines of force must start from S and end at S,, and 


others start at S; and end at S, which is absurd. 
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If A were put to earth by means of a fine insulated wire 
passing through a tiny hole in B, and if B were insulated and 
charged with M units of electricity, we should have a charge a 


on S, a charge — 2 on S,;, and a charge M+2o0nS8,. To find 


a aC Ce el 
x, we need only remember that V, =~ —~ 4+ — + — = 0, whence 
ar % T 


x may be obtained. ee Se 

If B be put to earth, and A be connected by means of the fine 
wire just mentioned, with an electrical machine which keeps its 
prime conductor constantly at potential V,, A will receive a charge 
y and wiil be put at potential Vj. To find y, it is to be noticed 
that there is a charge —y on S,, and no charge on S,, which is 


put to earth, V,= : = 71, whence 7 may be obtained. 


If r= 99 millimeters and r,= 100 millimeters, y= 9900 Vj. 

If a sphere, equal in size to A but having no shell about it, 
were connected with the same prime conductor, it too would 
receive a charge z sufficient to raise it to potential V,, and z 


would be determined by the equation V;= 2. If r= 99, we have 


z=99 V,; hence we see that A, when surrounded by B at 
potential zero, is able to take one hundred times as great a 
charge from a given machine as it could take if B were removed. 
In other words, B increases A’s capacity one hundred fold. 
A and B together constitute what is called a condenser. 


Fic. 44. 


If A of the condenser AB, both parts of which are supposed 
uncharged, be connected by a fine wire (Fig. 44) with a sphere 
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A! which has the same radius as A, and is charged to potential 
V,, A and A’ will now be at the same potential [V,], and A will 
have the charge a, and A’ the charge y. The total quantity of 
electricity on A’ at first was 7 Vj, so that «+ y =rV,, and 
- Le Re 
V.= rTP 4, a3 r, 
whence # and y may be found. 
The reader may study for himself the electrical condition of 
the different parts of two equal spherical condensers (Fig. 45), 


of which the outer surface S, of one is connected with an elec- 
tric machine at potential Vj, and the inside of the other, S’, is 
connected with the earth. The two condensers, which are sup- 
posed to be so far apart as to be removed from each other’s 
influence, illustrate the case of two Leyden jars arranged in 
cascade. 


63. Condensers made of Two Parallel Conducting Plates. 
Suppose two infinite conducting planes A and B to be parallel 
to each other at a distance @ apart; choose a point of the 
plane A for origin, and take the axis of x perpendicular to the 
planes, so that their equations shall be e=0 anda=a. Let the 
planes be charged and kept at potentials V, and V, respectively. 
It is evident from considerations of symmetry that the potential 
function at the point P between the two planes depends only 
upon P’s « codrdinate, so that 


D,V=0, D,V=0, D2V=0, D2V=0. 


Ea, 
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Laplace’s Equation gives, then, 
Dev = 0, 
whence DLV =C, and-V=Ce+D. 
fiea— ie} — Vi 3 and if 2a; =-V, 3:80. that 
V=(Vs—Vi)2+Vi, and D,V=Ve=V. 
The lines of force are parallel between the planes, and the 
surface densities of the charges on A and B are 


Rees Is and Va, 
47a 47a 


respectively. 


If we take a portion of area S out of the middle of each plate, 
S( Vai Pe Vz) 
4nra” 
and an equal quantity of the other kind of electricity on S;. 
The force of attraction between S, and S, will be 270*-S, or 
Oe aa) 5 


87 a 


there will be a quantity of electricity on S, equal to 


If S, be put to earth, the charge that must be given to S, in 


order to raise it to potential unity is 
S 


4 7a 


In other words, the capacity of S, is inversely proportional to 
the distance between the plates. 

In the case of two thin conducting plates placed parallel to and 
opposite each other, at a distance small compared with their 
areas, the lines of force are practically parallel except in the 
immediate vicinity of the edges of the plates ;* and we may infer 


Fic. 46. 


eee ene ee oe ee 
* See Maxwell’s Treatise on Electricity and Magnetism, Vol. I. Fig. XII. 


\ 

‘ 
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from the results of this section that the capacity of a condenser q 
consisting of two parallel conducting plates of area S, separated ; 
by a layer of air of thickness a, when one of its plates is put to 


: P S S 
earth is very approximately a for large values of —- 
Tah ; a 


64. Capacity of a Long Cylinder surrounded by a Concentric 
Cylindrical Shell. In the case of an infinite, conducting cylinder 
of radius 7, kept at potential V; and surrounded by a concentric 
conducting cylindrical shell of radii r, and 7’, kept at potential 
V,, we have symmetry about the axis of the cylinder, so that 
Ds V = 0, and Laplace’s Equation reduces to the form 
; DV 

D2V+ r 4 0, 
whence, for all points of empty space between the cylinder and 
ite eels V= C+ Diogr. 


But V=V, when r=r,, and V=V, when r=7,, 


hence V= ——__ (175) 
log — 
r xr 7. 
and D,V= —— . " 
log 2 
og r 


Fie. 47. 


The surface densities of the electricity on the outer surface 
of the cylinder and the inner surface of the shell are respectively 
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so that the charge on the unit of length of the cylinder is 
Vi V, 


s 
2oe= 
fe} ”. 


inner surface of the shell is the negative of this. We may 
find the capacity of the unit length of the cylinder by putting 


» and the charge on the corresponding portion of the 


V,=0 and V,=1, whence capacity = 


2 log 


If 7, in this expression is made very large, the capacity of 
the cylinder will be very small. 

In the case of a fine wire connecting two conductors, 7; will 
be very small, and there will be no conducting shell nearer 
than the walls of the room, so that the capacity of such a 
wire is plainly negligible. 


65. Charge induced on a Sphere by a Charge at an Outside 
Point. The value at any point P of the potential function due 
to m, units of positive electricity concentrated at a point 
A,, and mz, units of negative electricity concentrated at a point 
cae 18 

Ve= Es = wlhiera Ge Ade Gal i = ARIE, 
T7 9 = 

It is easy to see that if m, is greater than mz, so that 

nh = AMs 


where A>1, V will be equal to zero all over a certain sphere 
which surrounds A,. 
If (Fig. 48) we let A,A, =a, A,O — 81, A,O = 8, OD = 7, 
it is easy to see that 
2 * 72\2 
Na a Ps ar aye aot 


Oa y= 


Aeee 
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nell SON, teens 


and a= — 
by 0. 


[176] 


If PR represents the force f, due to the electricity at A,, and 
PQ the force f; due to the electricity at A,, the line of action of 
the resultant force / (represented by PL) must pass through 
the centre of the sphere, since the surface of the sphere is equi- 
potential, 


Fie. 48. 


The triangles 4A, PO and A, PO are mutually equiangular, for 
they have a common angle 4,OP, and the sides including that 
angle are proportional (7° = 8,8,). Hence, from the triangles 
QPL and A; PA,, by the Theorem of Sines, 


ee cee 


ot meee Ra. SE 177 
sina, sina, sin(ay—a,) wat 
Tr; T a 
aa es a 178 
sina, sina, sin (ay—a,)’ L173] 
cere Fae am _ am, [179] 


% rr r 


Now, according to Section 49, we may distribute upon the 
spherical surface just considered a quantity m, of negative elec- 
tricity in such a way that the effect of this distribution at all 
points outside the sphere shall be equal to the effect of the 
charge — mz, concentrated at A,, and the effect at points within 
the sphere shall be equal and opposite to the effect of the charge 
m, concentrated at A,. Since F’ is the force at P in the direc- 
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tion of the interior normal to the sphere, we shall accomplish 
this if we make the surface density at every point equal to o, 
where 


ee ee th Tm [180] 
ae , ie 
and if we now take away the charge at A,, the value of the po- 
tential function throughout the space enclosed by our spherical 
surface, and upon the surface itself, will be zero. If the spheri- 
cal surface were made conducting, and were connected with the 
earth by a fine wire, there would be no change in the charge of 
the sphere, and we have discovered the amount and the distri- 
bution of the electricity induced upon a sphere of radius 7, con- 
nected with the earth by a fine wire and exposed to the action 
of a charge of m, units of positive electricity concentrated at a 
point at a distance 6, from the centre of the sphere. 
If now we break the connection with the earth, and distribute 
a charge m uniformly over the sphere in addition to the present 
distribution, the potential function will be constant (although 
no longer zero) within the sphere, and we have a case of equi- 
librium, for we have superposed one case of equilibrium (where 
there is a uniform charge on the sphere and none at .A,) upon 
another. The whole charge on the sphere is now 


and the value of the potential function within it and upon the 
surface, 5 


If the conducting sphere were at the beginning insulated and 
uncharged, we should have M= 0, and therefore 


=< US AN mee eh ie aes a 
“om rae: 7? af 8, L - 


If we have given that the conducting sphere, under the influ- 
ence of the electricity concentrated at A, is at potential Vi, we 
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Mr ® 
. » and its surface 
1 


1 ~~ Chr ye 
= f —— }- 182 
4 L( Y } ri ) [ J 


It is easy to see that the sphere and its eharge will be 
attracted toward A, with the force 


mr m8, V, 
ks RRL ORES at $F 18 
8 (a3 oe, Tr) é; ); [ 3] 


and the student should notice that, under certain circumstances, 
this expression will be negative and the force repulsive. 

If m, = mz, the surface of zero potential is an infinite plane, 
and our equations give us the charge induced on a conducting 
plane by a charge at a point outside the plane. 

The method of this section enables us to find also the 
capacity of a condenser composed of two conducting cylindrical 
surfaces, parallel to each other, but eccentric; for a whole set 
' of the equipotential surfaces due to two parallel, infinite 
straight lines, charged uniformly with equal quantities per 
unit of length of opposite kinds of electricity, are eccentric 
cylindrical surfaces surrounding one of the lines, A,, and leay- 
ing the other line, 4,, outside. We may therefore choose two 
of these surfaces, distribute the charge of A, on the outer of 
these, and the charge of A, on the inner, by the aid of the 
. principles laid down in Section 49, so as to leave the values 
of the potential function on these surfaces the same as before. 
These distributions thus found will remain unchanged if the 
equipotential surfaces are made conducting. 

The reader who wishes to study this method more at length 
should consult, under the head of Electric Images, the treatises 
of Cumming, Maxwell, Mascart, Tarleton, and Watson and 
Burbury, as well as original papers on the subject by Murphy 
in the Philosophical Magazine, 1833, p. 350, and by Sir 
W. Thomson in the Cambridge and Dublin Mathematical 
Journal for 1848. 


know that its total charge must be /yr — 


density 
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66. The Energy of Charged Conductors. If a conductor of 
capacity C, removed from the action of all electricity except its 
own, be charged with M, units of electricity, so that it is at 


J 


potential V; = rik the amount of work required to bring. up to 


the conductor, little by little, from the walls of the room, the 
additional charge AM, is A W, which is greater than V,-AM or 


a -AM, and less than (V¥,+4,V)-AM or mean N79 


If the charge be increased from M, to M, by a constant flow, 
the amount of work required is evidently 


ZMdM M?—M? C 2 2 
— = = V — V 5 184 
ies C 20 piel s) [184] 


The work required to bring up the charge M to the conductor 


at first uncharged is then 
we Oe UE 


=VO =", 185 
20 a2 2 189] 


This is evidently equal to the potential energy of the charged 
conductor, and this is independent of the method by which the 
conductor has been charged. 

If, now, we have a series of conductors A,, A,, A;, etc., in the 
presence of each other at potentials V;, V2, V3, etc., and having 
respectively the charges M,, M2, M;, etc., and if we change all 
the charges in the ratio of « to 1, we shall have a new state of 
equilibrium in which the charges are «M,, «M,, xM;, etc.; and 
the values of the potential functions within the conductors are 
xV,, xVz, xV3, ete. The work (AW) required to increase the 
charges in the ratio «+ Aw instead of in the ratio # is greater 
than 

(M, Az) (@V,) + (ML Aa) (a V2) + (Me Ax) (2V;z) + ete., 


or zAa[M, V,+ M,V,+M,V; +etc.], 
and less than 
(e+ Az) Ac [MV +M,V,+M,Vs+ ete.] ; 


ea 
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hence the whole amount of work required to change the ratio 


from = to =) is 


i 2 

W,—-W,= a [M,V, + MeV, + MaV, + ete.]. [186] 

If in this equation we put z,=0 and z,=1, we get for the 

work required to charge the conductors from the neutral state 
to potentials Vy, V3, V3, 


W=[I,V,+ ,.V,+ UV,+---J= +) ur), [187] 


a particular case of the general formula stated in Section 27. 

The work required to make any combination of changes of 
charge on any system of fixed conductors is evidently equal 
to the difference between the intrinsic energies of the system 
in its original and final states. If ),, V;,' represent the initial 
and final potentials on the Ath conductor, and e, and e,' the 
original and final charges, 


cain +> V;,'e,' — +) Vile. 


Since the final energy is independent of the manner in which 
the changes are produced, we may suppose that the changes 
take place gradually and at the same relative rate for all the 
conductors, so that at any instant the charge of each conductor 
has received the same fraction of its whole increment or 
decrement that every other conductor has received, it being 
understood that in the general case some charges will be in- 
creased and others decreased. At the instant when the change 
accomplished is to the whole change as x : 1, the charge of the 
kth conductor is e, + a (e,' — e,), and the value of the poten- 
tial function in this conductor is V+ 2(V,'—V,). In order 
to increase x by Aa, the charge must be increased by the 
amount Ax (e,'—e,), and to bring this up from infinity an 
amount of work equal approximately to 


(e,' — &) [Vi + x( V;! — V,)] Ax 
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must be done, and for the whole system the corresponding 
work is ye! —é)[V.t2«(V,'—V,)]Aex. To find the work 


required to bring about the whole change, this expression 
must be integrated with respect to x between the limits 0 
and 1. This process yields 


E'—E= sy (M Ao Cee 


and by comparing this with the result stated above we learn 
that we may also write 


Fi +> ( Vi! — Vz) (e! + )- 


We learn incidentally that dal => V,', and we see 


that if all but two (4,, 4.) of any system of conductors are 
either put to earth or are insulated and without charge, 
1'Vy + Ca’ Vo = &, Vy' +6, V 5". 

Te, — ae, — 0, 0 6 — 1) yp and = 1; 
V¥,=0, V,'=0, V,'=1, e,' = &, so that a unit charge given 
to A,, while A, is uncharged and insulated, raises A, to the 
same potential that A, would have if it were uncharged and 
insulated while A, had a unit charge; and the same quantity 
of electricity is induced on A, when it is put to earth, while 
A, is charged to potential unity as would be induced on A, if 
it were put to earth and A, charged to potential unity. Using 
the notation of Section 59, this shows that p,, = p,, and that 
Grr = Ur 3 WE May write, therefore, 


E=4) 4.) @Pa=ty Vad Vote 
k r RE r 


= $(puer + Posl’ + Pages” + +** + Pann) ' 
+ Pyolre2 + P3013 + +++ + Poslols + Polls 1 °° 

=F (alt GaVs + 9aVs H+ GanV na) 
+ G2ViV_ + GigViV3 + +++ + GosV2V5 
Gel Varo 
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If the conductors are fixed so that the p’s and g’s are con- 
stant, we may learn from differentiating this last equation that, 
if all the charges but e, are kept constant, D2 = V,, and if 
the values of the potential funetion in all but one of the 
conductors (the kth) are unchanged D,, H = e,. 

If the system changes its configuration, the p’s and q’s are 
in general changed, and we learn that if the charges are kept 
constant during the change, 


A'E = ty ed Arai 
k r 


but that if by suitable changes in the charges the potentials 


are unchanged, 
A"E = y v7.) YM 
&k r 


In the latter case, AV;, or > AC, Pr) =, so that yes V,,0r 
TD oersa + apatite dade 


Or QE +2A"E +> eAvader a 0: 


If, therefore, ¢ is any coérdinate, which defines the con- 
figuration, 


eee A'EH ey "” oy 
et (32) =— (2 ), or D,'E+ D,"E=0. 

A system of conductors with constant charges when left 
to itself tends to obey the urgings of the reciprocal forces 
between its parts, and therefore to diminish its intrinsic 
energy. If, in this case, the single codrdinate ¢ is free to 
change and is increased by Ad, the energy after the change 
is # + A'H, where A'E# is really negative. The mechanical 
work done by the forces is — D,Z-A¢. If, now, ¢ had been 
changed as before by the same small increment, Ad, while the 
potentials were kept constant by bringing up to each con- 
ductor from without the necessary quantity of electricity, the 
energy after the change would have been H+ A", where 


ee 


ee a ee a S| ee eee 
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A"E is really positive. The energy has therefore increased 
by an amount practically equal to the former loss. Practi- 
cally the same amount of mechanical work has been done as 
before, and enough energy has been introduced from without 
to do this work and to add an equivalent amount besides this 
to the potential energy of the system. The contribution, 
therefore, from outside sources is about 2A"#. These state- 
ments applied to a small change in @ are based on the exact 
equation D,'H = — D,''E, proved above. 


67. Ifa series of conductors A,, A;, A;, etc., are far enough 
apart not to be exposed to inductive action from one another, 
and have capacities C, C,, C;, ete., and charges M,, M2, MG, etc., 
so as to be at potentials V;, V2, V3, etc., where M4=C\V,, 
M, = C,V2, M;= 0;V;, etc., we may connect them together by 
means of fine wires whose capacities we may neglect, and thus 
obtain a single conductor of capacity 


CL+ 0, +C3+ =) (0). 
The charge on this composite conductor is evidently 
M+ M+ M+-=> MN; 


and if we call the value of the potential function within it V, we 


shall have ro =r 


QV; + C,V2+ Os Ve+ ++ 
; [188] 
CO, +O, + Oy + 
a formula obtained, it is to be noticed, on the assumption that 
the conductors do not influence each other. 
The energy of the separate charged conductors before being 


connected together was 3 ia “5 
Wat MV +MVe+ M+ )=3(T e+ +g +) 
2 3 


= Dae [189] 


whence V= 
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and the energy of the composite conductor is 


»— ¢OG + Ma t+ My t+ ++) (Vi + CVa + CoV a +++) 
O,4+¢0,+0C,+--: 


W 


_ +h + M+ Ms + +2] [190] 
we Oy Oe, es yo 


which is always less than #, unless the separate conductors 
were all at the same potential in the beginning. 


68. Specific Inductive Capacity. In all our work up to 
this time we have supposed conductors to be separated from 
each other by electrically indifferent media, which simply 
prevent the passage of electricity from one conductor to 
another. We have no reason to believe, however, that such 
media exist in nature. Experiment shows, for instance, that 
the capacity of a given spherical condenser depends essentially 
upon the kind of insulating material used to separate the 
sphere from its shell, so that this material, without conduct- 
ing electricity, modifies the action of the charges on the con- 
ductors. Insulators, when considered as transmitting electric 
action, are sometimes called dielectrics. 

Given two condensers of any shape, geometrically alike 
in all respects, with plates separated in the one case by a 
homogeneous dielectric, A, and in the other case by another 
homogeneous dielectric, B, the ratio of the capacities is 
found to be the same whatever the shape or dimensions of 
the condensers when these same two dielectrics are used. If 
this ratio is unity, the dielectrics are said to have the same 
electrical inductivity or the same specific induétive capacity. 
If the ratio of the capacities of the first and second con- 
densers is , A is said to have an inductivity times as great 
as that of B. The electrical inductivity of dry air at the 
standard pressure and temperature being chosen as a standard, 
the electrical inductivities of all other known substances are 
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positive quantities which in the case of any one specimen, 
though somewhat dependent upon conditions of temperature 
and pressure, may be considered independent of the electrical 
stress to which the substance may be exposed. The letter p 
is often used to represent the induetivity of a medium. It is 
generally assumed, for the sake of definiteness, that outside all 
the material media upon which we can experiment, the ether 
extends indefinitely in all directions and the inductivity of 
the ether is assumed to be sensibly the same as that of air 
under standard conditions. We cannot expect that a non- 
homogeneous dielectric will have the same inductivity through- 
out, so that in the general case we must assume that p is a 
function of the space codrdinates. The vector formed by 


multiplying the force by the scalar quantity = is sometimes 
T 


called the displacement. The force is occasionally called 
the electrical intensity, or the electromotive intensity. 

We may best sum up the results of experiments upon the 
behavior of dielectrics in electric fields by stating some gen- 
eral equations which may be used in solving any problem. 
We shall find it convenient to write down first, for the sake 
of comparison, the simplified forms of these equations which 
we have shown to be characteristic of the electric field about 
any distribution of electricity when air is the only dielectric. 

If X, Y, Z are the force components parallel to the axes, 
and if V is the potential function, so that 


ee) a DY DY, 
we know that when p= 1, 
Cy) DA+ DY ED,2Z= +4, 


except at surfaces where p is discontinuous. 

(2) The surface integral of the normal (outward) com- 
ponent of the force taken over any closed surface is equal 
to 47 times the amount of matter (algebraically reckoned) 


within the surface ; or f NdS=47rM. 
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(3) At a charged surface all the tangential components of 
the force are continuous, but the normal components are dis- 
continugus in the manner indicated by the equation 


N,+N,=+ 470, 


where NV, and JN, represent the normal force components taken 
away from the surface on both sides. If the charged surface 
is not equipotential, the lines of force which cross it are in 
general refracted ; for, if ¢, is the angle which a line of force 
in reaching the surface makes with its normal, ¢, the angle 
which the same line makes with the normal on leaving the 
surface on the other side, and, if 7, and 7, are the tangential 
components of the force, 7,;=— N, tan¢,, ZT, = Nz tan dy, 
and since 7,= 7,, N, tan ¢, + N, tan¢d,=0, or, since the 
normal component is discontinuous, 


(4 ro — Nj) tan d, + JN, tan ¢; = 0. 


(4) V so vanishes at infinity that rV and r°D,V have 
finite limits. 


If we now introduce a new vector (called the induction) 
equal to the product of the scalar point function » and the 
force, we may write down a set of equations, very like those 
which we have just enumerated and equivalent to them when 
# = 1, which will give the force components and the potential 
function in terms of the charges when yp» is different from 
unity and (in the general case) determined, by different 
analytic functions of the space codrdinates in different por- 
tions of space. 

In general, 


(1) Dy(uX)+D,(u¥)+ D,(uZ)=+4np [191] 


at every point in space, except at surfaces where either p or p 
is discontinuous. Since in all cases Y=—D,V, Y= —, 
Z=— D,V, this equation may be written ‘ 


D, (uD,V) 55 D, (wD,V) ee i (uD,V) = —Arnp. [192] 
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In a dielectric of uniform inductivity it becomes 
pV?V =— Aap. 


2) The integral, taken over any closed surface, of the out- 
ward normal component of the induction is equal to 47 times 
the amount of matter within the surface, or 


if; pNdS = 47M. [193] 


(3) If the surface of separation between two different dielec- 
trics which are in contact with each other has a charge of 
superficial density, c, all the foree components tangent to the 
surface are continuous. If mw, and p, are the inductivities of 
the two media, the normal component of the induction is dis- 
continuous in the manner indicated by the equation 


MN, + we, = +470, 
or pD,, V + Ba DV =S—_ 4 TO. [194] 


If this surface has no charge, = 0, and the normal component 
of the induction is continuous, though the normal force com- 
ponent is discontinuous: evidently, the law of refraction of 
the lines of force is, in this case, tan ¢,: pm, = tan dy: po. 
Whether or not oa is zero, VN, tang¢,+ N,tan¢d,=0. Ata 
charged surface where the dielectric is continuous, 


w(N, + N2) = 420. 


(4) V is everywhere continuous, and it so vanishes at infin- 
ity that rV and 7?D,V have finite limits. The first derivatives 
of V are everywhere continuous, except at charged surfaces 
and surfaces where the inductivity is discontinuous: here the 
tangential derivatives of V are continuous and the normal 
derivatives have the properties just discussed. The lines of 
force and the lines of induction are coincident. It is well 
to notice that what we have here called the induction and 
what is usually called induction in perfectly hard magnets 
are different special cases, as will be shown later on, of a 
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much more complex vector which appears in some general 
problems. 

It is easy to prove with the help of [149] a series of theo- 
rems concerning the potential function analogous to those 
already found for the case where »=1. For instance: if the 
closed surface S; shuts in the closed surface S,, there cannot 
be two different functions, V and V', which (1) between S, and 
S, satisfy the equation 


D, (wp Dw) + D, (pDyw) + D,(p Dw) = 9 


where p» is a given, everywhere positive, analytic function of 
the space coérdinates, (2) are continuous in that region with 
their first derivatives, and (3) are equal at every point of 8S, 
and S,. Assuming, for the sake of argument, that two such 
functions exist, we may call their difference « and note that 
uw and its first derivatives are continuous between S, and &,, 
and that w vanishes at every point of these surfaces. Since 
u satisfies the equation 


D, (p D0) + D, (uD) + D, (uw D,u) = 0 


between S,and S,, we may conveniently make A=p, U=V=u 
in [149], for both integrals in the second member of the equa- 
tion vanish, and we learn that 


Sf fulDeo? + (D,u)? + (D,u)?] dxdydz =0 


when extended over the region in question, Since p» is posi- 
tive, and the integrand can never be negative, 


Du = Du = Du = 0, 


and wis a constant. But «= 0 on S, and S,, hence V and V! 
are identical. ~ . 

If, while satisfying conditions (1) and (2), V and V' are 
required to have equal normal derivatives at every point of S, 
and S,, it is easy to prove in a similar manner that one can 
differ from the other only by a constant. 
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With given values of the volume density in given regions 
of space, and with given values of the superficial density on 
given surfaces, the force components and the potential func- 
tion are, in general, different when » =1 and when uw is dif- 
ferent from 1, and, if the dielectric is heterogeneous with 
surfaces of discontinuity in p, not equipotential surfaces, the 
forms of the lines of force are very different in the two cases. 

If the dielectric of a given condenser, the plates of which 
are the surfaces S, and S,, is air, and if these plates have given 
charges, V must satisfy Laplace’s Equation between S, and S,, 
while at every part of the condenser plate D,V=—4 7c. If, 
now, a homogeneous dielectric of inductivity » be substituted 
for the air, the new potential function V' satisfies Laplace’s 
Equation between 5, and S, (since pw is constant and p is zero), 
and at every point of S, or 8, D,V'= a’ Now V/p 
satisfies all these last conditions, and since two functions 
which do so can at most differ by a constant, we may write 


Vi=V/pte. 


The force in any direction at any point in the dielectric is 
1 /p as great in the second case as in the first. If S, and 8,, 
instead of having given charges, had been kept at the given 
potentials V, and V,, the density of the charge at any point 
of either plate would have been p times as great in the second 
ease as in the first, while the potential function (and the 
force) would have had the same value at every point, which- 
ever dielectric was used. The capacity of the condenser is, 
in this case, equal to 


pf DVS, /40(V,—V). 


The generalized form [192] of Poisson’s Equation, when 
expressed in terms of the orthogonal curvilinear coordinates 


u, v, w as independent variables, becomes 
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pla? DIV +h?e- DPV + hy?- DAV +D V+ V7 
+ D,V-V4u+ D,V-V*w) 

+ (DV: Du+ DV: Dy+D,V- Dye) 

(Dp De + Dip: Dv + D,p- Dw) 
+(D,V-Djue+ D,V-Dyw + D,V- Dw) 

(Dp: Du + D,p- Dy + D,p- Dw) 
+(D,V-Du+ D,V-Dyw + D,V-D zw) 

(Dp: Du + D,p- Dw + Dp: Dae)=— Aap. 


If »w is a function of one of the codrdinates, u, only, the 
family of surfaces on which w« is constant are possible equi- 
potential surfaces due to a distribution of electricity in this 
dielectric, provided the special form of the equation just 
stated, obtained by putting 


D,p=D,p=D,V=D,V=p=0, 
that is, provided the equation 


involves only u. Now D,y/p is, by hypothesis, a function 
of uw only, so that the condition is that the ratio of V2u to h,? 
shall be independent of v and w, and this is the condition 
(Section 35) that must be satisfied when the dielectric is air, 
in order that the surfaces upon which wu is constant may be 
possible equipotential surfaces. 

It is easy to see that if the space between two equipoten- 
tial surfaces in air about a distribution of electricity be filled 
with a dielectric the inductivity of which is either constant 
or else a function only of the parameter of the original equi- 
potential surfaces, the new equipotential surfaces will coincide 
with the old ones, though the value of the potential function 
on any particular surface will generally be changed. 

If in [149] we make U= J, the potential function due to any 


io — of 
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distribution of electricity, and if we make X = p, we may apply 
the equation to all space after we have enclosed by pairs of new 
surfaces all surfaces of discontinuity of p, p, or D,V, and 
learn that the intrinsic energy of the distribution is equal to 


SSS ule. a: af DY, Ves ia (D.V )* | dady dz 


extended over all space. 


When the potential function, V, due to a given distribution 
(p, «) of electricity with any given set of dielectrics has been 
found, we may ask what distribution (p', c') of electricity 
would have given this same potential function if all the 
dielectrics had been displaced by homogeneous air. The dis- 
tribution (p', o') is called the apparent charge to distinguish 
it from the distribution (p, 7) which is sometimes called the 
real or the intrinsic charge. From the apparent charge when 
found, V might be calculated by means of the familiar integrals 


p= fpee +f fee. [195] 


When V is given, the quantity p' is determined at all points 
where the equation has a definite meaning by V?V =— 4 zp' 
and the quantity o' at all surfaces where the normal derivative 
of V is discontinuous by the equation NV, + NV, = 470". 


Now D,(uD,V)+D,(uD,V) + D,(uD,V)=—4np, 
or ~pV?V +(D,V-D,p+D,V-D,p+D,V-D,p)=— 47, 
or —4app'+(D,V-D,ptD,V-D,p+D,V -D,p)=— 4 7p,[196] 
and this defines p’. In every region where pis constant p'=p/p. 
In the most general case of a surface where the normal 


derivative of V is discontinuous, there is a discontinuity in p 
at the surface and a charge, o, on the surface so that 


pay + pW, = 470, N, + N, =470', 


Srerme eet) Gs) 97) 


whence o!= 
M2 4 apg P1 4 py 
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In a particular instance there may be a surface charge with 
no discontinuity in the dielectric, in which case ¢' = o/p; or 
there may be discontinuity in the dielectrie with no real 
surface charge, in which case 


o'= Ny (Hs — py) /4 rp, = NV, (m4 a. po) /4 TPA 


The difference (p' — p, o' — o) between the apparent charge 
and the intrinsic charge is sometimes called the induced 
charge. 


The solving of one or two simple problems will suffice to 
illustrate the use of the general equations which determine 
the potential function when the dielectric is not homogeneous. 

I. “A condenser consists of two concentric conducting 
spherical surfaces of radii a and } separated by a dielectric 
the inductivity of which at a distance, r, from the common 


centre, O, of the spherical surfaces is : “ ”. The inner plate, 


of radius a, has a charge #. The outer plate is at potential 
zero. The potential function in the dielectric is evidently a 
function of » only; what is its value ?” 

Since the induction through any closed surface is equal to 
4-7 times the intrinsic charge within, we may imagine a 
spherical surface drawn in the dielectric with centre at O and 
radius equal to » and then assert that, if F is the force, 


saben ¥ = 49K op that Pim = Dy Peon 


r(e+r) 
and V= “0 sta The capacity: of the condenser is 


e + log Med, The apparent surface density on the inner 
plate is o' = £/[4ra(a + ¢)], the intrinsic surface density is 
E/4 7a’, and the density of the charge induced at the inner 
surface of the dielectric is — He /[4 ra?(a + ¢)]. 

II. “A condenser consists of two large, plane, conducting 
plates parallel to each other and separated by three slabs, s,, 
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Se, Ss, of dielectric of thickness a, db, and ¢ respectively, and of 
inductivity 1, w, and 1. What is the capacity of the con- 
denser per unit area of one of its plates ?” 

Take the axis of x perpendicular to the faces of the plates 
with the origin in the first plate, which shall be kept at 
potential zero. It is evident that the potential function is a 
function of x only, so that D,?V = 0 in each slab of dielectric 
and V must be of the form Za+ IM. Denote the functions 
which give the potential in the three slabs by 


V,=L2@+ Mi, V,=ie+ UV, V,= be + MU, 


When a 0, V;, = 0. When os a, a De V, — pitlDD, Ve = 0, 
and V,;=V, When x=(a+ 6), —pD,V,+ D,V;=0, and 
V,.=V;. We have, therefore, V, = Z,2, 

Va = Ly (@ + ap — a) /p, Ve = Ly (ma +b — bp) /p. 
When «= 0, D,V =—Ano= L,, and, if V; = 1 when 

oy = 

4a(uat pot db) 
and this is the capacity per unit area of the first plate. 


x=a+tb+e, we geto= 


69. Polarized Distributions. Imagine two homogeneous 
bodies, P and J, of equal but opposite densities, p and — p, 
of the same dimensions, and occu- 
pying at the same time the same 
space, in which, of course, the 
resultant density is zero. If P be 
moved without rotation through 
a small distance h, in some direc- 
tion, there will be a space of no 
density common to P and JN, a 
space of density p where P extends Fie. 49. 
beyond NV, and a space of density _ 

—p where Nextends behind P. ‘The thickness of the shell of 
matter, measured on the exterior normal to the space of no 
density, is An. If, now, 4 be made to approach zero, and p 


hse ee 2 ieee 
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be imagined to increase without limit so as to keep the product 
ph always equal to a given constant J, 


limit 
nO An/h = cos (h, n), 


and we have in the limit merely a superficial distribution, of 
density o = I cos (h, n), on the boundary of the space originally 
occupied in common by P and N. Since the direction of / is 
fixed in space, and n is an exterior normal, the distribution 
consists partly of negative matter and partly of positive matter 
in equal amounts. The surface density is equal to zero at 
points of contact of the distribution with tangents parallel to 


‘the direction of h. 


If this distribution be divided up into filaments parallel to 
h, it is clear that the charges on the ends of every filament 
are equal and opposite, and that each is equal in amount to 
ql, where q is the cross-section of the filament in question. 
It is easy to see from this that if the distribution were 
placed in a uniform field of force of intensity /, this field 
would exert upon any such filament of length 7 a couple of 
moment /’.sin(h, #)-gl/, and upon the whole distribution a 
couple of moment /’-sin(h, #)-J times the volume of the 
space enclosed by the distribution. J is, therefore, numeri- 
cally equal to the moment of the couple, per unit of volume, 
per unit field perpendicular to the direction of h. The dis- 
tribution just described is said to be a wniformly polarized 
distribution. J is called the intensity of the polarization. 

If, for instance, P is a sphere of radius a with centre at O, 
and if = a?+ y?+ 2%, the potential function, V(z, y, 2), 
due to its own mass, has, as we know, the value 2 zp (a? — } 7”) 
at inside points, and the value 4zpa*/3r at outside points. 
After P has been displaced through a distance A parallel 
to the a axis, the potential function at any point (a, y, 2), 
either in the space common to P and N or outside both, 
has the value V(a—h, y, 2) —V(a, y, 2). If the point 
is within both P and N,.the value of this quantity is 
2 mph(2x%—h)/3, but if the point is without both P and 
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NV, the value is 2 ra*ph(22—h)/37r*%. The limits of these 
expressions (47Jx/3 and 4 a*Jx/3 1°) give the values of the 
potential function within and without a sphere uniformly 
polarized to intensity J parallel to the 2 axis. Within the 
sphere the equipotential surfaces are planes perpendicular to 
the @ axis, the field is uniform, and since X= — D,V, the 
lines of forceare parallel 

to the negative direction 

of thexaxis. Consider- 

ations of symmetry show 

that the lines of force 

without the sphere are 

curves lying in planes 

through the axis of z. 

From the expression for 

V at outside points we 

learn that if 6 is the 

angle which the radius 

vector drawn from the 

origin to any point 

makes with the x axis, 

the equipotential sur- 

faces of revolution with- 

out the sphere may be 

considered as generated 

by plane curves which 

belong to the family 

cos 6/7? =e. Curves of 

this family lying in a Fig. 50. 

plane are cut orthogo- 

nally by curves in the same plane which have the equa- 
tion r= k-sin?6, and this evidently gives the lines of force. 
Fig. 50 shows the forms of these lines and the direction of the 
force. It is to be noted that this direction changes abruptly 
at the surface; on the x axis without the sphere the force is 
directed from left to right, whereas within the sphere it is 
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directed from right to left. This discontinuity is wholly 
explained, as a little simple computation will show, by the 
fact that at any superficial distribution of density o every 
tangential component of the force is continuous, but the 
normal component is discontinuous by 4 zo. 

The potential function belonging to a uniform field of force 
of intensity X,, the lines of which are parallel to the z axis, is 
— Xx, and if into such a field a sphere of radius a, uniformly 
polarized to intensity J parallel to the a axis, is brought, and 
if we define the constant x by the equation X, = 4 7Jx/3, the 


er 


—_—_—_—_— 
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potential function, referred to the centre of the sphere as 
origin, will have the value 47Jx(1— yx) /3 at points within 
the sphere, and the value 4 r/x[a* /3 (a? + y? + 27)8/?— y/3] 
at outside points. The field within the sphere is now a uni- 
form field of intensity 4 J(y —1)/3 directed parallel to the 
x axis: if y= 1, this force vanishes. The equipotential sur- 
faces of revolution without the sphere could be generated by 
the revolution about the « axis of a family of curves the 
equation of which in the ay plane is 4 rIz[a®/3 7° — x/3] =e, 
where 7? = a? +, The equation of the family of curves 
which cut these orthogonally may be written, 


2 wly?(2a*/37° + x/3) =m, 
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and this represents the lines of force. These lines may be 
easily plotted for any value of x, by assuming in succession a 
series of values of 7 and computing the corresponding values of 
y. Figs. 51 and 52 show two characteristic forms which 
the lines may have. In the first y=+1, in the second 
xXx=-—3. Some slight theoretical interest attaches to the 
case for which y= W— 2, and the reader may care to plot 
for himself the corresponding curves. He should indicate 
the direction of the force at various points by arrows. 

The value, at inside points, of the potential function due 
to a homogeneous ellipsoid of density p, with axes coincident 


2 ee Nee 


F242 
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with the codrdinate axes, is given on page 121. If we call 
this p-Q(a, y, #), we may write 

OQ (a, y, 2) = aber (Gy — Kyx? — Lny* — M2"), 
where G), Ko, LZ, MW, have the same values at all points of the 
mass. If, now, we consider an ellipsoidal distribution, uni- 
formly polarized to intensity J, in a direction s, it is easy to see 
thatthe value of the potential function within the distribution is 


— I[D,Q - cos (#, s) +D,Q- cos (y, s) + D,Q - cos (z, s)] 
or 2 aberI [Koa + cos (a, s) + Lyy+ cos (y, s) + Moz: cos (2, s)], 
and that, if we regard the polarization as a vector and denote 
its components by A, B, and C, the force components are 
— 2 rabcAKy, — 2 rabeBly, — 2 rabcCM. 


The field within the distribution is, therefore, uniform, and 
it has a direction defined by cosines which are to each other 
as K,-cos (a, s): Ly-cos (y, s): My-cos (%, s). It is to be 
noticed that this direction does not coincide with that of the 
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polarization unless K,=L,= M, (so that the ellipsoid is 

really a sphere), or unless the direction of polarization coin- 

cides with that of one of the principal axes of the ellipsoid. 
In certain cases the elliptic integral 


K= eS ds 

0 =f (s ade a?)®/2(s ee b)1/2(s f- e272 

and the corresponding integrals Z, and M, can be easily 
evaluated. If, for instance, a=b=c, these quantities evi- 
dently have the common value 2/3 a’. 


If the ellipsoid is a figure of revolution, we may find the 
values of Ko, Lo, Mo with the help of the integrals 


ge ee Es 
Nig + 2) (s + m*)1/3 


; v 1 (s =f m?)1/2 — (m? — 12)1/3 
; cad (Cerra) 


2 eat 


er @— mya an (2 = m7?” 
—~ ds 
Sz + @)* (e+ mn*)* 
- Pos d (s + m?)1? ds 
‘ areerit s+P +4 (Gee) 
» ds ~ 


u 2 ds 
mG ere at locas 
In the case of a prolate ellipsoid where a> b, b=c, and ~ 


e= Va? — b? /a, 


sade os {cea tetas ee 
; Ly= thom Sa( pea gy'loe ts!) 


: ed fy Ak 1l+e 
Ko = Bai za ley 2-1), 


ia 
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and the force components within the ellipsoid are 


(Boy Mal ee a 
et ee epee, — 15), 


1S ee? 1l—e 
= 20b(44+45% togt=*), 


ied cae es ie ge 
ad Cara =o 

If, while 4 is constant, a be increased without limit, e 
approaches the limit unity, (1 — e?)-log(d+e)/(—e)] 
the limit zero, and the ellipsoid becomes an infinitely long 
cylinder of revolution, for which the force components are 
0, —27B, —2x7C. 

In the case of an oblate ellipsoid where a < 6, b=c, and 
e= Vi? — a? /6, 


2 1 sin-le 
Ke= a(S ; ) 


ae ae 
t= y= F5( = =— V1i= ), 


2h e 


and the force components within the ellipsoid are 


e2 
a) 
= 9 2(44 Sesin te — “), 
é é 
n/n feet 
= 240(~4S* sine 4 -) 
e e 


If, while 6 and ¢ are constant, a is made to approach zero, e 
approaches the limit unity, the limiting values of the force 
components are — 4 7A, 0, 0, and we have the case of a circu- 
lar dise, in which, if the direction of polarization lies in the 
plane of the disc, the resultant force is zero. 


a 
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If the imaginary body P, instead of being of the same 
density throughout, had consisted of two homogeneous por- 
tions of densities p, and p,, to the left and to the right of 
their surface of separation, S; if the density of NV had been 
at every point equal and opposite to that of P, and if the 
limits of p,4 and pA had been the constants J, and J,, the 
resulting surface distribution, on the boundary of the space 
occupied originally by N and P conjointly, would have had 
the density o = J, cos(h, n) to the left of the original posi- 
tion of S, and the density « = J, cos(h, n) over the rest of 
the surface. There would have been on S a surface density 
o =I, cos(h, m)+1,cos(h, my), where n, and n, represent 
exterior normals to the regions in which P had the densi- 
ties p, and p, respectively. This distribution is therefore 
equivalent to two distributions uniformly polarized in the 
direction of A, and laid together so as to haye the common 
surface S. , 

If, again, the density of P had been given by the expression 


P= po SY *)s : 
where pp is a constant and 7 an analytic funetion of the space 
coordinates, then, if P had been displaced parallel to the « 
axis, there would have been, (1) a region common to P and 
N in which the density would have been 


poLS(@ — hy y, 2) —f(® Ys #)] or — poh-D, f+ 
where e is an infinitesimal of the same order as h, (2) a region 
of density po f(x — h, y, 2) where P extended beyond JN, and 
(3) a region of density pof(«, y, #) where NV extended behind 
P. If the limit of pod had been the constant A», and if 
Ay: f(x, y, #) had been denoted by 4, the resulting distri- 
bution would have had a surface density « = A cos (x, n) over 
the boundary of the space originally oceupied by N and P 
and a volume density p = — D,A inside this boundary. This 
kind of distribution is called a non-uniform polarization of 
intensity A, the direction of the polarization being that 
of the x axis. We know from Green’s Theorem that the 
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surface integral of A cos (zx, ) taken over any closed surface 
is equal to the volume integral of + D,A taken through the 
space bounded by the surface, so that the whole amount 
of matter, algebraically considered, in the distribution just 
discussed is zero. 

If such a distribution as this were placed in a uniform field 
of force of intensity /, perpendicular to the a axis, it would 
encounter a couple of moment 


M=F{fe-o-dS+ Pf (x-p-de 
=F {x-A-cos(e, »)dS— Ff ( ('x-DpA-dr 
=F f { {[D.@4)—«-D,Ajdr 
=Ff A-dr. 


Here, again, the volume integral of the intensity of the polar- 
ization is a measure of the moment of the couple which 
would be exerted upon the distribution, if it were placed in a 
uniform field of unit strength perpendicular to the a axis. 
The intensity of the polarization at any point in a polarized 
distribution has been called the moment per unit volume of the 
distribution at the point. If a distribution polarized in the 
manner just described parallel to the x axis were placed 
in a uniform field (Xj), Yo, 2%), not perpendicular to the « 
axis, it would experience a couple the components of which 


would be 
0,- Bf ff A-dnVo ff te i. 


If pV (a, y, %) is the potential function at (a, y, z) due to 
P in its original position, the potential function at (a, y, 2) 
due to N and P, after P has been displaced parallel to the 
axis of x through the distance h, is 


pol Va — hy ys 2)— V(x, y, #)], oF — poh DV + 6%, 


ae 
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where e is an infinitesimal of the same order as h. As h is 
decreased and p, so increased that p,h is always equal to Ao, 
the potential function at (a, y, z) due to the resulting distri- 
bution becomes — A,- D,V. Thus, if P isa sphere of radius a, 
the density of which is proportional to the distance from its 
centre, we have p= por, V =p, (4a*— 7*) /3 if r<a, and 
V=-zpa't/r if r>a. The polarization in the resulting 
distribution is A,r, where A, is a constant to be chosen at 
pleasure; the potential function has the value rdgrr within 
the polarized sphere, and 7A,a‘z /7* without it; the moment 
of the sphere is 7A,a*. 

Imagine six coincident bodies, P;, i, Ps, N2, Ps, Ns, of 
densities pofi(x, Y=), — poFi(®s Ys *)» Pofs(s Ys *)s — poSa(*s Y;*)s 
Pods (2, Ys 2), — pots (x, y, %) respectively. Imagine P,, P,, Ps 
displaced through distances / parallel, respectively, to the axes 
of x, y, and 2, then imagine A to decrease and p, to increase 
in such a way that pA is always equal to a constant WZ. If 
Mf, (x, y, 2), Mfr (x, y, 2), Mfs(x, y, =) be denoted by A, B, and 
C respectively, the resulting distribution has a surface density 
o = Acos(a, n)+ Beos(y, n)+ Ccos(z, n) on the boundary 
of the space originally occupied by the six bodies, and a volume 
density p = —(D,A + D,B + D.C) in the region enclosed by 
this boundary. dA, B, C are usually considered to be the 
components taken parallel to the codrdinate axes of a vec- 
tor, J, so that o = J cos(n, IZ) and p = — (Divergence of J). 
The whole amount of matter in the distribution is zero. J is 
called the polarization, and the direction of J at any point 
is the direction at that point of the polarization. The lines 
of the vector Z are defined by the equations 


det / A = dy /B = dz/C, 


and are called the dines of polarization. If through every 
point of a curve, s, in a polarized distribution, we draw a 
line of polarization, we shall get (unless s is itself a line of 
polarization) a polarization surface; if s is closed and the 
polarization surface tubular, the latter is called a tube of 
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polarization. The product of the cross-section of a very 
slender tube of polarization at any point, and the value 
at that point of JZ, is sometimes called the strength of the 
tube. The matter in a slender tube of polarization con- 
stitutes a polarized filament. If the vector J is solenoidal, 
the distribution is wholly superficial, and the strength 
of every tube of polarization is constant throughout its 
length. Uniform polarization is a special case of solenoidal 
polarization. 

It is evident that the generally polarized distribution just 
mentioned may be regarded as formed by the superposition 
of three distributions polarized parallel to the axes of 2, y, 
and z respectively, and it is easy to see that a uniformly 
polarized distribution in a uniform field (X), Y,, 4) will be 
acted on by a couple the components of which are the prod- 
ucts of the volume of the distribution and the quantities 
ep OS gg Ag Aig AV,.— Da, 


A short, extremely slender, right prism, uniformly polar- 
ized in the direction of its length, forms a simple kind of 
polarized element. If 21 is the length of such an element, ¢ 
its cross-section, and J the intensity of its polarization, 2 g/l 
may be called the moment of the element, for it represents the 
moment of the couple which would act upon the element if it 
were placed perpendicularly across the lines of a unit field. 
This product of the volume of the element and J we may 
denote by I. We know that the field of force due to the 
element is mathematically accounted for by a superficial 
negative charge, — J, on one end of the prism and an equal 
positive charge on the other end. Let @ be any point distant 
r, from the negative end and r, from the positive end of the 
axis of the prism, and 7 from its centre. Let (7, 1) be the 
angle between the direction of polarization and the line drawn. 
from the centre of the axis to @; then, since 


re=rP+P2+ 2Qrl-cos(r,D) and r= 7? + ?— 27rl-cos(r, L), 


| — a 
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the value at @ of the potential function due to the element 
is gI(1/rz—1/1) or 
ql(r? — 72) [1_,(% + 7%) or 2rM-cos(r, 1) /7y72(71 + 72): 


The limit, I. cos(r, I) /r?, of the expression just found is 
called the potential function due to a uniformly polarized 
element, or to a space 
doublet. It will appear 
from the work which fol- 
lows that a similar result 
might have been obtained 
from the use of a gener- 
ally polarized element of 
any form. The lines of 
force due to a polarized 
element are shown in 
Fig. 53; they are the 
same as the external lines 
of force in Fig. 50. 
Before we attempt to 
find an expression for the 
potential function due 
to a generally polarized 
finite distribution, it is 
well to notice that if 
the vector J is discon- 
tinuous at any surfaces, 
the distribution may be 
Fie. 53, considered as made up 
of a number of contin- 
uously polarized portions abutting at these surfaces: we 
may confine our attention, therefore, to continuously polar- 
ized distributions. If a given distribution of this kind has 
the volume density p’ in a region 7’ and a surface density 
o'on the closed surface S' which bounds 7", the potential 
function at the point (#, y, z) due to the distribution is 
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r={ (= eff fee. 

r r 
where 7'is the distance from the point (z’, 7’, z') in the volume” 
or surface element ¢o the point (a, y, z). If J'is the value 
of the polarization at (a', y', 2'), and.if we substitute the 


values of p'and o'in terms of J' and its components A', B’, C', 
we have 


y= { flees (x', n) + B' cos (y', n) + C' cos (2', m)) ag! 
' Le 
ff DA I ds te Glee 
= dr'. 


Te 
whe: eee 
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we may write 


! 
— ff = dr' 
vfs 
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with similar expressions for the other terms of the triple inte- 
gral, all the double integrals are cancelled, and we have 


! lhe ; the : 
v=-ff A'.-Dir+B = r+C Dy? y 
fae Boe Oe =a), 
= dr 
"aa 
=fff=e (!, r) + B' cos (y', 7) + C'cos (2', 1) an! 
ae 2 


r 
=ff SANGER 
r 


The quantity under the integral signs in this last expression 
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is, as we have just seen, the potential function due to an 
element at (z’, y', 2’), in which the polarization ist", 

If the polarization is solenoidal, the volume integral of p' 
is equal to zero and a surface integral alone remains. 


We have seen that a polarized distribution is completely 
defined when the form of its boundary, S, and the values of 
the components of the vector J within it are known, and that 
its potential function has the same value (at least at outside 
points) as that due to an ordinary distribution of matter made 
up of a certain volume distribution within S and a certain 
superficial distribution on 8. What we usually call a polar- 
ized distribution is supposed to be quite different, however, 
in its physical nature from this ordinary distribution, which 
may be said to be mathematically equivalent to it. A simple 
illustration will make the character of this difference clear. 

If a number of small cubes, all uniformly polarized parallel 
to one edge, with common intensity J, were placed together, 
with their directions of polarization parallel, to form a larger 
cube, P, superficial distributions of equal and opposite den- 
sities would come in contact, and the resulting distribution 
would appear to consist only of a positive charge uniformly 
spread on one face of the larger cube and an equal negative 
~ charge spread uniformly on the opposite face. That is, the 
potential function, at outside points, due to P, would be the 
same as that due to an indifferent body, P', of the same 
dimensions as P, charged with a superficial distribution of 
density + J on one face and a superficial distribution of den- 
sity — J on the opposite face. If, however, we define the force 
at a point within a distribution to be the foree which would 
urge a unit mass concentrated at the point, if an infinitesimal 
cavity were excavated at the point to allow of its introduc- 
tion, the intensity of the force at a given point within P’ 
might be very different from that of the force at the corre- 
sponding point in P. The first would be due merely to the 
surface charges already mentioned, whatever the shape of 
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the cavity, while if an excavation were made in P by remov- 
ing one of the very small uniformly polarized cubes of which 
it is made up, the surface charges on the adjacent cubes would 
appear, and, however small the cavity might be, these would 
be found to modify the force very appreciably. We must 
regard such polarized distributions as occur in nature as made 
up of polarized molecules, so that if any portion be broken off, 
across the lines of polarization, from a body in which the 
polarization is defined by the vector J, each portion is a 
polarized distribution defined by the same vector as before at 
every point, so that a surface distribution appears on each of 
the new faces formed by the fracture. Every magnet appears 
to be a polarized distribution of magnetic matter, and prob- 
lems in magnetism, as the reader who has some knowledge 
of magnetic phenomena will see, can be conveniently attacked 
by the analysis of this section. 


If into a field of electric force a conductor or a mass of 
dielectric different in nature from that which it displaces be 
introduced, the field becomes changed in a manner completely 
explainable on the assumption that the conductor, or the 
dielectric, has become electrically polarized, and that the 
surrounding dielectrics are now and were polarized. Indeed, 
results of experiment compel us to assume that space which 
seems to be empty of ponderable matter is still occupied by 
a medium, the ether, capable of transmitting electrical forces, 
We must assume, also, that every medium with which we are 
acquainted, whether it be solid, liquid, gaseous, or ethereal, is 
susceptible to electrical and to magnetic forces, so that if a 
mass of any isotropic medium be placed in a field of electric 
(or magnetic) force, it becomes polarized by induction in such 
a manner that the direction of the electric (or magnetic) 
polarization coincides at every point with the direction of 
the resultant electric (or magnetic) force due to all the 
apparent electrical (or magnetic) matter in the universe, 
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including that which belongs to the polarization of the 
medium itself. The ratio of the intensity of the polariza- 
tion induced at any point of a medium by the resultant force 
at the point is called the susceptibility of the medium at the 
point under the given circumstances, Every medium has 
both an electrical susceptibility and a magnetic susceptibility, 
and these may be represented by very different numbers. 
The susceptibility of a medium to magnetic influences often 
depends upon the intensity of the inducing force; we may 
consider, however, that, if a medium is homogeneous, its elec- 
trical susceptibility (k) has the same value throughout. A 
medium in a field of force may have an intrinsic polarization 
as well as the polarization induced in it by the field. A steel 
magnet in the earth’s field illustrates this possibility. 

A given region may be at once a field of magnetic force and 
a field of electric force, so that any medium, wher placed in 
this region, becomes both magnetically and electrically polar- 
ized. Since the two polarizations are similar, we need speak 
in what follows only of one, if we keep in mind the fact 
that two quite independent polarizations may coexist. We 
shall represent susceptibility by * and inductivity by », with 
the understanding that different numerical values must be 
assigned in general to these quantities according as we are 
dealing with electrical or magnetic phenomena. 

In the most general case of either electrical or magnetic 
polarization we may imagine that an isotropic medium has 
(1) an intrinsic volume charge of density p,, where p, is a 
scalar point function, (2) superficial intrinsic charges over 
certain surfaces, and (3) an intrinsic polarization J, with 
components Ay, By, Cy, which may or may not be everywhere 
continuous. In addition to this it has (4) an induced polar- 
ization which, as we have seen, has the direction of the 
resultant force coming from all the apparent charges in 
existence, including those which come from the intrinsic and 
induced polarization of the medium itself. We may assume 
for our present purposes that & depends upon the character 
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of the medium, but not upon the intensity of the resultant 
force (A, Y,Z). The whole apparent volume density, accord- 
ing to the statements just made, is, in the general case, 


P = py —[D,A, + DB, + D.C] 
—[D, (kX) + D,(kY) + D,(kZ)], 
and this is equal, according to Poisson’s Equation, to 
—W*V /4x, or to (DX+ D,Y + DZ) /4c. 


If we denote 1+ 47k by p, this equation may be written in 
_ several interesting forms, and may be regarded as a general- 
ized Poisson’s Equation. 


D,(pX) + D,(w¥) + D,(uZ) 

=4x[p, —(D,A, + D,B, + D,C,)], 
De(uX + 4xA,)+ D,(p¥ +423) + D,(pZ +400, =4 mpg 
D[X+42(kX+A4)]+ D,[VY+4r(k¥ + B,)] 

+ D,[Z+40(kZ +C,)]=4 xy 


The, vector, the components of which are (uX + 474,), 
(uY+47B), («Z+47C,), or, what is the same thing, 
(X +474), (Y¥Y+47B), (4+470C), where A, B, C are the 
components, (AX + Ay), (AY + Bo), (AZ ae Co), of the resultant 
polarization arising from the superposition of the intrinsic 
and the induced polarizations, is called the generalized induc- 
tion. At a charged surface, the sum of the normal compo- 
nents of the generalized induction, pointing away from the 
surface on both sides, is evidently equal to 470). The sum 
of the normal components of the force, pointing away from 
the surface on both sides, is equal to 470, while every tan- 
gential component of the force is continuous at the surface. 

If in a homogeneous medium incapable of being polarized 
inductively, where there is an intrinsic polarization J, (with 
components A,, By, Cy), but no intrinsic body or surface 
charges not accounted for by the polarization, the polarization 
within the medium coincides everywhere in direction with the 
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force due to all the active matter in existence, ineluding the 
polarization masses, and if the intensities of the polarization 
and force have everywhere the constant ratio A, the divergence 
of the polarization is evidently equal to A times the diver- 
gence of the force, and Poisson’s Equition becomes 


D,X + D,Y+DZ=—42d(D,X+ D,Y+D,Z), 


so that the force and the polarization must be solenoidal. 
The converse of this theorem is evidently not true. 

Inductive bodies which are ineapable of being intrinsically 
polarized are sometimes said to be electrically or magneti- 
cally soft. Most isotropic substances seem to be electri- 
cally soft. Bodies which can be intrinsically polarized, but 
which are assumed to be incapable of being polarized by 
induction, are sometimes said to be electrically or magneti- 
cally hard. No absolutely hard media are known to exist, 
but the magnetie susceptibilities of some permanent magnets 
are comparatively small. 


The generalized Poisson’s Equation becomes 
D,(uX) + D,(u¥) + D,(uZ) = 4 xpy 


in the case of a body which has no intrinsic polarization, 
and the generalized induction becomes the simple vector 
(wX, w Y,~Z) discussed in the last section. This vector coin- 
cides in direction with the resultant force at every point. 
At a charged surfaee which also separates two media of 
different induetivities, the tangential components of the 
force are continuous, but the produet of the tangential 
component of the force and the induetivity is clearly not 
continuous. The normal component of the foree is discon- 
tinuous by 47 times the apparent density of the charge on 
the surface, while the normal components of the induction 
are discontinuous by 47x times the density of the intrinsic 
charge on the surface. In general, therefore, in soft media, 
neither the tangential nor the normal components of the 
induction are continuous, but the directions of the force and 
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induction coincide with each other close to the surface on 
both sides of it. 

If x is independent of the intensity of the resultant force, 
the volume density, —[D, (kX) + D, (kY)+ D,(kZ)], due to 
the induced polarization in a homogeneous medium, may be 
written —k (D,X + D,Y+D,Z), or k-V?V, and this van- 
ishes at all points where there are no intrinsic body charges. 
We must, therefore, consider homogeneous dielectrics about 
charged bodies to be solenoidally polarized. 

If a mass, M, of a soft homogeneous medium of indue- 
tivity »,, be introduced into a given field of force in an 
indefinitely extended homogeneous medium of inductivity py 
which contains no “real” charges at a finite distance from 
M, the two media become solenoidally polarized, there is an 
“apparent” charge, e’, at the surface S, of M, and the poten- 
tial function V is now the sum of the given potential func- 
tion V,, which defined the field when the place occupied by 
M was filled with medium of inductivity »,, and the potential 
function V’, which might. be computed from the expression 
Limit 3(de! /7r), since it is equal to the potential function in a 
medium of unit inductivity due to a real charge, e. If, and 
m, are normals to S drawn respectively into and out of JZ, we 
have at every point of S, 


pal Se by D,, V = 0, D,Vo + Dy Vo = 9, 


and, if r= Py / pos 
X- DV" + D,,V* + (0 ~ 1) Dy Vs = 0, 


in which X is positive, and, since V, is given, the last term of 
the first member is a given function, f(z, y, z). V' is con- 
tinuous at S,it is harmonic within and without S, and it van- 
ishes canonically at infinity; it is easy to show that all these 
conditions determine V’' (and, therefore, e') uniquely. For if 
we assume that two different functions may satisfy the condi- 
tions, and if we denote their difference by uw, w~ must vanish 
canonically at infinity, be continuous at S, and satisfy Laplace’s 
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Equation within and without S. On S, p,-D,,u + py: D,,u = 0. 
If, now, we apply [149] to w, choosing for A of that equation 
the value p, in the space within S and the value p, in the space 
without S, it is evident that « must have everywhere the 
value zero. It is to be noted that changes in p, and p, which 
did not affect their ratio, would not affect V’. 

If the strength of the given field had been greater in the 
constant ratio m than it was, the potential function )'", due to 
the apparent charge on S, would have been larger in the same 
ratio, for [149] shows that the difference between the two 
functions V" and mV' (both of which vanish canonically at 
infinity, are continuous at S, are harmonic within and without 
S, and at S satisfy an equation of the form 


A: D,, V" + DV" + m- f (a, y 2)= 0), 


is identically zero. 


If, when a hard body, ¥, solenoidally polarized intrinsi- 
cally, is placed in a field of force in a homogeneous soft 
medium of inductivity unity, the directions of the polariza- 
tion and of the resultant force are found to coincide within 
M, and, if the ratio of the intensities of these vectors is equal 
at every point of M to the constant k, the potential function 
within and without J/ is the same as if MW were a homogene- 
ous, perfectly soft medium of susceptibility * and induc- 
tivity 1+ 47k, polarized inductively by the original field. 
To prove this we have only to compare the properties of the 
potential functions in the two cases. Let S be the bounding 
surface of M, let n, and n, represent respectively interior and 
exterior normals to S, and let VY, be the potential function 
due to the original field; then V, is harmonic within S, and 
on S, where V, is continuous, D,,Vo+ D,.V¥o = 9. Let I' be 
the polarization in the hard body M, and J" the polarization 
which would be induced if S were filled by a soft medium of 
inductivity 1+ 47k, and let V' and V" be the correspond- 
ing potential functions. The components of J’ and J" in any 
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direction at any point within § are respectively equal to 
—k times the derivatives, at the point, in the given direc- 
tion, of Vj + V' and V+ V". The density o' of the real 
charge of S in the case of the hard body is — J'- cos (m, L') 
or k- D,,(V) + V"') and the density o" of the charge which 
would be induced on S, if M were displaced by the soft 
medium, is — 1". cos(m, I") or k-D, (Vy + PN TI, 


NY 


Dy (Vo + V1) + D,.(Vo+ V") = —42k-D,, (Vo + V), 
are (tak) Do (V+ V") + DV, +7") =0, 

or (1 +4xk)-D,,V' + D,,V' = —Ark-D,, Vo, 

and Seay De VS DV —A ck DV y 


If, now, «= V'— V",u is harmonic within and without S, 
it vanishes canonically at infinity, and it is continuous on 8, 
where (1+47k)-D,u+D,,u=0. It is easy to prove, with 
the help of [149], that under these circumstances w must be 
identically equal to zero, so that V' and V" are identically 
equal. 


We know from work done earlier in this section that when 
a uniformly polarized sphere is placed in a uniform field of 
force of intensity X, so that the direction of the polarization 
and this field coincide, the resultant field within the sphere is 
a uniform field of intensity X,—47//3 in the direction of 
the polarization, and that the ratio of the polarization and the 
force is the constant k= 37/(3 X, —47J), or 3/47(x — 1), 
so that J=3X,[(1+47k)—1]/4c7[A+47k)+2]. We 
infer from this that if a sphere of soft medium of inductivity 
» were placed in a uniform field of force of intensity X) in 
a soft medium of unit inductivity, the sphere would become 
uniformly polarized to intensity 3X) (4 —1)/47(%+ 2) and 
that the uniform field inside the sphere would have the 
direction of the outside field and the intensity 3X) /(u+ 2). 
Since in such a case as this the ratio of the inductivities of 
the inner and outer media is alone important, we may say 
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that, if a soft sphere of inductivity p, were placed in a 
uniform field of intensity X, in a soft medium of inductivity 
po, the sphere would become uniformly polarized to intensity 
3 Xo (m/e — 1) /4 7 (a [be + 2); 

or 3X) (py — pa) /4 (mr + 2 po); 

and that the intensity of the uniform resultant field within 
the sphere would be 3.X4/ (jy /p2 +2) OV 3 poy / (py + 2 py). 
That part, X) (4, — #2) / (#1 + 2), of the field within the 
sphere which is due to the polarization alone, is negative, if 
pt, > Ps, and is then called the sedf-depolarizing force. 

If we note that in the analysis accompanying Figs. 51 and 
52, x was defined by the equation X,=42/,/3 and that 
consequently y= (m,/p2, + 2) /(u,/m,—1), we may apply to 
our present subject all the work there done. These figures 
represent the lines of force for the cases p,/py=o and 
b/g = respectively ; the first corresponds to a perfect 
conductor in a uniform electric field, or (approximately) to a 
sphere of very soft iron in a uniform magnetic field in air. 
The theory of the polarization by induction of a soft sphere 
in a uniform field was first given by Lord Kelvin, and this 
theory, with diagrams for p,/p, = 2.8 and p/p, = 0.48, may 
be found in his Reprint of Papers on Electrostatics and Mag- 
netism. Very interesting figures, drawn for equal intervals 
of the function m and corresponding to py / py = 3, py / py = %, 
are given on pages 373 and 374 in Professor Webster’s Theory 
of Eleetricity and Magnetism. 


If an ellipsoid, made of inductively hard material and uni- 
formly polarized [J = (A, B, C)], be placed in a uniform field 
of force (X, Yj, Z), the resultant field within the ellipsoid 
will evidently be uniform and its components will be 


X, — 2rabcAKy Y, — 2 rabeBLy Z,— 2 rabeCM,; 
the directions of the polarization and the field will not agree, 


however, unless these components are as 4: B: C, which will 
be the case if 
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A=kX)/(1+2rabckK)), 
B=kY,/(1+2 rabckL,), 
C=kZ,/(1+2rabckM), 


where & is any constant. If the intrinsic polarization of the 
ellipsoid satisfies these conditions, the ratio of the intensities 
of the polarization and the field is & We infer from this 
that if a homogeneous ellipsoid of inductively soft material 
of susceptibility & be placed in a uniform field of force in a 
medium of unit inductivity, the ellipsoid will become uni- 
formly polarized and that the components of the polarization 
will have the values just given. The resultant field within 
the ellipsoid will have the components 


X,/A +2 rabckKy), Y,/(1 +2 rabekL,), 2, /(1 + 2 rabekM) 
and the self-depolarizing force the components 
— 2 rabcK, A, — 2 rabcL,B, — 2 rabeM,C. 


These results may be expressed in terms of the inductivity p 
of the ellipsoid by writing («—1)/47 for k, and if, then, 
the ratio p/p, be substituted for mw, the formulas will corre- 
spond to the case of a soft homogeneous ellipsoid of induc- 
tivity », in a field of force in a homogeneous medium of 
inductivity po. 

If we remember the expression already found for the 
moment of the couple which a uniform field exerts upon a 
uniformly polarized distribution in it, we shall see that in 
the present case the components of this couple are 


4 rabe(BZ, — CY) /3, 4 rabe (CX, — AZ) /3, 
and Amabe (AY, — BX) /3, 
or 
8 22a? YZ, (M, — Ly) /3 (1 + 2 rabekhM,) (1 + 2 rabck Ly), 
8 wack? Z,X, (Ky — My) /3A,+ 2 rabckhK,) 1 + 2 rabckM), 
8 2a? X, Vy (Ly — Ky) /3 (1 + 2 rabckLy) A + 2rabck Ky) ; 
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and it is to be noted that, according to the reasoning of page 
122,ifa>b>c, K,<L,< M, If the lines of the field in 
the air make an acute angle with the plane of xz and are 
perpendicular to the z axis, Z, = 0 and X,and Y, are positive, 
the axis of the couple is the axis of z, the moment is positive 
(even for such negative values of & as occur in nature), and 
the ellipsoid tends to turn so that its long axis shall have 
the direction of the field. 


For perfectly hard, intrinsically polarized bodies the gen- 
eralized Poisson’s Equation becomes 


~ D,(X + 42Ay) + D,(¥ +42B) + D(Z +42 C,) =4 apy, 
and if p, = 0, as in the case of a hard magnet, the induction 
(X+47A, Y+t4xrB, 7Z+42C) 


is solenoidal. Unless the intrinsie polarization happens to 
have the same direction as the resultant force, or vanishes, 
the lines of force and the lines of induction do not coincide. 
In some cases, the directions of the force and of the polariza- 
tion are exactly opposed, and the lines of foree and of indue- 
tion are opposite in direction. Outside a hard magnet, where 
the intrinsic polarization is nothing, the lines of force and of 
induction are identical. At the surface of the magnet, where 
there is no intrinsic charge except that which belongs to the 
polarization, the normal component of the force is discontin- 
uous, while the normal component of the induction is con- 
tinuous. It is convenient, therefore, to regard the lines of 
induction as closed curves. The lines in Fig. 50 represent 
both lines of force and lines of induction, but it is to be 
noticed that inside the sphere, where XY = — 47J/3, the direc- 
tion of the lines of force is from right to left, while the direc- 
tion of the lines of induction (since J=+87J/3) is from 


left to right. The straight line of force through the centre 


of the sphere is discontinuous in direction at the surface, 
while the corresponding line of induction is continuous. The 
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tangential components of the force are continuous at the sur- 
face of a magnet, those of the induction discontinuous. The 
normal component of the induction just within the surface is 


(X + 4A) cos (a, 2) + (¥ + 47B,) cos (y, 7) 
+ (4 + 4a C,) cos (2, 2), 


or the normal component of the force plus 47 times the 
density on the surface belonging to the intrinsic polarization. 

If we make a small cavity inside a generally polarized hard 
body, the force at any point of the cavity is the original value 
of F (that is, the negative of the gradient of the potential func- 
tion at the point), minus the contribution due to the volume 
charge removed, plus the force due to the new surface charges 
which appear on the walls of the cavity. If the volume of 
the cavity be made smaller and smaller, the contribution due 
to the volume charge removed can be made as small as we 
like, while the effect of the surface charges may remain finite. 
Let the cavity be of the form of a piece of a slender tube of 
polarization lying between two near orthogonal surfaces. In 
this case there will be surface charges on the ends of the 
cavity, but none on the side walls. These charges, of density 
+ J, will be such as to drive a particle of positive matter in 
the centre of the cavity to that end of the cavity towards 
which the polarization is directed. If we reflect that a surface 
distribution of finite sie, which has at the point P the density 
o, repels a unit point charge infinitely near P with a force of 
2-0, but that an element of the surface at P, infinitely small 
with respect to the distance of a point charge from P, has no 
perceptible effect upon this point charge, it will be easy to 
see that, if the cross-section of the cavity is infinitely small 
compared with its length, the force due to the surface charges 
on the ends approaches zero as the whole cavity is made 
smaller, and the force at the centre of the cavity is F. If, 
however, the length of the cavity is infinitely small compared 
with its cross-section, the force due to the charges on the 
ends is 470, or 47J, so that the whole force is f+ 4-/J, or 
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the induction at the point before the cavity was cut. If the 
infinitely small cavity were spherical, the force at its centre 
would be #'+ $71. 


It is to be carefully noticed that we have no means of 
determining an absolute inductivity for any medium, but only 
the ratio of the inductivity of the medium to the inductivity of 
some other medium taken as a standard. The unit quantity 
of electricity is defined to be that quantity which concentrated 
at a point at a distance of one centimetre from an equal 
quantity would repel it with a force of one dyne, when the 
dielectric is the ether. In any other homogeneous dielectric 
of inductivity » times that of the ether, e of these units of 
electricity concentrated at each of two points distant 7 centi- 
metres from each other would repel each other with a force 
of e? /ur? dynes, so that, if this medium had been used as a 
standard, the unit of electricity would have been larger in the 
ratio of Vu to 1 than it now is. If a charged conductor is 
enveloped by an infinite, homogeneous dielectric, we may assume 
the apparent charge on it to be its real charge and neglect the 
polarization of the dielectric (and we do this when the dielec- 
tric is the standard substance which we assume to have unit 
inductivity, and hence no susceptibility) ; or we may suppose 
the dielectric to be polarized, and consider the apparent 
charge to be the algebraic sum of the real charge on the 
conductor and the charge belonging to the polarization induced 
on the dielectric. This we do when the dielectric is not the 
standard substance, assigning to it a susceptibility based on 
that of the standard substance which is the zero of our scale. 
A simple illustration will tend to make the rather complex 
‘relations which would attend a change in the choice of a 
standard substance more intelligible. 

A spherical conductor of radius a has a charge, Z, and iis 
surrounded by three spherical shells of homogeneous dielectric, 
concentric with it, the last reaching to infinity. The radii of 
the spherical surfaces which separate the first (inner) dielectric 
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from the second, and the second from the third, are 6 and 
c respectively, and the inductivities of the dielectrics, referred 
to some standard substance, are py, me, and ps, or 1+ 47h, 
1+4rk., and 1+ 47k;. If we apply Gauss’s Theorem suc- 
cessively to spherical surfaces concentric with the conductor 
and lying in the first, second, and third media, we learn that 
the force (— D,V) at a distance r from the centre has, in the 
three media, the values £/pyr?, EH /por?, HE /psr?. The ccn- 
ductor acts like a medium of infinite susceptibility. The 
induced polarizations in the three media are directed radially 
outward, and their intensities are k,#/py?, koL/por?, kyH/par’. 
The densities of the apparent charges at the surface S, of the 
conductor and at the surfaces of separation S,, S, of the 
dielectrics, regarded as manifestations of the polarizations, are 


wy — E/A4 ra Sa ky E / pa? — E/4 Tay on Si, 
o'g = ky EB / pyb? — ke / pb? = E (uy — pe) /4 7b? ype on. Sr, 
and o's = kok / jase? == ke / psc? = E (pg = bs) /4 10" ofhy on Ss, 


These same densities might also be found by the aid of the 
ordinary characteristic equation of the potential function at 
an apparently charged surface, D,, V + D,.V = —47eo'. 

If instead of using the old standard we make the outer 
dielectric of this problem the standard, the unit of electrical 
quantity will be larger in the ratio of Vy; to 1 than it was 
before, and the old charge on the condenser will be E/Vps 
expressed in the new units. The strength of a field at cny 
point being the force in dynes which would be experienced 
by a unit of positive matter placed at the point, the number 
which expresses the strength of a given field in the new units 
is Vug times the number which expresses the strength of the 
same field in the old units. The inductivities of the three 
dielectrics are now p/P; #2 / Ms 1, and their susceptibilities 


mo in — on) /4 ta 0F (Fen — Bs) /CL + 4m), 
(ya — ps)/4 mpg OF (Ie — ka)/(1 + 4h), and 0. 
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The strengths of the fields in the three dielectrics are 
£ V is / pat”, LE V ps / par, ENV ts / pst; 
the intensities of the polarizations are 
Ei (jy — ps)/4 V ps par, E (p2 — ps)/47 V os war, 0; 
and the apparent charges on S;, S,, S; have the densities 
EV ps /4 20%, E (py — pa) Vos /4 707 m2, 
and E (py — ps) Va /4 re pops. 


The sum of the apparent charges on S;, S., S; is now #/ V tay 
the real charge on the conductor expressed in the new units, 
and the sum of the induced charges is zero. In the case first 
treated, where the outer medium was supposed to be polarizable, 
the sum of the apparent charges on S,, S., S; was £/ps, and 
this, being expressed in the old units, is equivalent to 2/ Vis 
in thenew. The sum of the induced charges was the difference 
between 4 /yu; and # or #(1 — ps)/ps; in this case, however, 
we must imagine the outer surface “at infinity” of the outer 
medium to have an induced charge in total amount equal 
to the integral of the normal component of the polarization 
(ksH/psr*) over the surface, or 47k,#/ps, and this is equal 
to EL (us — 1)/ps, so that here, again, the whole amount of the 
induced charge is, of course, zero. It is to be noted that this 
finite charge at infinity does not affect the electrical field in 
any way. We have seen that when the outer medium is 
taken as a standard the inner medium has a susceptibility 
(#1 — ps)/4 ps, and this is sometimes called the susceptibility 
of a medium of inductivity ~,; with respect to a medium of 
inductivity ps3. No medium has yet been found to be less 
electrically susceptible than,the ether. Some bodies are less 
magnetically susceptible than the ether, so that their suscepti- 
bilities are negative on the usual scale. These bodies are 
said to be diamagnetic. 

If a body of inductivity »,, bounded by the surface S, is 
placed in a large mass of a medium of inductivity po, the outer 
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surface of which is so far removed from the place of observa- 
tion that the apparent charge on it contributes little to the 
field of force, the fact that the outer medium is really polarized 
may be lost sight of; and if we attribute the apparent charge 
on S wholly to the polarization of the inner medium, instead 
of regarding it as the difference between the charge of one 
sign due to the polarization of the inner medium, and the 
charge of the opposite sign due to the polarization of the 
outer medium, the apparent susceptibility of this medium 
will be (u;— pe)/47p. If p, is greater than p,, this will be 
negative and the inner medium will seem to be polarized in 
a direction opposite to that of the force. 


If in any given case the direction of the vector J is every- 
where perpendicular to the direction of its curl, it is possible 
to cut a polarized distribution by a set of surfaces, vu =e, 
everywhere normal to the line of polarization. If surfaces of 
this family be drawn for small constant differences, Au, of the 
scalar point function w, the distribution will be divided into 
shells, each of which is polarized normally to its surface. If 
An is the thickness of one of these shells at a given point and 
I, the average intensity of polarization on a line of polariza- 
tion drawn through the shell at the point, J)Az is called the 
strength of the shell at the point. Since D,u = h,, the value 
of the gradient of uw, the strength of a shell of infinitesimal 
thickness can be written I-du/h, A shell is said to be 
simple if I/h, has the same numerical value all over it; 
otherwise the shell is said to be complea. 

If A, B, C are the intensities of the components of the 
vector J, the fact that the lines of Z coincide with the nor- 
mals to the surface w = ¢ gives the scalar equations 


A/l=Dyfhy B/I=Dyfhy C/L=Dulhy3 
and with the help of these the vector 
[D,C— D,B, DA — D,€, DB — D,A), 
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which is the curl of J, may be written in the form 
[D.u-D,(I/h,) — Dw D.(I/h,), 
Du D,(If/h,) — Ds -D,(1/ hy), 
Dyu- D,(I/h,) — De D,(I/h,)} 


If, now, the scalar quantity Z/h, has the same numerical 
value over every surface of constant uw, it must be, if not 
everywhere constant, a function of w only, so that 


D,(I/h,): D,u = D,(I/h,): Dy = D,(I/ In.) Dery 
and if these relations are satisfied, the components of the curl 


of J vanish, and the polarization is lamellar. Every lamel- 
larly polarized distribution may be divided up into simple 


Fig. 54. 


polarized shells; if the polarization is not lamellar, but if the 
directions of this vector and its curl are everywhere perpen- 
dicular to each other, the distribution, as we have seen, may 
be divided up into shells, but these will not be simple. 


The potential function due to a polarized element of moment 
M has at a point, P, distant 7 from the element, the value 
M cosa /r?, where a is the angle which a line drawn from the | 
element to P makes with the direction of polarization in the 
element. Ifa very thin simple shell be divided up into ele- 
ments of length equal to the thickness (An) of the shell and 
of cross-section equal to an element (AS) of one surface of 
the shell, the moment of each element is AS-/An, and if 
IAn, the constant strength of the shell, be denoted by ®, the 
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potential function due to the shell has at any point, P, the value 
limit 2) cos (7, n) AS /r? = wo, where w is the solid angle 
subtended at P by the boundary of the shell. This value is 
positive if, in looking out from the vertex P within the conical 
surface which passes through the boundary of the shell, one 
sees the positive side of the shell. If, while the strength of 
the shell is unchanged and the boundary fixed, the shell itself 
be imagined deformed in any way, the value at P of the poten- 
tial function due to the shell will be unchanged so long as P 
is on the same side of the shell. The potential function due to 
a closed simple shell of any form is zero at every outside point 
and + 47@ at every inside point, where the positive sign is to 
be used if the positive side of the shell is turned inwards. 

If P and P' are two points close to each other on opposite 
sides of a simple, very thin shell, S, of strength ®, and if 
V, and V,, are the values of the potential function at P and P’, 
due to S, we may imagine the shell closed by an additional 
shell also of strength ® which shall add to the potential func- 
tions at each of the near points P and P' the quantity x If 
P is within the closed shell, P’ will be outside, so that 


V+a=0, Vitu=+4-n6, or V'—-V=+4 76. 


The potential function due to an infinitely thin, open or closed, 
simple polarized shell is, therefore, discontinuous at the shell 
by +47 times the strength of the shell. 

The potential energy of a magnetic north pole of strength m 
at a point, P, near a simple, finite magnetic shell is + m®a, 
and if P is on the positive side of the shell, mw ergs will be 
done by the field on the pole if it be carried to infinity by any 
path. If the pole be carried around the edge of the shell from 
a point very near the shell on the positive side to a point very 
near the first but on the negative side, the work done on the 
pole by the field will be 4 rm® ergs. 


In general, 
mPw = f von) ds, 
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where r is the distance from dS to P, and n is the normal to 
the shell on the positive side. If the directions of both r and 
n were considered reversed, the value of the integral would be 
unchanged, but it would then more clearly represent the sur- 
face integral, taken over the shell, of the normal component 
towards the negative side of the shell of the force due to mag- 
netic pole at P. If, instead of a single pole at P, there is any 
collection of poles at different points or, indeed, any magnetic 
distribution, M, the mutual potential energy of the shell and 
this distribution is equal to® times the flux of magnetic force 
due to M in the negative direction through the shell. 

A simple magnetic shell in a magnetic field, H,, due to 
matter outside the shell tends to move so as to decrease the 
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mutual potential energy of the shell and the field, and this 
quantity, as we have just seen, is equal to the negative of the 
product of the strength of the shell and the number WN of 
lines (unit tubes) of force due to the field which cross the 
shell in the positive direction. The shell, therefore, tends to 
move so as to make NV as great as possible. If the shell be 
displaced parallel to itself through a very short distance, du, 
in any direction, the limit of the ratio of the loss of energy 
(+ @-dN) caused by the displacement to du (i.e, &-D,N) 
measures the force U, which tends to move the shell in this 
direction. 

If we suppose that the shell in being displaced does not 
encounter any of the magnetic matter which gives rise to the 
field, , will be a solenoidal vector within the cylinder 
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generated by the shell, so that the integral of the normal out- 
ward component of AH, taken over the surface of the cylinder 
will be zero. The shell in its initial and final positions forms 
the ends of the cylinder, and these together contribute dV 
to the surface integral, so that the convex surface must con- 
tribute —dN. If ds is an element, measured in the positive 
direction about the shell, of the curve which bounds the shell 
in its original position, and if dS is the element of the convex 


‘surface of the cylinder generated by ds, 


dS = ds-du-sin (du, ds) ; 
the magnetic induction through this element due to the 
magnetic matter outside the shell is 
H,- cos (n, H,)-sin (du, ds)-du-ds, 
and this integrated with respect to s is equal to —dJ, or 
to — Udu/®. Therefore, 
U =— o (i, -cos(n, Hy) - sin (du, ds) - ds, 


and the component in any direction (w) of the whole force on 
the shell may be expressed as a line integral taken around the 
eurve which bounds the shell. The integrand vanishes at any 
point where w is parallel to H, or to ds, but if at any point w 


' happens.to be perpendicular to the plane of A, and ds, the 


integrand becomes H, sin (/,, ds), the component of the field 
perpendicular to ds. If, with this fact in mind, we choose at 
every point on the curve a direction, p, perpendicular to the 
plane of H, and ds, so that 

cos(p, ds)=0 and cos(p, H,)= 0, 


and remember that cos(n, ds)= 0, cos(u,n)= 0, we may 
easily prove that 
H,- cos (n, H,) - sin (du, ds) = H,- sin (H,, ds) - cos (p, wv). 


This shows that V may be mathematically accounted for by 
assuming that every element of the cwrvilinear boundary of 
the shell is urged in a direction perpendicular to the field and 
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to the element, by a force numerically equal to the product 
of the length of the element, the strength of the shell, and 
the component perpendicular to the element of the field, //,. 

If the field is due to a single magnetic pole of strength m 
at a point, P, distant r from ds, the force on the element 
would be m®-sin(r, ds)-ds /1?, and the foree exerted by the 
shell on the pole would be accounted for by assuming that 
every element, ds, of the boundary of the shell contributed 
an elementary component, m®-sin (r, ds)ds /r?, in a direction 
perpendicular to the plane of P and ds. 


Vector PoTrentiAL FuNcTIONS OF THE INDUCTION. 


Every vector, K, which, except in a given finite region, 7, 
is everywhere continuous, solenoidal, and lamellar, has in 
simply connected space outside 7’ an easily found scalar poten- 
tial function, W, which satisfies Laplace’s Equation. We may 
assign to W at pleasure a numerical value at any given point, 
O, and define the value of IV at any other point, O', to be the 
line integral of the tangential component of A taken along 
any path from O to O’ which does not cut 7. The partial 
derivatives with respect to x, y, and z of W thus defined 
outside 7’ are evidently equal at every point to the compo- 
nents of A parallel to the coérdinate axes, and, since K is 
solenoidal, V7” =0. If K so vanishes at infinity that the 
limit of the product of its intensity and the square of the 
distance (7) from any finite point is finite, the limit of 
mr’. DW is finite, and if we assign to W the value zero at 
any point at infinity, its value everywhere at infinity will 
be zero. If K is continuous and if it vanishes at infinity in 
the manner just described, and is known to be everywhere 
solenoidal and lamellar, it must vanish everywhere; for, if 
we apply [151] to the harmonie function W within an infinite 
sphere, it will appear that W, which vanishes at infinity, is 
identically equal to zero. The vector which represents the 
force in the case of a charged spherical conductor is solenoidal 
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and lamellar within and without the conductor, and it vanishes 
properly at infinity, but it is discontinuous at the surface of 
the sphere. It is usually convenient to assume that the 
integral of the normal component of a vector, taken over any 
closed surface at which the vector and its first derivatives are 
continuous, is equal to the integral of the divergence taken 
through the space within the surface, even though at some 
inner surface the vector is discontinuous. On this assumption 
the vector just mentioned is not solenoidal on the surface of 
the conductor, for it has there divergence equal in total 
amount to 47 times the charge. 

The line integral of the tangential component of a vector, 


taken around a closed curve on which this component is con- 


tinuous, is generally used as a measure of the integral of the 
normal component of the curl of the vector taken over a cap, S, 
bounded by the curve, even though at some curve on S the 
vector ceases to be continuous. 

A vector cannot be considered lamellar at a surface where, 
though its normal component is continuous, some of its tangen- 
tial components are discontinuous. 

If two continuous vectors, U and U', which so vanish at 
infinity that 7?U and 7r?U' have finite limits, have at every 
point in space equal curls and divergences, and are lamellar 
and solenoidal outside certain given finite regions, they are 
identical; for the difference between these vectors is every- 
where lamellar and solenoidal, and it vanishes at infinity in 
such a manner that the product of its intensity and the 
square of the distance from any finite point is finite. This 
theorem may be extended to the case where U and U', though 
not everywhere continuous, have identical discontinuities. 

If Ni, &; my & represent the numerical values at the point 
(a1, % #1) of the divergence and the curl components of the 
vector U, which outside a given region is everywhere continu- 
ous, lamellar, and solenoidal. and which so vanishes at infinity 
that 7?U has a finite limit; if 


WF me (@, —) 4(Y, — YF (1 — 2) 95 
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in which the integrations are to be extended over all space, or 
at least over all space where U is not lamellar and solenoidal ; 
we know from the theory of the Newtonian potential function, 
where similar integrals have been studied, that, if N, & 7, ¢ 
are the divergence and the curl components of U at (x, y, 2), 


VE=N, VF, =—é VF, =—y VE =—f 


Il 


The divergence of the vector /, which has the components 
F,, F,, F,, is equal to 


SSS Ch Ded /)+ m-Di1/2)+ G DA/ryJdry 
and, since D,(A/r) = — D,,(1/r), 
and — &-D,,(1/r) = D,6/r — D,,(&/7), 


we may write this by the help of Green’s transformation in 
the form 


S Sf Dai = Dim r D,6;) [r: dr, 
7 ffté - COS (@, 2) + m - COS (y, n) + {- cos (z, n)] /r-dS,, 


where the second integral is to be taken over the outer boundary 
of space. The integrand of the triple integral vanishes every- 
where, because the vector (€, », £), being the curl of another 
vector, is itself solenoidal. The field of the double integral is 
in a region where U is lamellar, so that the integral itself 
vanishes and F' is seen to be solenoidal for all values of 2, y, 
and 2. 

From these results it appears that the vector which has for 
its components (D,# plus the a component of the curl of 7’), 
(D,E pl.s the y component of the curl of #’), (D_Z plus the 


—s 
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# component of the curl of #) has everywhere the same curl 
and the same divergence as U and vanishes like it at infinity, 
so that it is identically equal to UV. D,E, DE DE are 
the components of a lamellar vector, and the curl of F is 
solenoidal, so that the vector U, which is not everywhere 
either solenoidal or lamellar, is everywhere expressible, as 
was first shown by Helmholtz,* as the sum of a solenoidal 
and a lamellar vector. The equations 


C= DD De 0, = DE DF Dr 
fa Dm Di DE 


give any vector, U, which is known to vanish properly at 
infinity, when its curl components and its divergence are 
known. If U is solenoidal, #H vanishes and / is a vector 
potential function of U. Every lamellar vector has a scalar 
potential function the component of the gradient of which, at 
any point, in any direction, gives the intensity of the compo- 
nent of the vector-at that point, in that direction. The com- 
ponent at any point, in any direction, of the curl of a vector 
potential’ function of a solenoidal vector gives the intensity of 
the component of the vector at the given point, in the given 
direction. Heaviside gives the name “circuital” to a vector 
which is solenoidal but not lamellar, and the name “ diver- 
gent” to a vector which is lamellar but not solenoidal. 

If p, is a function of a, y,, 2, and-if r? stands for the 
expression (a — 2,)? + (y — y:1)? +(¢ — #1)’, the familiar inte- 


gral 4f a i dx,dy,dz,, extended over all space, is a function 


of x, y, z, which Prof. J. Willard Gibbs in a remarkable paper f 
has denoted by the symbol Potp. Using this notation, we 
may write 


4H =—PotN, 4rF,=Poté, 42F, = Poty, 42F, = Pots; 


* Crelle’s Journal, Bd. LV, 1858. 
+ Elements of Vector Analysis, § 92. See also Heaviside’s Electrical 
Papers, XXIV. 
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and if we represent by Pot curl 7 the vector which has for 
its components Pot é, Pot y, Pot £, we have the vector equation 
47F= Pot curl U,and if U is solenoidal, 4 x UV =curl Pot curl UV. 
If U is solenoidal, 4 +U = curl eurl Pot U = Pot curl curl VU, 
and curl Pot U is a vector potential function of 47U, or 
Pot U is a vector potential function of a vector potential 
function of 47U. In the case of any polarized distribution 
whatever, provided there is no intrinsic volume density po, the 
induction is solenoidal and has a vector potential function. 


Il. ELECTROKINEMATICS. 


70. Steady Currents of Electricity. When a charged body 
A is brought up into the neighborhood of a previously 
uncharged, insulated conductor B, the two kinds of elec- 
tricity which, according to our provisional theory, exist in 
equal quantities in every particle of B tend to separate 
from each other and, as a consequence, free electricity 
appears on B’s surface, some parts of this surface becoming 
charged positively and other parts negatively. If A is brought 
into a given position and fixed there, the distribution on the 
surface of B quickly attains and keeps a value determined by 
the fact that the whole interior of B must be a region at con- 
stant potential, or, in other words, that the resultant force at 
any point within B due to the free electricities on its surface 
must be equal and opposite to the force at that point due to all 
the free electricity outside B. If, now, A with its charge is 
moved to a new position, the old distribution on B’s surface will 
not in general screen the interior of B from the action of A’s 
charge, and a new separation of electricity within Band anew 
arrangement or combination of the charge on the surface is 
necessary before a new state of equilibrium can be established. 
If A be moved continuously in any manner, there will be a con- 
stant attempt on the part of the separated electricities to set 


Oe 


ELECTROKINEMATICS. 223 


up a state of equilibrium, and hence at every point of B there 
will be, in general, some electrical change going on continually. 

If two conductors A and B at different potentials be con- 
nected by a fine wire, the whole will form a single conductor, 
which can only be in a state of equilibrium when the value of 
the potential function due to all the free electricity in existence 
is constant throughout its interior, and there will be such a 
transfer of electricity through the wire as will establish this 
state of equilibrium in a very short time. If, however, by any 
device we can furnish unlimited quantities of electricity to A 
and B in such a way as to keep them at the same potentials as 
at the beginning, there will be a continual attempt to establish 
electric equilibrium within the compound conductor consisting 
of A, B, and the wire, and. as a result, there will be a continual 
transfer of electricity through the wire. 

The transfer of electricity from one place to another through 
a conductor is a very common phenomenon. Sometimes, as we 
have seen, electricity traverses the conductor for a short time 
only; sometimes, however, the transfer goes on indefinitely, 
and, so far as we can judge from its attendant phenomena, at 
a constant rate, so that just as much of a given kind of elec- 
tricity crosses any surface within the conductor in any one 
second as in any other: such a continuous steady transfer as 
this is called a ‘* steady current.” 

The existence of a steady current in a conductor implies a 
force tending to drive electricity through the conductor ; that is, 
it implies, at least in the absence of moving magnetic masses 
and of electric currents in the neighborhood of the conductor, 
free electricity somewhere in existence which gives rise to a 
potential function not constant throughout the conductor. No 
part of a conductor through which a steady current is flowing 
can accumulate free electricity as the time goes on, for such an 
accumulation increasing with the time would be accompanied 
by changes which must show themselves outside the conductor. 
We are led to assume, then, that if any closed surface be drawn 
inside a conductor which carries a steady current, just as much 
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electricity of a given kind enters the region enclosed by the 
surface in any interval of time as leaves it during that interval. 

We have seen that at every point inside a conductor where 
there is a resultant electric force there will be an electric sepa- 
ration which will go on as long as the force exists. Experi- 
ment seems to show that the rate of separation of quantities of 
electricity is proportional to the magnitude of the force. Let 
P be a point of a small plane area w inside a conductor, and 
let F be the average value during the interval from ¢ to t+ At 
of the component of the electric force normal to this area; then 
in what follows we shall assume that the amount of positive 
electricity which crosses this surface, in the sense in which the 
force points, during the interval is k- w- #’- At, where & is a con- 
stant depending only upon the material of which the conductor 
is composed and upon its physical condition. The average 
value of this flux per unit of time per unit of surface is, there- 
fore, k-F. If, now, » and At are made to grow smaller and 
smaller in such a manner that P is always a point of w, F ap- 
proaches as a limit the negative of the value at P of the deriva- 
tive, taken in the direction in which F acts, of V, the potential 
function due to all the free electricity in existence; so that at 
any instant the value at a point, P, in any direction, n, of the 
rate of flow of positive electricity across a surface normal to n, 
per unit of this surface per unit of time, is the value at P 
of —k-D,V. 

It follows from this that if any tube of foree be drawn in a 
conductor which carries a steady current, there is no flow 
through the sides of the tube. Consider a region shut in by a 
tube of force and by two equipotential surfaces inside a con- 
ductor through which a steady current is flowing. Let o, and w, 
be the areas of the equipotential ends of the region, and let F, 
and #, be the average values of the normal force, taken in the 
same sense in both cases, over these ends. Applying Gauss’s 
theorem to this region we have Fw, — Fw, = 47Q, where Q is 
the amount of free electricity, algebraically considered, within 
the region. If the conductor is homogeneous, the amount of 
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positive electricity which enters —or the amount of negative 
electricity which leaves —the region by one end per unit of 
time is kF,- ;, and the amount which leaves it at the other end 
is kKF)+w:. These amounts are equal, so that Py», — Fio, = 0; 
hence, Q@=0, and there is no free electricity at any point within 
a homogeneous conductor which carries a steady current. The 
free electricity which gives rise to the potential function the 
rate of change of which is proportional to the flow of electricity 
within the conductor, must then lie either outside the conduc- 
tor, or on its surface, or both. It would not be difficult to 
prove that there must be a distribution of electricity on parts 
of the surface of every conductor which carries a steady current 
and is in contact in some places with an insulating medium ; 
but the fact that a wire through which such a current is passing 
may be moved about so as to change its position with respect 
to outside bodies without changing the amount of the current 
will suffice to make it probable that a part, at least, of the free 
electricity that we have been considering moves with the wire. 
Since the density of the free electricity within a conductor 
which carries a steady current is zero, the potential function 
V, inside the conductor, must satisfy Laplace’s Equation ; 
that is, V?V=0. It is easy to see, since there can be no 
accumulation of free electricity in any conductor which bears 
a steady current, that the amount of electricity which comes 
up on one side to the common surface of two such conductors 
which are in contact must be equal to that which goes away 
from this surface on the other; that is, at every point of 
the surface, k,-D,V;=k,-D,V2, where k, and k, are the spe- 
cific conductivities of the two conductors, and D,V, and D,V, 
the values at the point, taken in the same sense in both cases, 
of the derivatives of V in the direction of the normal to the sur- 
face, one on one side of the surface, and the other on the other. 
It is to be noticed that the boundary between two such con- 
ductors may or may not be an equipotential surface. At every 
point of the common surface of a conductor and an insulating 
medium k-D,V=0 or D,V=0; hence the equipotential sur- 
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faces within the conductor cut the surface where the conductor 
abuts on the insulating medium at right angles. 


71. Linear Conductors. Resistance. Law of Tensions. Let 
us consider the case of a linear conductor, that is, one in which 
all the lines of force are parallel to each other and to the sides 
of the conductor, so that every tube of force has a constant 
cross-section throughout that part of its length which lies in the 
given conductor. It will appear later on that any right cylin- 
drical conductor, whatever the form of its cross-section. will be 
a linear conductor, if every point of one of its ends be kept 
at one constant potential, and every point of the other end at 
another. It will also be evident that such wires as are ordinarily 
used for making electrical connections are, to all intents and 
purposes, except perhaps at the very ends, linear conductors, 
whether these wires are straight or curved. Let the ends of a 
homogeneous long uniform straight wire of constant cross- 
section g, and of length 7, be kept respectively at potentials 
V'iand V". Take the axis of the wire for the axis of w, and 
the origin at that end of the wire at which the potential fune- 
tion due to all the free electricity in existence is V'; then every 
line of force inside the wire is parallel to the axis of x; and 
since there is no force in any direction perpendicular to the 
axis of 2, D,V=0,, D,V=0, and Laplace’s Equation, which 
must be satisfied by V inside the wire becomes D?V=0, 
whence V = Av+ B; or, since V= V' whena=0, and V=V" 
when x«=1, 


V= Oty. 


The steady current ¢ which traverses the wire carries across 
every right section in the unit of time —kq-D,V units of posi- 
tive electricity in the positive direction of the axis of x. That is, 


= —hy- D.V=“v'—V", 


where k is the specific conductivity of the material out of which 
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the wire is made. The quantity //kq is called the resistance 
of the wire, kg// its conductivity. The quantity k is a 
function of the temperature. In the case of a pure solid 
metal at any ordinary temperature a rise of 1° C. will 
increase 1/k by about 0.004 times its own value. ‘This 
fractional increase is much smaller in the case of some 
alloys: for “manganin” at room temperatures it is not more 
than 0.00001. 

The analysis of this section assumes that the homogeneous 
linear conductor is at the same temperature throughout and 
that it is not surrounded by a changing magnetic field. 

It is an important physical principle, first enunciated in a 
slightly different form by Ohm, that if a fixed portion of the 
surface of a given homogeneous conductor be kept constantly 
at potential V;, and another fixed portion at potential VY, while 
the rest of the surface of the conductor is in contact with an 
insulating medium, the ratio of V,; — V, to the steady current 
which traverses the conductor, — as measured by the quantity 
of positive electricity per unit of time which either enters the 
conductor through the surface V = V, or leaves it through the 
surface V = V,, is a quantity independent of V, and Jj. 
This ratio is called the resistance of the conductor under the 
given circumstances. The resistance of a conductor depends 
not only upon its shape, the material of which it is composed, 
and the temperature and other physical conditions of this 
material, but also upon the shape, size, and position of those 
portions of the surface which are kept at the potentials V, and 
V,. The resistance of so much of a tube of force drawn in a 
conductor which bears a steady current as lies between the 
equipotential surfaces V = V, and V = Vis the ratio of VY; —V, 
to the amount of positive electricity per unit of time which 
enters the portion of the tube which we have been considering 
through the surface V = Vj, or leaves it through the surface 
V =V,, or crosses any section of the tube in the direction indi- 
cated. Any electric change which, under the same conditions 
of temperature and pressure, will leave this tube of force still 
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a tube of force and its equipotential ends still equipotential, 
however the value of the potential function may be changed, 
will, according to this law of Ohm, leave the resistance the 
same. Other things being equal, the resistance of a tube of 
force increases with the length of the tube and diminishes as 
the section of the tube is made greater. 

Suppose that we have a series of linear conductors joined 
end to end in a closed ring, so that the end of the mth conductor 
is in contact with the beginning of the first. Let V,,' and J," 
be the values of the potential function at the beginning and end 
of the mth conductor, and 7,, the resistance of this conductor. 
Since the same current c must traverse every conductor of the 
series, we have 


Vi! —V,"=cer,, Vy! — Vy" =cry, Vs'—V53"= crs, ---V,'— V,"=cra; 
and, if we add them together, we shall get 


ely Pc = Ve tg — Fe) at ee 
Tete tess -*-e fa 


where V,'— V,"is the difference between the values of the 
potential function on opposite sides of the surface common to 
the second and first conductors, V;'— V,"" the corresponding 
difference for the third and second conductors, and so on 
around the ring. If the sum of these differences is not zero, the 
circuit is said to be the seat of an electromotive force. 

We may here assume that when any two conductors, at 
the same temperature throughout, but made of different mate- 
rials, are placed in contact with each other, a discontinuity * 
of the potential function suddenly appears at their common 


* Although the language of the old ‘*Two Fluid Theory”’ is used in 
this chapter, the reader is strongly urged to make himself acquainted With 
the physical theories now commonly used in accounting for electrical 
phenomena, See Dr. O. J. Lodge’s papers ‘‘ On the Seat of the Electro- 
motive Force in the Voltaic Cell,’ printed in the Philosophical Magazine 
for March, April, May, and October of 1885, and his ‘*‘ Modern Views of 
Electricity,’ a series of contributions to Nature, begun in 1886. 


ELECTROKINEMATICS. 229 


surface. The amount of this discontinuity, which remains con- 
stant after it has once been established, is the same for all 
points of the common boundary of the two conductors, and is 
independent of their size and shape, of the extent of surface in 
contact, and of the absolute values of the potential function on 
either side of the boundary. We shall represent the sudden 
fall in the value of the potential function encountered by pass- 
ing from a conductor made of material A to a conductor made 
of material B across any point of their common surface by the 
symbol A|B. A certain class of substances, to which all 
metals belong, has the property that if Z, M, and W are any 
three of these substances, all at the same temperature, 
L|M+M|N=L| NK. 

This class is said to obey ‘‘ Volta’s Law of Tensions,” If a 
number of conductors made of different kinds of metals all at 
‘the same temperature be placed in line, the first in contact with 
the second, the second with the third, and so on, the algebraic 
sum of the jumps of the potential function encountered in going 
from the first conductor to the last through all the others is 
exactly the same in amount as the single jump which would 
occur at the common surface of the first and last conductors if 
they were put directly in contact with each other. Some other 
substances besides metals obey the Law of Tensions, but most 
liquids and solutions, whether in contact with each other or with 
metals, do not obey this law. 

The sum of the jumps in the potential function encountered 
in passing from copper to zinc by way of an iron conductor is 
the same, if the whole be at one temperature, as the jump 
encountered in passing directly from copper to zinc. But this is 
not equal to the sum of the jumps met with in passing from 
copper to zinc through sulphuric acid. 


Cu | Fe + Fe | Zn=Cu | Zn, 
but Cu | (H,SO,) + (H,SO,;) | Zn # Cu | Zn. 


The numerator of the expression just found for the intensity 
of the current which traverses a closed chain of linear conduc- 
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tors is evidently the algebraic sum of the “jumps” in the 
potential function encountered by travelling in the direction 
in which the current is supposed to move, from the first 
conductor to the last through all the others, and reckoning 
the jump at any boundary positive if the value of the poten- 
tial function is increased as one crosses the boundary. If all 
the conductors which form the circuit are metallic and all at 
the same temperature, whether or not they are all made of the 
same kind of metal, this numerator is zero, and it follows that 
in order that a steady current may traverse a circuit of con- 
ductors, one at least of the conductors must disobey the Law 
of Tensions. 

The same formulas apply to a circuit composed of conduc- 
tors of any form if each of the common surfaces of contigu- 
ous conductors is equipotential. 

Every slender tube of force in a homogeneous conductor 
which carries a steady current is also a tube of flow and 
constitutes a current filament. We shall hereafter apply 
the term linear only to conductors which have very small 
cross-sections. 


72. Electromotive Force. We have seen that if a number 
of homogeneous conductors made of different materials be 
connected in series to form a heterogeneous conductor A, 
there will be discontinuities in the electrostatic potential 
function within A at the common surfaces of adjacent con- 
ductors. If an equipotential surface A near one end of XK be 
kept at potential V,, and an equipotential surface B near the 
other end of A, at potential V,, and if the algebraic sum of 
the discontinuities of potential between A and B, counting a 
step up as positive, is 2, the current in A from A to B will be 
(V4—V,+£)/r, where r is the resistance between A and B, 
In such a case as this, V,— V, is called the electrostatic or 
external electromotive force, and E the internal or intrinsic elec- 
tromotive force. If K forms a closed circuit, all the electro- 
motive force may be regarded as internal. ' In this connection 


a 
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it should be said that, although physicists are not all in 
agreement as to the magnitude of the discontinuity of poten- 
tial at the surface of contact of any two given dissimilar 
conductors, there is no difference of opinion as to the alge- 
braic sum of these discontinuities in the case of any closed 
circuit. 


If one end of a hetero- 
geneous cylindrical con- NS 
ductor K, of given 
resistance 7, formed of N Ss 
N 


homogeneous cylindrical 
conductors in series, be 
kept at a given poten- 
tial V, and the other end 
at the given potential V,, 
the value of the potential 
function will depend very 
much upon the constitu- 
tionof A. Three different 
eases are illustrated in 
Fig. 56, in which abscis- 
sas represent resistances 
and ordinates the corre- 
sponding values of J. 
In these figures A is sup- 
posed to be an electro- 
lyte, while Z, M, WN are 
metais<) 7, = 2, V,'— 0:5, = 
A|N=0.8, A| M=1.8, Fie. 56. 
N|M=0. The current 
strength (indicated by the slope of the line which gives 
the value of V) is evidently different in the different 
diagrams. 

Fig. 57 represents V in a long chain made of two metals P, 
Q, and an electrolyte R, such that R|P is small, &| Q still 
smaller, and P| @ zero. Here the ends are at the same 
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potential, and there are no great potential differences any- 


where in the chain, but the current (as indicated by the — 


slope of the V line) is large, as is the sum of the small 
discontinuities which go to make up the electromotive force 
in the chain, 

A galvanic battery may be regarded as a chain of three 
or more generally non-linear conductors, at least one of which 
disobeys the Law of Tensions. The algebraic sum of the 
jumps in the potential function encountered by starting at 
that pole of a galvanic battery at which the 
potential is less, and passing to the other 
pole through the battery, is the electromotive 
force of the battery. The difference of poten- 
tial between copper wires attached to the open 
poles of the battery, measures this electromotive 
force. Chemical action goes on inside every 

Fra. 57. battery when its poles are closed; some of its 
solutions are decomposed, and the products of 
this decomposition often appear at the boundaries of the liquid 
conductors inside the battery and decrease the electromotive 
force by changing the amount of jump in the potential fune- 
tion at each of these boundaries. For this reason the electro- 
motive force of a battery in action may be much less than 
when the poles are open. 

If two points, P and Q, in a network of conductors which 
carry a steady current, be connected by an additional wire 
conductor, K, containing a battery of such electromotive force, 
e, and so directed as to prevent any current from passing 
through A, e measures the difference of potential between P 
and Q. It is easy to show that when the poles of a battery 
are closed by a conductor of resistance R, the difference 
between the values of the potential function at the ends of 
this conductor is RE /(B+ R), where £ is the electromotive 
foree of the battery under the given circumstances, and B 
the resistance of the conductors which make up the battery 
itself. The steady current which flows through the circuit 
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carries EZ /(B+ &) units of positive electricity across every 
cross-section per unit of time. With a given battery the 
intensity of the current can be changed very much, of course, 
by increasing or decreasing the resistance of that part of the 
circuit which lies outside the battery. 

In the centimetre-gramme-second system of electrostatic 
[E.S.] absolute units, the unit of electric quantity is that 
quantity of electricity which, if it could be concentrated 
at a point in air, would repel a like quantity concentrated at 
a point 1 centimetre from the first with a force of 1 dyne. 
This unit is found inconveniently small, however, when one 
has to deal with such steady currents as are usually met 
with in practice, and the coulomb, which is equal to about 
3 x 10° of these absolute units, is the practical unit of 
quantity most frequently used. 

The absolute E.S. unit of current carries the absolute unit 
of electricity past any point in its course each second. A 
current of a coulomb per second (equivalent to 3 x 10° of 
these absolute current units) is called an ampere. 

The absolute E.S. unit of resistance is 9 X 10" times as 
large as the practical unit called the ohm. The latter is the 
resistance of a column of pure mercury 1 square millimetre 
in section and 106.3 centimetres long, at 0° C. The resist- 
ance at 0° C. of a wire of pure copper 1 millimetre in diameter 
and 1 metre long is about 0,01642 ohm. 

The absolute E.S. unit of difference of potential is 
equivalent to 300 practical units. The practical unit, 
called the volt, is such that if the two ends of a wire of 
1 ohm resistance were kept at 1 volt difference of poten- 
tial, the steady current which traversed the wire would 
carry past any cross-section 1 coulomb of electricity per 
second. 

A condenser which requires 1 coulomb of electricity to 
charge it, so that the difference of potential between its 
poles is 1 volt, is said to have a capacity of 1 farad. A con- 
venient unit of capacity is the microfarad or the millionth 
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of a farad. It is equivalent to 900,000 absolute E.S. units 
of capacity. The capacity of a conducting sphere 9 kilo- 
metres in radius would be 1 microfarad, that of the earth 
something over 700 microfarads. The capacity of a nautical 
mile of such ocean telegraph cable as is usually laid may be 
taken to be about } microfarad. 


73. Kirchhoff’s Laws. The Law of Divided Circuits. From 
what has been proved in the preceding sections about conduc- 
tors which carry steady currents, follow two theorems of much 
practical importance, called Kirchhoff’s Laws. 

I. If several wires which form part of a network of conductors 
carrying a steady current meet at a point, the sum of the inten- 
sities of all the currents which flow towards the point through 
these wires is equal to the sum of all those which recede from 
it; or, in other words, the algebraic sum of all the currents 
which approach the point through the wires which meet there 
is zero. 

II. If, out of any network of wires which form a complex 
conductor and carry a steady current, a number of wires which 
form a closed figure be chosen, and if, starting at any point, 
we follow the figure around in either direction, calling all cur- 
rents which move with us positive, and all discontinuities of 
the potential function which lift us from places of lower 
potential to places of higher potential positive, the algebraic 
sum of the products formed by multiplying the resistance of 
each conductor by the current running through it, is equal to 
the algebraic sum of the jumps in the potential function 
which we encounter in going completely around the figure. 

The first of these laws is an immediate consequence of the 
fact that there can be no growing accumulation of free elec- 
tricity anywhere in a circuit which bears a steady current. 
To prove the second law, let a,, ag, as, ---a@, be m linear con- 
ductors, which, taken in order, form a closed figure, itself a 
part of a complex conductor which carries a steady current. 
In passing from a, to a, through all the other conductors, let 
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V;' and JV," be the values of the potential function at the 
beginning and end of the jth conductor, and let r; and ce, be 
respectively the resistance of this conductor and the value of 
the current running through it. Then, from the definition of 
the term “resistance,” we have the following equations : 


Vi V," =o7,; V.'— Vy" = egy ; 


ry 2 | peat ars ON ed eth ae 
Vs en ea Cah sts aa a V =P n 5 


or, adding them all together, 


Gi 067g + Cgig 4-1 CT 
= Ua — aul =— Ve! a ay + ad = Vit + Le + Va aX Vout, 


which is the statement of this 
law. 

If electricity is free to pass 
from a point P to another point 
P' by two wires of resistance 7, 
and 7,, respectively, and if a 
steady current be flowing from 
P to P', the current will be 
divided between the two wires 
in the inverse ratio of their 
-resistances or in the direct ratio Fic. 58. 
of their conductivities. For, if 
V and V' be the values of the potential function at P and P’, 
we have V—)'—<c7, and ) —V' = c,r,, whence ¢,:¢,= 74:1. 


ie NY. 
Moreover, ¢+%=(V—V’') (4 +4); 
Lie Ug) 
Lealg aes 
or, +e ra! 
ieee 


The expression in the second number of the last equation 
is, by the definition of the term, the resistance of the com- 
pound conductor formed of the two which join P and P'. 
It is evident that the conductivity of this conductor is the 
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sum of the conductivities of the two wires of which it is 
composed. 

If x conductors be joined up in parallel to form a compound 
conductor, the conductivity of the latter is the sum of the 
conductivities of the constituents, and its resistance is the 
reciprocal of the sum of the reciprocals of their resistance. 


If four conductors the resistances of which are p, g, 7, and 
s form a quadrilateral (Fig. 58) one pair of vertices of which 
are connected by a wire of resistance g and the other pair by a 
conductor of resistance 6 containing a battery of electromotive 
force H, we have an arrangement of much practical importance, 
which is often called Wheatstone’s Net. If we denote the 
strength of the current through the cell, in the direction indi- 
cated by the arrow in the figure, by C, and the currents in 
the other conductors by C,, C,, C,, C,, and C, respectively, 
Kirchhoff’s Laws yield the equations 


C =C6,+C,=0C,4+ ¢,, C,=C,+C,, 
C,=C,— Cy p-C,—9q:-C, +9: C,=9, 
g°-C,—r-C,+8-C,=0, b-C+q-C,+s8s-C,=E£. 


If we substitute the values of C, C,, C, obtained from the first 
three equations in the last three, we shall get a system of 
three linear equations involving the three unknown quantities 
C,, C,, C,, which can be easily solved. These equations are 


(ptg+9)C,+p-C,—9-C,=9, 
g°C,—r-C,+8-C,=0, 
—4¢:°C,+6-C,+6+9+38) C=, 


and if we denote the determinant of the coefficients, 


—{ pr(qts)+9s(ptr)+b(pt+Q (r+) 
+9[o(ptq+rt+s) +(¢+8)(ptr)]}i 

or ft gr(b+qts)+ qh (g+r+ s)— ps’ + qrs 
+gbst+p(g+rts) (b+ +8), by —A, 
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it is easy to see that 
C,= E(qr—ps)/A, 
C= E (gq + sp + sg + sq) / A, 
C,=E(gpt+rp+rgt+rq)/A, 
C,= Ear + 97 +89 +89) /A, 
C= EL (gr+gp+rpt+ps)/A. 
C =E(gy+spt+sg+sqt+pg+rpt+rg+rq)/A. 
The resistance (#) of the net pgrsg, computed from the equa- 
tion C= £/ (6+ R), is 


[oy @+s) (ptr) +pr(gt+s)+9s(p+r)]. 
Lgy(pt+qtrt+s)+(pt+Q) (r+s)] 


If no current passes through the resistance g, we have 
qr = ps, C, = C,, C,=C,, and, as we may see by multiplying 
out and cancelling, 


0, /0,=(a+8)/(p +, O./C=(q+8) /(p+qtr+s), 

and C,/C=(p+r) /(p+q+r-+s). 

It is evident, from an inspection of the Kirchhoff equations 
belonging to the three cases, that if the resistances of the 
linear conductors which go to make up a given network are 
fixed, and if C,, C,, C3, --- are the currents in the different 
members when these members contain the electromotive forces 
E,, E,, H3, ++. and C;', C,', C,',-+., the corresponding currents 
when the electromotive forces are Z,', H,', H,',---, Ci + Cy’, 
C, + C,!, C3 + C;',.-- would be the currents if the electromo- 
tive forces wére #,+24,', E, + L,', H; + £;',---. 

Let P and Q, any two points in a network of linear con- 
ductors some or all of which contain electromotive forces, be 
at potentials Vp, Vg respectively, and let the resistance of 
the whole network when the current enters at one of these 
points and goes out at the other be 7, then if P and Q be 
connected by an additional wire W of resistance 7, the cur- 
rent in this wire will be (Vp— Vg) / (7%) +7) in the direction 
from P to Q. For if (1) W contained an electromotive force 
(Ve=-Voa) directed from Q to P, the rest of the network 
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being unchanged, no current would pass through W, and the 

other currents would not be altered by the introduction of W ; 

and if (2) W contained the electromotive force (V,—Vq) 

directed from P to Q, and if all the other electromotive forces 
in the original network were annihilated, leaving the resist- 
ances unchanged, a current (Vp—Vg)/(7%+7) would flow 
through W from P to Q: the given arrangement can be 

regarded as formed by superposing case (1) upon case (2). 


74. The Heat developed in a Circuit which carries a 
Steady Current. Given, in a region not exposed to magnetic 
changes, a chain of » conductors, each in itself homogeneous, 
and at a uniform temperature throughout; let a portion A of 
the surface of the first be kept, by means of some external 
agency, at potential V,, and a portion B of the surface of 
the last at a lower potential V,, while the rest of the outer 
surface of the chain abuts upon non-conducting media. 4S, ,. 4, 
the surface of separation between the Ath and the (k + 1)th 
conductors, may or may not be equipotential, but if these 
conductors are of different materials, we must expect to find 
at all points of this surface a uniform discontinuity, A, ,,,, 
of potential. In following down from 4 to B an infinitesimal 
tube of flow which carries the steady current AC, we start at 

_ potential Vy, leave the first conductor at potential V,", enter 
the second conductor at potential V,', leave it at V,", enter the 
third conductor at V3', and so on. Every second in the Ath 
conductor, AC absolute units of electricity are lowered from 
potential V,' to potential V," and AC(V,'—V,") units of 
work (representing loss of electrostatic energy) are done by 
the electrostatic field upon the electricity which moves with 
the current: this energy appears as heat in this conductor. 
The work thus done in the whole chain is 


AC(V, —V," + Vz! — Ve" + 0,'—V_" + --*+V,' —V5), 
or, since Vea — Vy" = Ey ray 
ACV 4—Vyt Bat Eg t: +++ By1,n) =ACV,—Vet EB). 
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This energy all appears as heat in the conductors which form 
the chain. 

At the surface S,.,;, AC units of electricity are raised 
every second from potential V7," to potential V,,,’. The 
work thus done every second is AC-#,,.,,, and, by virtue 
of similar processes at all the surfaces of discontinuity, the 
electrostatic energy is increased in this way every second by 
AC... The net loss in electrostatic energy in the chain per 


second is, therefore, 
(V4—Vz) AC, 


which is otherwise evident. Taking into account all the cur- 
rent filaments which go to form the steady current C, we see 
that an amount of energy equivalent to C(V,—V,+4+ £) 
appears as heat in the conductors which form the chain, and 
that an amount of electrostatic energy equal to #C is fur- 
nished to the chain. If the chain is closed and if, going 
around it in the direction of the steady current C, we denote 
by £# the algebraic sum of the discontinuities of potential, 
counting a step up as positive, we shall find that the energy 
EC appears as heat in the conductors and that since the 
circuit is at the same temperature throughout, this is fur- 
nished by chemical action in the chain. If r is the total 
resistance of the chain, C= #/rand HC=C’r. This result 
represents ergs or joules, according as H#, C, and r are meas- 
ured in absolute electrostatic units or in volts, amperes, and 
ohms: a joule is equivalent to 10’ ergs. 

If the chain contains a battery of electromotive force Z, in 
the direction of the steady current C, and if there are in the 
chain outside the battery discontinuities of potential which, 
reckoned against the current, amount algebraically to Z’, , 


E=£,—E', C=(R,—F')/r, 


and the energy used in heating the chain is (H, — Z') C= Cr: 
when we wish to regard the battery as the source of this 
energy, it is convenient to write the last equation in the 
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form L,C = C*r + E'C, and to say that of the whole energy, 
H,C, furnished by the battery, C*r, which appears as heat in 
the conductors which form the circuit, is used in maintaining 
the current, and #'C, in overeoming the counter-electromotive 
force Z'. If a cell of electromotive force #, be joined up with 
a number of metallic conductors all at the same temperature 
to form a simple circuit of total resistance 7, the current will 
be C,=£,/r, and the whole energy, £,C, = Cr, furnished 
each second by the battery, will appear as heat in the circuit. 
If, however, while the total resistance of the circuit remains 
unchanged, the battery be called on to do each second an 
amount W of outside work of any kind (such, for instance, as 
that involved in decomposing an electrolyte in the external cir- 
cuit), the steady current will have a value C smaller than C,, 
the whole energy ,C furnished each second by the cell will 
be a fraction of £,C,, and the portion of it C*r, which appears 
as heat in the circuit, a smaller fraction of C7r. The differ- 
ence between £,C and C?r will be equal to W, and this 
equation determines C. 


If a given steady current C is to be conveyed partly by a 
conductor of resistance 7, and partly by a parallel conductor 
of resistance 7,, and if the portions carried by these conductors 
are C, and C, respectively, the amount of heat developed per 
second in the conductors will be «= Cr, + Cyr, If C,, and 
consequently C,, be changed so as to keep their sum equal to 
the constant C, u will, in general, change, and we shall have 

Dou = 2 Cyr, + 2 Cyry» Do, Cy = 2 (Gry — Cyr): 
u, Which is sometimes called the dissipation function, will, 
therefore, be a minimum if the current is divided between 7, 
and 7, as it would be if the conductors were connected at the 
ends. It is easy to prove that if a given steady current be 
led into a given network of metallic conductors, at a uniform 
temperature, from without, the distribution of this current in 
the network will be such as to make the dissipation function 
as small as possible. If, for instance, a steady current C be 
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led into the network represented by ABDF in Fig. 58 at the 
point 4 and out again at B, we have 


Peet, (C+ CU C, CL ="C.— C, 
and w is equal to 
Pe ey ete SH Oy r( Coys: Co +g C2 


If we equate to zero the partial derivatives of w with respect 
to C, and C,, we shall get two necessary conditions for a 
minimum : the equations thus obtained are 


(ptg+a)C,—(p+7)C,=— pC, 
—(pt9)C,+(ptatrtsC=(p+r) 6, 
whence 


C,/ C= (ar — ps)/ (9a + sp+s9+sq+pg+rpt+rg+r7q), 
C/C=(gptrptrgt+rq)/(gqt sptsgt+sqt+pgtrptrg+rq), 


etc., which are equivalent to equations already found. 

If the’ conductors 7, 7, 73, ---7, Which form any network, 
complete or not, and carry currents C, C,, C;, --- C,, contain 
electromotive forces /, #,, EF, --- EH, which have the direc- 
tions assumed for the currents, the currents are such as to 


make, not the dissipation function, but 
W=u— 2(C4,+ CE, + CH, ---C,£,) 
aminimum. In the case of the complete Wheatstone’s Net, 
Wee, Gt pl +e.) +90, Cy +g. Ce 
+P Oa 6-C, —(Co +O) i, 
and the equations formed by equating to zero the partial 


derivatives of W with respect to C,, C, and C, yield the 
values for the currents given in the last section. 


75. Properties of the Potential Function inside Conductors 
which carry Steady Currents. If at any time ¢, positive elec- 
‘tricity is passing through a linear conductor in one direction 
‘at the rate P, and negative electricity in the other direction 
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at the rate N, the current strength is P + N in the first direc- 
tion. Since there is no free electricity inside a homogeneous 
conductor which carries what we have called a steady current, 
it is customary to assume, when one uses the language of the 
“Two Fluid Theory,” that such a current consists of a flow 
of positive electricity in one direction at every point, and an 
equal flow of negative electricity in the opposite direction. 
We shall avoid much circumlocution, however, and we shall 
introduce no error into our numerical computations if we 
speak as if the whole current were due to the motion of posi- 
tive electricity. If the value of the potential function within 
a conductor which bears a steady current is given, all the cir- 
cumstances of the flow in the conductor are fixed. Positive 
electricity flows into the conductor from without through all 
parts of the surface where the derivative of the potential 
function, taken in the direction of the exterior normal, is posi- 
tive, and out of it through all parts of the surface where this 
derivative is negative. At all points where the conductor 
abuts on an insulating medium, the derivative is zero: it may 
be zero at other points also, There can be no closed equi- 
potential surface lying wholly inside a conductor which carries 
a steady current, unless there is some constant source of posi- 
tive or of negative electricity within this surface, for the 
whole flow of electricity algebraically considered, per unit of 
time, through such a surface from within outwards, is equal 
to k times the surface integral of the intensity of the com- 
ponent of force in the direction of the exterior normal, and 
this is not zero. There must then be such a constant source 
of free electricity within the surface as shall furnish just as 
much per unit of time as the current carries away. 

Although it is not very easy to prove analytically that — 
given a homogeneous conductor and certain portions A, B of 
its surface which are to be kept at potentials V,, V,, while at 
all other portions the value of the derivative of the potential 
function taken in the direction of the exterior normal is to 
be zero—there exists a function which (1) satisfies these 


a a Se 
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surface conditions, and which (2) inside the conductor satis- 
fies Laplace’s Equation, and with its first space derivatives is 
continuous and single-valued, it is nevertheless clear from 
physical considerations that one such function exists, namely, 
the potential function inside the conductor when A, Bare kept 
at the given potentials and the rest of the surface is exposed 
to an insulating medium. For practical purposes we need to 
prove that this is the only function which satisfies the given 
conditions. Suppose for the sake of argument that two such 
functions, V and W, exist, and call their difference uw. The 
function wu, then, satisfies condition (2) and is itself equal to 
zero, or else has its derivative in the direction of the exterior 
normal equal to zero at every point of the surface. Applying 
Green’s Theorem in the form of Equation 151 to w, we find 


. that the quantity (D,)* + (D,u)? + (D,u)*, which can never 


be negative, must be zero at every point within the conductor, 
so that D,w, D,u, and D, must vanish and zu be a constant 
throughout the space within the surface. Now-at portions 
of the surface itself, wis zero, hence it must be equal to zero 
everywhere inside the conductor, and V=W. If by any 
means, then, we find a function which satisfies the surface 
conditions and the general space conditions characteristic of 
the potential function inside a certain conductor carrying a 
steady current under given surface conditions, this function is 
itself the potential function. 

Any surface supposed drawn in a conductor which carries 
a steady current in such a way that the derivative of the 
potential function taken normal to this surface is zero shall 
be called a surface of flow. 

If a conductor which under given surface conditions carries 
a steady current be cut in two by means of a surface of flow, 
and if the two parts be separated while the surface conditions 
on what was the bounding surface of the old conductor remain 
the same as before, and the fresh surfaces now abut on an 
insulating medium, the state of flow at every point inside each 
part of the conductor will be just the same as before, for the 
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values of V and D,,V on the surface of the new conductors are 
what they were before separation, and V must have its old 
values at all inside points. 

When a conductor is cut in two by a surface of flow the 
fresh surfaces exposed receive a statical charge of free elec- 
tricity, and the charges on what was the bounding surface 
of the original conductor are in part changed so that it is 
only within the parts of the old conductor that the effect 
of the separation is nil after the currents have become again 
steady. 

If two mutually exclusive closed surfaces S, and S,, kept, 
respectively, at uniform potentials /, and Jj, are the elec- 
trodes of an infinite homogeneous conductor A, of specific 
conductivity %, which fills all space outside these surfaces 
and is at potential zero at infinity; if, moreover, the steady 
flow outward through S, or inward through S, is equal to C, 
the current vector in A is everywhere equal to what the elec- 
trostatic force would be if A were air and if S, and S, had 
charges C/4 7k and — C/47k so distributed as to bring them 
to potentials V, and V, respectively. 


In most of the preceding discussion we have tacitly assumed 
the separate conductors considered to be homogeneous, and we 
shall continue to do so in the following sections unless the 
contrary is stated. We have to consider briefly, however, in 
the remainder of this section isotropic conductors which have 
in different parts different specific resistances. 

If the specifie conductivity * of an isotropic conductor 
which carries a steady current can be represented by a posi- 
tive scalar point function, and if the components, parallel to 
the coédrdinate axes, of the vector g which represents the 
current strength, are wu, v, and w, we may state the fact that 
there is no growing accumulation of free electricity in any 
portion of the conductor bounded by the surface S by the 
equation 
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Sfa cos (g, n) dS alia [cos (a, m) - cos (x, 7) 


+ COs (y, 2) -cos(y, 7) + cos (z, n) -cos(z, g)]dS 
=f ft cos (x, n) + v cos(y, n) + w cos (2, n)]dS 


=f ffir + Dyv + Dw) dady dz = 0. 


Here the double integrals are to be extended over the whole 
of S, and the triple integrals over all the space included by S. 
Since S is arbitrary, the integrand of the triple integrals must 
be equal to zero at every point within the conductor, so that 


Duw+ Dy + Dw=0 [198] 
and q is a solenoidal vector. 
At every point within the conductor, 
u=—kD,V, v=—kD,V, w=— kD,V, 
so that 
Di (&- D,V) + D,(k&- DV) + D(k- D,V)=0,. [199] 
or. k-V?V+(D,k-D,V + D,k-D,V+ Dk. D,V)=9. [200] 


If kis constant, V satisfies Laplace’s Equation, and in this spe- 
cial case, as we already know, none of the free electricity which 
gives rise to the potential function V is within the conductor. 

Given an analytic, scalar, positive point function k and a 
closed analytic surface S, it is easy to prove by the help of 
[149] that there cannot be two different functions, V, and V,, 
which (1) with their first derivatives are continuous within S 
and at every point in this region satisfy the equation 


D,(k- D,V) + D,(k- D,V) + D,(k- DV) = 9, 
(2) on the given portions S, and S, of S have at each point 
equal values, and (3) on the rest of S have at every point 
equal normal derivatives. 
The differential equations of the current lines are 
EER 
“uv w 
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At a surface of separation between two conductors which 
carry a steady current the normal components of the current 
and the tangential components of the electrostatic force are 
continuous. If 6, and 6, are the angles which the resultant 
electrostatic forces /, and F, make with the normal on the 
two sides of such a surface at any point, 


k,F, cos 0, = k,F, cos 6, and F, sin 6, = F, sin 6., 


whence, by dividing the members of the first of these equations 

: tan 6, _ tan 6, 

by the corresponding members of the second, I: == ye. 
“1 ‘2 

an equation which shows how the current lines are refracted 

at the surface. At a surface of separation between copper 


and manganin where the ratio of the conductivities is about 50, 
6, = 27° 42' when 6, = 1°, and 0, = 69° 09' when @, = 5°. 
If n, and mz represent normals drawn from any point of the 

surface of separation between two conductors which are carry- 

ing a steady current into the first and the second conductor 
respectively, 


k,D,, Vi + ksD,,V = 0. : [201] 

76. Method of finding Cases of Electrokinematic Equilib- 
rium, If w is a single-valued, generally continuous solution 
.of Laplace’s Equation, dw + B, where A and B are constants, 
is another such function which has the same level surfaces 
as w. If an area be chosen on one of these surfaces, it is pos- 
sible to draw through every point of its perimeter a line, 
defined by the equations dx / D,w = dy / D,w = dz / Daw, which 
shall cut orthogonally all the level surfaces of w which it 
‘meets, All these lines form a tubular surface such that the 
normal derivative of w at every point of it is zero. If Tisa 
portion of space bounded by such a tube and by portions, S', 8", 
of two of w’s level surfaces on which it has the values w! and 
w" respectively, w is identical with the potential function that 
would govern the flow within any homogeneous conductor of 
the form 7'if the surface S' and S" were kept at potential w! 
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and w", while the rest of the boundary was a surface of flow. 
Moreover, Aw + B, where A and B can be chosen at pleasure, 
must be the potential function within a homogeneous conduc- 
tor of the form 7, if the surface S' and S" were kept at poten- 
tials Aw'+ B, Aw''+ B respectively, the rest of the boundary 
being a surface of flow. By using different pairs of level sur- 
faces of w and tubes of different forms, it is possible with 
the help of this one function to study the laws of steady flow 
inside conductors of many different shapes and to obtain 
results some of which may happen to be practically inter- 


: . Cc 
esting, For instance, w= --+d, where cand @ are constants 
, 


and 7v the distance from a fixed origin O to the point (a, y, z), 
gives the value of the potential function inside*a conductor 
bounded by two spherical surfaces of radii a and 6 having O 
as their common centre when these surfaces are kept respec- 


tively at potentials > +dand . +d. In this case the whole 


amount, per unit of time, of positive electricity which enters 
the conductor through the surface 7 = a crosses every equi- 
potential spherical surface within the conductor and leaves it 
by the surface 7 = 6d is 4rck, where k is the specific conduc- 
tivity of the material out of which the conductor is made. 
The resistance of the conductor is, by definition, 


Cc 
b ee fear 
4nck  4nkab’ 
a quantity independent of ¢ and d. 
It is evident that any conical surface the vertex of which is 
O will be in this case a surface of flow, and that the function 


goed governs the flow in any piece cut out of the spheri- 
r 


cal shell just considered by such a surface. It is easy to see 

that if wis the solid angle of the cone, the resistance of the 
: b—a 

portion of the conductor cut out will be aie 
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tly | 
Again, the equation V = ¢ € — *) +d, where r,and r, are — 


os 


the distances of the point (x, y, z) from the fixed points O, 
and O,, gives us the potential function inside an infinite 


1 
conductor bounded in part by the surfaces — — eg and 


2 

*- : = 6, when the first is kept at potential ae +d, the 
1 2 
second at potential d¢-+d. In this case the surface V=d 
is a plane bisecting at right angles the straight line 0,0,. 
Larger and smaller values of V than this give closed surfaces, 
each of which surrounds one of the points and leaves the 
other outside. For very large values of V, if ¢ is positive, 
the equipotential surfaces are very small, nearly spherical 
surfaces surrounding Q. 

To find the amount of positive electricity which enters 
the conductor under consideration, per unit of time, through 
the surface V = ac +d, where ae shall be positive, we must 


integrate over this surface — kD,V or — ke | 2, (2) —D, 2] b 
1 2. 


According to Green’s Theorem, the resulting integral is exactly 
the same as that taken over any other closed surface, large or 
small, which surrounds QO, and leaves QO, outside. Let us 
consider, then, a spherical surface of radius e < 0,0, whose 
centre is at O,. The required integral in this case is — 472k 
times the average value of D,V taken over the spherical 
surface ; or, since 7, for all points on this surface is equal to ¢, 


4réke E — average value of D. el 
e 1 NT, 


If, now, « be made smaller and smaller, p,(+) always has 
2 


some finite value for every point on the surface of the sphere 
surrounding O,, and the expression just given approaches the 
limiting form 4 ke, Hence, 4 rke units of positive electricity 
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enter the given conductor through the surface V = ac +d in 
every second, whether this surface is large or small. The 
resistance of the conductor between the surfaces V = ac +d 
C0 
Ank 
If a and 6 are made very large and equal, with opposite 
signs, the two surfaces through which electricity enters and 
leaves the conductor become very nearly coincident with 


and V = be + d is, by definition of the term 


spherical surfaces of radius == drawn about O, and O, 
id 


respectively. The resistance of the conductor in this case is 
1 
contains the line O,O, is a surface of flow. If we cut the 
conductor in two by such a plane, we shall have an infinite 
conductor with two nearly hemispherical electrodes sunk in 
its plane surface. The resistance of this part of the whole 


Considerations of symmetry show that any plane which 


conductor is —_ a quantity independent of the distance apart 
TKE 


of the electrodes. This is nearly the case of two poles of a 
battery sunk in the earth, 
Again, the expression 


V=clog+d, 
Up) 


where 7, and 7, are the distances of a point P in space from 
any two parallel straight lines, A and B, is a solution of 
Laplace’s Equation which, with its derivatives, vanishes at 
an infinite distance from these lines and which is constant 
all over any one of a double system of circular cylindrical 
surfaces (Fig. 59), some of which surround one of the given 
lines and some the other. This function, then, when ¢ and d 
are properly determined, is the potential function within an 
infinite lamina, either thick or thin, when that lamina is per- 
forated perpendicularly to its plane by two circular cylindri- 
‘eal holes, the curved surfaces of which are kept at given 
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constant potentials. 2ake units of positive electricity per 
unit of time per unit of thickness of the lamina enter the con- 
ductor through one of the cylindrical surfaces, and the same 
amount leaves it by the other surface. The resistance of the 
lamina is then the difference between the values of the poten- 
tial function at the electrodes divided by 2zke times the 
thickness of the lamina. 

These examples will serve to show how we may discover an 
indefinite number of cases of kinematic equilibrium by assum- 
ing some function, in general finite and continuous, which 


satisfies Laplace’s Equation, and then taking as a conductor 
one inside which the given function is everywhere finite, and - 
which is bounded by surfaces over each of which either the 
function is constant or its normal derivative zero. 

If we transform Equation 199 to orthogonal curvilinear 
coérdinates defined by the scalar point functions w, v, w, 
where w satisfies Laplace’s Equation, and assume V to be 
expressible as a function of w only, we shall obtain (see 
page 182) the equation D,?V+D,V-D,k/k=0. If the 
specific conductivity of a body occupying the space 7’ men- 
tioned at the beginning of the section were not constant but 
a given function of w, this equation would determine /, 
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77. Electromagnetism. Straight Currents. If a steady 
electric current be sent through a long straight wire, the space 
in the neighborhood of the current becomes a field of magnetic 
force. If the medium about the conductor is homogeneous, 
the direction of the field is such that a small magnetic needle 
freely suspended by its centre tends to set itself perpendicular 
to the wire and to the perpendicular dropped from the point 
of suspension upon the wire, so that “if a person be imagined 
as Swimming in the current which flows from his feet to his 
head, and if he face the needle, the north pole will be turned 
towards his left hand.” The field is symmetrical about the 
wire and, according to the rule just given, its direction at any 
point is normal to the plane drawn through the point and the 
wire, so that the lines of force are circumferences forming 
right-handed whirls about the current. To investigate the 
law of the change of the intensity of the force with the dis- 
tance from the wire, we may imagine a rigid frame free to 
turn about the vertical wire as a hinge, and suppose a magnet 
to be rigidly attached to this frame. It will be found that 
in this case the frame will have no tendency to rotate under 
the action of the electromagnetic forces, so that the sum of 
the moments about the wire, of the forces which the field 
exerts upon the magnet, must be zero. If 7, and 7, are the 
distances of the poles from the wire, and if /(r) is the inten- 
sity of the field at a distance r from the wire, the equality of 
moments shows that, however the magnet be placed on the 


frame 
; 7: Fr)= 72: F'(r2), 


or, in general, r-F(r)=a constant, k. The value of & is 
found to be dependent upon the strength, C, of the current in 
the wire, and can be used to define this strength. We may 
write, therefore, (7) =A-C/r, where A is a constant depend- 
ing upon the units in which C is measured. If we use the 
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absolute electromagnetic ¢.g.s. units, defined below, in deter- 
mining C, it will presently appear that A is 2. 

If we take the plane of the paper for the zy plane, and 
imagine the wire which carries the current to cut the paper 
normally at the origin, then, if the current comes from below, 
the components of the field at the point (a, y) are 


X =—2Csin(a2, r)/r and Y= 2C cos(a, r)/r, 
or X= — 2Cy/(@’+y7*) and Y=2Cr/(2*+ y’). 


Here D,X = D,Y and the magnetic force is, in general, a 
lamellar vector, so that it has a potential function which, since 
the lines of force are closed, must be multiple-valued. This 
potential function is evidently 


+ 2C tan—!(y/x)+ constant, or + 2C6@-+ constant, 


and it satisfies Laplace’s Equation. The plus or the minus 
sign is to be chosen according as we wish to use the derivative 
of the potential function taken in any direction, or its nega~ 
tive, as a measure of the component of the field in that direc- 
tion. The line integral of the tangential component of the 
force taken around any curve in the ay plane which sur- 
rounds the origin is 47C, so that we infer from Stokes’s The- 
orem that at the origin the magnetic force is not lamellar. If 
a magnetic pole of strength m be moved 
around any closed path, the work done on 
it by the magnetic field will be 42mC if 
the path link right-handedly once with 
the wire, or zero if the path do not link 
with the circuit. These results are found 
to be independent of the inductivity of the 
o homogeneous medium about the wire. 
Fic. 60. Since D,X + D,Y=0, the force in 
the medium about the wire is solenoidal, 
and the whole flux of force from within outward through any 
closed surface is zero. If two straight lines parallel to the 
wire are distant a and 6 centimetres from it respectively, 


J 
aes bP =e 
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the flux of force (Fig. 60) through the unit length of any cylin- 
drical surface bounded by the lines is 2C-log(b/a). Since 
we have assumed that a finite quantity of electricity is carried 
by a conductor of zero cross-section, it is not surprising that this 
useful analytic result becomes infinite if either « or d is zero. 


If two infinitely long straight wires parallel to the z axis 
carry equal steady currents of strength C in opposite directions, 


Elan Wee 
vane 


Fie. 61. 


and if they cut the zy plane at the points A,, A,, which have 
the coérdinates (a, 0), (— a, 0) respectively, the scalar potential 
function, Q, of the field has at the point (a, y, 2) the value 


2 C.tan-1[y/(@ — a)]—2C- tan [y/(a@+a)], 
or 2 C.tan-1[2 ay / (a? + y? — a’)]. 


The conjugate function, ®, is + 2 C-log(7,/72), where 7, and 
r, are the distances of the point (a, y,z) from 4, and A, 
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respectively. The lines of force and the traces in the ay 
plane of the equipotential surfaces are shown in Fig. 61. 

DQ = — D,®, D,Q = D,®, and the derivative of 2 at any 
point in the zy plane taken in any direction in the plane is 
equal to the derivative of © at the same point taken in a direc- 
tion in the plane at right angles to the first. If, then, a 
curve ¢ is the trace in the zy plane of a cylindrical surface S, 
the generating lines of which are parallel to the z axis, and if 
n represents a direction in the plane perpendicular to ¢, the 
line integral of D,O taken along e represents the flux of mag- 
netic force across S per unit of its height, perpendicular to the 
ry plane. This integral is equal to the line integral of the 
tangential derivative of © along e or to the difference between 
the values of ® at the ends of the curve. If this difference 
is nothing, the corresponding flux is nothing; if ® is constant 
all along ¢, this curve is a line of force. 

From the results just obtained, it is evident that if two 
straight lines parallel to the z axis cut the ry plane in the 
points 5,, B, respectively, the flux of magnetie force through. 
a cylindrical surface bounded by these lines, per unit of its 
length, parallel to the 2 axis, is 


2 Clog [(A,B,: AaB) /(AgB, - A, By)].- 


This represents the flux of force per unit of its height, through 
a circuit sg, consisting essentially of two infinitely long straight 
wires, parallel to the x axis, cutting the wy plane at B,, B, 
when the steady current C traverses the circuit s,, consisting 
essentially of the two wires already mentioned, which cut the 
xy plane at 4, and 4) Symmetry shows that this expression 
would also give the flux through s,, due to a steady current 
C in 8 


If an infinitely long cylindrical conductor, the generating 
lines of which are parallel to the z axis, and which is sur- 
rounded by a homogeneous medium, carry a steady current in 
the direction of its length, and if the current density at the 
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point (a, y', 2") be g', a function of a! and y’ but not of z', the 
intensity of the magnetic field H within or without the con- 
ductor can be obtained by imagining the conductor made up 
of separate current filaments, each of which has a field like 
that about a fine straight wire, unaltered by the presence of 
the others. If Z, M, N are the intensities of the components 
of H parallel to the codrdinate axes, Z and WM are functions 
of x and y while WN is zero. 


ao: 2q'y—y)dzidy' 4 2g! (@ — #') da'dy' 
=f f SOE, wo ff : 
ee) ay a): (a—alyr+ yy)? 

where the double integrals extend over the section of the con- 
ductor made by the zy plane. If the whole amount of cur-— 
rent in the conductor is C, and if w represents the distance 
of the point (x, y, 2) from the axis of z, and ¢ the angle 
tan—*(y/a), wL and uM approach the limits — 2 C.sin ¢ and 
2 C-cos @ when wu increases without limit. The line integral 
of the tangential component of the field, taken around any 
eurve, which surrounds the conductor, is equal to the corre- 
sponding integral taken around a circle in the xy plane of 
infinite radius, with centre at the origin. ‘The value of this 
last integral is obviously 47C. Except for points in the 
mass of the conductor, the integrands of the expressions for 
Land M are continuous functions of x and y for all values of 
a! and y' within the limits of integration, and D,Z = D,M and 
D,L + D,M = 0. 

At all points in empty space near the conductor, therefore, the 
field is solenoidal and lamellar and there is a potential function 


£ f (24! tan*[(y' — 9) /(@' — 2) ]dn'dy’ 


which satisfies Laplace’s Equation. 

In the special case where the conductor is in the form of a 
right circular cylinder (or of concentric shells bounded by 
cylindrical surfaces of revolution), and where the current den- 
sity is a function only of the distance from the 2 axis, which 


~i.* 
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coincides with the axis of the conductor, the field is evidently 
symmetrical, and the direction of the force at any point is 
perpendicular to the perpendicular to the axis drawn through 
the point. Everywhere in empty space in the vicinity of the 
conductor a potential function, Q, exists, and, since DQ = 0, 
Laplace’s Equation degenerates into D,’Q = 0, or Q = a6 + b. 
The work done by the field when a magnetic pole of strength 
m moves around a circumference, the axis of which is the z 
axis, is evidently equal to +4aCm, where C is the sum 
of the currents in all the current filaments which the path 
encloses. Since the line integral of D.Q taken around any 
such path in empty space in right-handed direction around 
the current is 27a, a is equal in absolute value to twice the 
whole current carried by so much of the conductor as lies 
within the path. If the direction of the z axis is such that, 
if the eye is in the positive 2 axis looking at the origin, a 
counter-clockwise rotation of the positive axis of y through 
90° would make it coincide with the positive 2 axis, and if 
Q=—2C0+4, the force at any point not in the mass of the 
conductor, in any direction, is the derivative of 0 at that point 
taken in the direction in question, and the resultant force is 
—D,Q/ror2C/r. This is the same as if all the current 
nearer the z axis than the point in question were flowing 
through a fine wire coincident with the axis of z. If the 
infinitely long cylindrical conductor is a uniform tube, the 
axis of which is the 2 axis, Q2=a6+ 6 in the empty space 
within the tube, and, since (on account of symmetry) the 
resultant force a/r must vanish on the z axis, a is zero and 
the intensity of the field within the tube is everywhere zero. - 
We may easily find the intensity of the electromagnetic 
force at any point P within an infinitely long, round con- 
ductor carrying, in the direction of its length, a steady cur- 
rent with intensity the same at all points equally distant 
from the axis of the conductor, if we imagine a cylindrical 
surface, S, of revolution coaxial with the conductor drawn 
through P. The magnetic force at P, due to so much of the 
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current as lies outside S, is nothing; the force due to so much 
of the current as hes within S is evidently the same as if this 
portion of the current were concentrated in the axis. If, there- 
fore, a straight conductor in the form of an infinitely long 
cylinder of revolution of radius a@ carries a steady current C in 
the direction of its length, and if the intensity (7) of the cur- 
rent is a function only of the distance (7) from the axis of the 
conductor, the intensity of the magnetic force (H) is 2C/r 


without the cylinder and == f xqdx within. The flux of 
i 0 


induction per unit length of the cylinder across so much of 
any plane through the axis as lies within the conductor is 


Qa4n fu (xg dz. 
0 r/o 


If g does not involve 7, the current is uniformly distributed 
through the conductor, the strength of the field within the 
cylinder is 2 Cr/a?, and @ is equal to pC. If the axis of the 
cylinder is the z axis, the force components at any inside point 
distant r from the axis are L = — 2Cy/a*, M= 2 Cx /a’, so 
that H is solenoidal, as it would be if gy were any analytic 
function of vr. Since H is not lamellar within the conductor, 
it is at the outset clear that there can be no scalar poten- 
tial function © there; it is well to notice, however, that, if 
the derivative of a scalar function, 2, at any point in any 
direction were required to show the force at that point in the 
given direction, it would need to satisfy, within the conductor, 
the two incompatible conditions, 

10-0, HD) a= — 2 Cr fa. 
Since H is solenoidal even at inside points, we may ask 
whether its components are not the components of some vector, 
Q, which may be regarded as a vector potential function of 
H, and it is clear that a vector of intensity — mgr’, directed at 
every point parallel to the z axis, satisfies all the conditions, 


as do many other vectors. The component, at any point 
within the conductor, in any direction, of the curl of the 


Z 
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vector (0, 0, —qr*) shows the component of the magnetic 
force H at the point in the given direction. The abscissas 
of Fig. 62 represent distances from the axis of the conductor, 


Cc 


(0) A 
Fig. 62. 


and the ordinates the corresponding values of the resultant 
magnetic force in the case just considered. 

If a uniformly distributed current C be brought up normally 
through the plane of the paper by an infinitely long cylinder 
of revolution and down through a similar cylinder parallel to 
the first, the lines of force without the cylinders are of the 
same shape as those shown in Fig. 61. The curve in Fig. 63 
shows the intensity of the field at points in a straight line 
which cuts the axes of the cylinders perpendicularly. 

If two infinitely long, coaxial, cylindrical surfaces of revo- 
lution carry symmetrically equal and opposite currents, each 


Fig. 63. 


of strength C, parallel to their common axis, the space between 
the surfaces is a field of electromagnetic force of strength © 
2C/r, where rv is the distance from the axis. There is no 
force within the inner surface or without the outer one. 
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In the case of a long, straight wire of radius @ surrounded 
by a coaxial tube of radii d and c, and carrying uniformly 
distributed a steady current C which returns through the 
tube, the electromagnetic force is evidently zero on the axis 
of the wire and continuous at every distance » from the axis. 
If w, and w, are the intensities of the current in the wire 
and in the tube respectively, C = wyra? = wym (c? — 6%), and 
if we apply the formulas just proved, we shall learn that 
the strengths of the fields within the wire, between the wire 
and the tube, in the body of the tube and without the tube, 
are given by the expressions 2 rwyr, 2 ra?w, /7, 2 rw, (c?— r?) /7, 
and 0. 


It is to be noted that the strength of the magnetic field due 
to a given electric current is, in the homogeneous medium 
which surrounds the current, wholly independent of the per- 
meability of this medium, whereas the field due to a given 
magnet would be inversely proportional to the inductivity. 
If the fields of a given circuit and a given magnet were the 
same in one homogeneous medium, they would not be the 
same in another homogeneous medium of different magnetic 
inductivity. The induction due to a current circuit in a homo- 
geneous medium filling all space is proportional to the induc- 
tivity, as is the energy in the medium. ‘The induction due to 
magnetic matter surrounded by a homogeneous medium is 
independent of the inductivity of the medium. The action 
of a distribution of magnetic matter in an infinite homogene- 
ous medium on a circuit carrying a steady current is not 
altered by changing the inductivity of the medium. 


78. Closed Circuits, Experiment shows that if a steady 
current of strength C runs in a simple linear circuit of any 
form, there is a magnetic field in the neighborhood of the 
conductor and the lines of the field are all linked right- 
handedly with the circuit. If a unit magnetic pole be carried 
round any closed path which does not link with the circuit, 
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the work done by the field on the pole is zero, whatever the 

character of the medium near the cireuit, so that a potential 

function exists in the so-called empty space about the wire. 

This potential must be multiple-valued, since the lines of force 

are closed. If the pole be carried round a closed path which 

links once with the circuit, the work done on the pole by the 
field is +42C, whether the medium 
intersected by the path is homogeneous 
or not. We infer, therefore, that no 
scalar potential function exists in the 
wire which carries the current. 

Fic. 64. It follows from the experiments of 

Ampére that the field of magnetic force, 

due to a steady current of C electromagnetic units flowing 

in a closed linear circuit in a homogeneous medium, is iden- 

tical with the field of magnetic induction due to a simple 

magnetic shell (Fig. 64) of strength C bounded by the cireuit. 

This statement defines the electromagnetic unit of current. 

The magnetic force, due to a current of C electromagnetic 

units flowing in a closed linear circuit in a homogeneous 

medium of inductivity », is the same in magnitude and direc- 

tion at any point P as the force due 

to a simple magnetic shell of strength 

Cp bounded by the circuit. The shell 

may be of any form, provided that it 

does not pass through P and that its F 

positive side is such that the current Ve ae 

surrounds right-handedly the direc- 

tion of polarization. To make the 

potential function single-valued, we 

may cover the circuit by a cap or dia- Fie. 65. 

phragm, fix at pleasure the value Q, 

of the potential function at some one point O in the field, and 

define the value at any other point Q to be the line integral of 

the magnetic force taken from O to Q along any path which 

does not cut the diaphragm. 
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At any point P on the axis of a circular current of radius 
a, at a distance x from the plane of the circuit, the circuit 
subtends the solid angle 


o= 27(1 — cos 6) = 2r(1—2/Va? +2). 


If the strength of the current in the circuit is C, the magnetic 
force at P is directed along the axis of the cireuit (Fig. 65) 
and is numerically equal to the negative of the derivative with 
respect to x of Cw. The intensity of the force is, therefore, 


2 ma?C /(a? + a2)8/2 


and at the centre of the circuit, where x = 0, it is 2rC/a. 
This result evidently agrees with the awkward statement 
sometimes used to define the electromagnetic unit of current. 
“Tf one centimetre of a linear circuit 
which carries the unit current be bent 
into an are of one centimetre radius, 
the strength of the field at the centre 
of the arc, due to this portion of 
the circuit, will be one dyne.” The 
ampere, which is the practical unit 
of current intensity, is one-tenth of 
the unit just defined. 

If for convenience we denote the 
quantity a/x by w and its recip- 
rocal by v, the potential function (Cw) just found may 
be written in either of the forms 27rC$1 —1/Vv1 + unt Or 


2rC$1 —v/V1 +vi, and, according as # is greater or less 
than a, we may use one or other of the developments 


1 a hele Rea 
aclu — ae AY SRO 
A 3 1-3 5 - 
2e0}1—v +5 rey ef es 


If, then, P,, P., Ps, --- represent zonal harmonics expressed in 
terms of cosa, and if wu, and v, represent a/r and r/a, the 
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value of the potential function at a point distant 7 from the 
centre of the circuit, in a direction (Fig. 66) making an angle 
a with the z axis, is given according as 7 is greater or less than 
a by one or other of the developments 


200} Fut: Py, 


2 uy Py + 


1-3 
CPT 2-4-6 


2n0 Ht —v,-Py+ 5 ut Py— 5a o-Ps +- - . 

If an infinitely long straight wire which carries a steady 
current, C, forms part of a plane closed circuit, all the other 
parts of which are at infinity, and if the plane of the circuit 
be used as the xz plane and the wire as the z axis, the solid 
‘angle subtended at the point (2, y, z) by the circuit is 
2(r — 6), where tan@=y/x. The force components at the 
point are, then, the negatives of the derivatives with respect 
to x and y respectively of 2 C(x —@), that is, — 2 Cy /(x*+ y?) 
and + Cx/(a*+ y’), as we already know. 


79. The Law of Laplace. Mechanical Action on a Con- 
ductor which carries a Current in a Magnetic Field. It will 
be evident from the discussion on page 218 that the strength 
of the magnetic field, H, due to a steady current of C electro- 
magnetic units in a rigid linear circuit may also be computed, 
whatever the inductivity of the homogeneous surrounding 
medium, on the assumption that every element ds of the cir- 
> cuit (Fig. 67) makes a contribution numerically equal to 


C-sin (r, ds) «ds /r?, 


to the force at a point P, where r is the distance of ds from P. 
The direction of the contribution is normal to the plane of P 
and ds, and such that a north magnetic pole at P tends to 
whirl right-handedly about a straight line drawn through ds 
in the direction of the current. For a simple illustration of 


~~ 7 = 2. eee ie hs a 


ELECTROMAGNETISM. 263 


the use of this rule, which is sometimes called “ Laplace’s 
Law,” let P be a point at a distance 7) from an infinitely 
long straight wire which carries a current CO, and let s be 
the distance of ds from the foot of the perpendicular dropped 
from P upon the wire. If the angle (7, ds) be denoted by 6, 
$= 1, ctn 6, ds =— 7 esc? 6 db, r= 7, csc 6. All the elements 
of the current conspire to produce at P a magnetic force per- 
pendicular to the plane of P and the wire. The magnitude 
of this force is 


cf nes | sin 66 ==", 
as before. 


If a circuit is not plane, the different elements of the 
current will contribute to the magnetic force, at a point P, 
elementary forces which do not all 
have the same directions. In this 
case it is necessary to compute sepa- Cc 
rately the components ZL, M, N of H. 

If the codrdinates of the beginning 

of ds are x, y;, 2, and those of the 

end x, + dx, y; + dy 2, + dz, while 

those of P are a, y, z, the direction 

cosines of r and ds are (a, —2)/r, £ 
(yi—y)/t, (1— 2)/7, and da, /ds, aia 

dy, /ds, dz,/ds, and, if the direction atk 

cosines of dH, the contribution to the force at P made by the 
current element ds, are J, m,n, then, since this direction is 
perpendicular to r and to ds, 


L(a,—a)+m(y— y)+n(@—2)=9 
ldx, + mdy, + ndz,=0, 
2+ m+n? = 1. 


as 


If we represent the expressions (y,; — y) dz — (4 — 2)dy, 
2 — 2) day — (a, — 2) dz, (4, — x) dy, — (¥1 — y) da, by 9’, 8", 
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8'" respectively, and 8? + 8’? + 5" by 6, we learn from these 
equations that J = 8'/3, m = 6"/6, n =6'"/6, 

cos (11, ds) = [ (a, — 2) day + (y1 — y) dy + (1 — #) dz] /rds, 
and sin (7, ds) = 8/rds. 

If, then, the components of dH are dL, dM, dN, we have 
the equations dL = C8'/r*, dM = C8"/r*, dN = C8"/r*, and 
from these, by integration over the circuit, the force at P may 
be computed. 

Since action and reaction are equal and opposite, a unit 
magnetic pole at P would exert upon the element ds of the 
conductor which carries the current a mechanical or “ pondero- 
motive” force the components of which would be — C8'/7’, 
— C8"/r?, — Cd'"/r%, These components, written in terms of 
the components ; 

Ly = (@1 — #)/1*, Mn=( — y)/™*, Nu =( — 2)/1, 
of the magnetic field at ds due to the pole at P, are 

C(N,,dy, — Md), C(L,dz, — Nd), C(M,,dx, — L,,dy;), 
and, since so far as this force is concerned the origin of the 
magnetic field is immaterial, these expressions give the com- 
ponents of the mechanical force which act upon the element 
ds of a circuit carrying a steady current C in any magnetic 
field which at ds has the components L,,, MW, N,,. 

If the magnetic field at ds,;—an element of a linear circuit 
s, which carries a steady current C, — is due to a steady current 
C, in another circuit s,, the element ds, of the second circuit 
at the point (2, Ys, #2) contributes to the magnetic field at ds, 
at the point (a, y:, #,) components numerically equal to 


h(a — %) dy. — (yi: — Yo) dze], 
Sle 2) des — (es es) de], [202] 


& [(y1 — Ys) dag — (#1 — 2) dys], 
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so that the « component of the mechanical force exerted upon 
the circuit element ds, by the circuit element ds, is 
sy and CS Cy 
dx,= er $[(Y1 — Yo) ita — (x, — Xq) dy. | dy, 
=| (| — &,) dz, — a — @) dx,|dz1}, 
or C,C,-D,,(1/r) [dax,-da,+ dy,-dyz+d 1° dz, | 
— €,C,dx[D,,(1/r)dx,+ D,,(1/7r) oe + on (1 /r) dz], 
C,C.ds,d. 
Sarai es os (x, 7) - cos (ds;, dsz) 
— cos (x, ds,) Gos(7, ds;) ], [203] 


where 7 is the distance of ds, from dsj. 

The x component, X;, of the whole mechanical force exerted 
upon the rigid circuit s, by the rigid circuit s, is to be found 
by integrating the expression just found over both circuits. 

The resulting integral will evidently not be changed if we 
add to the integrand any quantity which disappears when 
integrated about either circuit, and this fact makes it possi- 
ble to find many other expressions * for the mechanical force 
exerted upon an element of one circuit by an element of 
another, which will account mathematically for the observed 
forces between two rigid closed circuits, 

According to Ampére’s analysis, the resulting action between 
the two elements ds,, ds, is an attraction in the line joining 
them of intensity 


ates [2 cos (ds,, ds) — 3 cos (1, ds) - cos (7, ds2) ]. 


* For exhaustive treatments of this important subject the reader should 
consult Ampére, Gilbert’s Ann., 1821; Ampére, Mém. de l’ Académie, : 
1823, 1827; W. Weber, Ges. Werke; Grassmann, Pogg. Ann., 1845; 
F. E. Neumann, Abh. Berl. Akademie, 1845; Wiedemann, Lehre von der 
Elektricitit ; Maxwell, Treatise on Electricity and Magnetism, §§ 502-527 ; 
Webster, Theory of Electricity and Magnetism, §§ 217-221. For conven- 
ience of reference I have followed Professor Webster’s order, and in part 
his notation in the brief treatment of the Electrodynamic Potential given 
in Section 80. See Problem 307, page 452. 
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On this assumption two elements in the same straight line 
repel each other with a force C,C,ds,ds,/7*, while two parallel 
elements perpendicular to the line which joins them attract 
each other with a force 2 C,C,ds,ds,/7r?. These expres- 
sions, like those which precede, hold good whether the ele- 
ments ds,, ds, belong to the same circuit or to two different 
circuits. 


If two infinitely long straight wires (s,, s2), parallel to each 
other at a distance a apart, carry in the same direction the 
steady currents C,, C, respectively, the mechanical force 


exerted on s; by s, is evidently C; C2 { [eos (x,r) /r*] ds, - dss, 
1/2 


or (2 C{C,/ a) f ds,, so that every unit length of s, is attracted 


towards s, with a force of 2 C,C,/a dynes. 

If each of two closed circuits (s;, s.) which carry steady cur- 
rents, C,, C,, consists essentially of two infinitely long wires 
parallel to the z axis, if the currents come up through the zy 
plane in the two circuits at the points (0, a), (¢, 2) respectively, 
and go down at the points (0, — a), (c¢, — 0), the first circuit 
experiences a force tending to urge it in the direction of the 
x axis, and the intensity of this force per unit length of both 
wires of s, is 4¢C,C,$1/[(@ — b)?+ ¢?]—1/[(a+6)?+ J}. 


It is evident from the discussion of the properties of mag- 
netic shells in air given on page 217 that the mechanical action 
on a rigid linear cireuit carrying a steady current C in a 
magnetic field (caused either by permanent magnets or by other 
currents or by both) may be-mathematically accounted for on 
the supposition that every element ds of the circuit is urged b 
a force equal to Cds times the component (/’), perpendicular 


to ds, of the total magnetic induction. The direction D of 
this elementary force is perpendicular to the plane of C and F 
in the sense shown in Fig. 68. 


—-= 
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The same assumption will accowit for the phenomena 
observed when a deformable circuit is placed in a magnetic 
field. 

According to this theory the component in any direction w 
of the force on the element ds is Cds- B-sin (B, ds) cos a, where 
ais the angle between « and the normal to 
the plane of B and ds, and this is numeri- 
cally equal to the volume of a parallelopiped, 
adjacent edges of which are represented in C 
magnitude and direction by Cds, B, and a unit 
length in the direction vu. This volume may 
also’ be represented by Cds-sin(u, ds)-B', 
where 5’ is the component of the induction B, 
normal to the plane of ~ and ds, and this expression for the 
force component is occasionally useful. 

If (2, m, n) are the direction cosines of the element ds and 
if the components of the induction B are B,, B,, B., 


sin (B, ds) =§(m-B, —n-B,)*? +(n- B, — l-B,)? 
+(l-B,—m- B,)tt/§ BZ + B}+ BZ 


F 


Fic. 68. 


and the resultant electromagnetic force on the circuit element 
ds has the value 


C$(m-B,—n-B,)’?+(n-B,—1t-B,)? +(- B, — m- B,)}4- ds. 


If ds is an element of a current filament of cross-section » ina 
massive conductor in which the current vector is g or (u, v, w), 
we have gu = C, ww = 1C, vw = mC, wo = nC, and the electro- 
magnetic force may be written 


w§(v-B,—w-B,P +(w-B, — u-B,)? +(u- B, — v- B,)?} - ds. 


The components parallel to the coordinate axes of the electro- 
magnetic force per unit volume of the conductor are, therefore, 
(v-B,—w-B,), (w-B,—u-B,), (u- B,—v- B,). 

If the element ds be moved parallel to itself through the 


distance du, the mechanical work done on it by the forces of 
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the field can be represented numerically by the volume of a 
parallelopiped, conterminous edges of which are Cds, B, and 
du; this volume is numerically equal to C times the number 
of lines of induction of the field cut by the element during the 
translation. If an observer be imagined to lie in the element 
in such a way that the current enters at his feet and goes out 
at his head, and if he faces in such a direction that he can 
look along the lines of force, the work done by the translation 
will be positive if these lines appear to pass him from left to 
right, that is, if the displacement is to his left. It is easy to 
see, moreover, that if the element ds be revolved about any 
axis through a small angle, the work done upon it may be 
represented by C times the number of lines of induction cut 
by the element during the displacement ; we may infer, there- 
fore, that the electromagnetic work done by the field upon any 
portion s of a circuit during any displacement is measured by 
the product of the current strength and the number of lines 
of induction cut by s. The direction in which a rigid closed 
linear circuit carrying a steady current C in a magnetic field 
of any kind will tend to move may be inferred from the fact 
that the circuit will behave in this respect like the equivalent 
magnetic shell. 

It is easy to see from the discussion on page 216 that the 
mutual potential energy of an external field and the mag- 
netic shell mechanically equivalent to a given circuit, — that 
is, the mechanical work that must be done to bring the shell 
already formed into the field, —is equal to — CN, where NV 
is the whole number of lines (unit tubes) of induction of the 
field which the current surrounds right-handedly. The cir- 
cuit will tend to move, therefore, so as to make WV as large as 
possible. If, for instance, a plane circuit of area A carries a 
steady current C in a uniform field of induction of intensity 
B, any motion of the circuit parallel to itself would not 
change the induction through it, and there is no tendency to 
any such motion; if the normal to the plane of the circuit 
makes an angle @ with the direction of the field, a couple, 
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of moment C.A-B-sin 6, acts on the circuit and tends to 
decrease 0. 


If into a magnetic field #) which has the components 
Xo, Yo, Z a linear circuit carrying a steady current be intro- 
duced, and if the electromagnetic field due to the current alone is 
F,, or (XG, Y,, 2,), the whole field is (X%) + 4, Y+Vi,,%+ 4); 
and the whole magnetic energy in the field is 


sed S fui + X)?+(¥) + Yi)? +(Z + Z)% dr, 


“ ASS fume + Vit 239 de 
a 
ata aS Sfx (XY? + ¥y? + 24”) de 


== LSS S- (XX, + Yo Y,+ Z 4;) dr. 
a 


The first integral is the magnetic energy of the original 
field, the second that of the field of the circuit alone, and the 
third the magnetic energy due to the introduction of the circuit 
when formed into the field. We may now show that this last 
term, which may be written 


1 ff [uty Fy-cos (Fe F,) dr, 
wal at 


is equal to the product of the strength of the current and 
the flux of induction of the original field in the positive direc- 
tion through the circuit. Since all the equipotential surfaces 
of the field 7, are bounded by the circuit, we may cap the 
circuit by a whole series* of such surfaces and write the 


* A. Gray, Treatise on Magnetism and Electricity, Vol. I, p. 293. 
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total induction through the circuit due to the outside field in 
the form 


M= rf af p(X +mY, + nZ) dS = f if uF, - cos (Fy, F,) dS, 


where the integration is to be taken over any one of these 
caps and where J, m, n are the direction cosines of the normal 


to the cap. 
If a unit magnetic pole were carried around any line of force 
s, of the field #,, the work done on it would be 47 times 


the current C in the circuit, so that 440 = “fs F,-ds, If we 
multiply each side of this last equation by Jf, we have 


Cf fuk +m¥, +nZ)as 


1 
= Te ff ufo: 00s (Po dS: f Fas. 


Since the caps are equipotential, 7, ds, has the same value for 


all lines of force between any two caps, and since the induction 


py is solenoidal, the first integral factor of the second mem- 
ber has the same value for all the caps. We may find the 
value of the second member, therefore, by imagining space 
divided up into elements which are portions of tubes of force 
of the field #, bounded by equipotential surfaces of this field, 
multiplying the volume of each element by the value in it of 
ply: cos (4, #,), and finding the limit of the sum of all 
these quantities divided by 47. The value of the volume 
integral must be, however, independent of the shapes of the 


elements, and we have, in general, 


Cf fu@Xo + mY, +nZ) as 


= TSS Su Fe F008 oF) dr. 
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The magnetic energy in the medium is often called the “elec- 
trokinetic energy.” That portion of the electrokinetic energy 
which is due to the introduction of the circuit already established 
into the given field is evidently the negative of the mutual poten- 
tial energy, corresponding to work done against mechanical 
forces, of the equivalent magnetic shell and the field. 


If a portion s of a circuit electrically connected through 
mercury cups with the rest of the circuit, which is fixed, be 
rotated and finally brought back to its original position, elec- 
tromagnetic work will be done on s if it cut lines of the field in 
positive direction during the motion, but the whole circuit may 
be represented by 
the same magnetic 
shell at the begin- az 
ning and at the end ae 
of the process, and = 
the mutual poten- Te 
tial energy of the p 
circuit and the ’ 
field is unaltered by Fic. 69. 
the displacement. 

Under these circumstances, as will appear in the sequel, cur- 
rents are induced in s by the motion. 

If in the case of the circuit shown in Fig. 69 the conductor 
AB is free to slide on the rails DA, GB in such a way as to be 
always parallel to DG, it will move in the direction indicated 
by the detached arrow, the circuit will be made to embrace in 
the positive direction a greater number of lines of induction, 
and the electrokinetic energy will be increased. If the motion 
take place without external help, the necessary energy must be 
furnished at the expense of chemical action in the battery. 
Let Z be the electromotive force of the battery, 7 the resistance 
of the circuit at any instant, and C the current which then 
passes through it: the energy furnished by the chemical action 
in the battery during the time dt will be HC dt, and of this a 
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part, at least, C’rdt, appears as heat in the conductors which 
make up the circuit. If AB be held still, C will have such a 
value, Cy, that EC, = C,’r._ If, however, AB be moving toward 
the right, the current will be smaller than Cy, HC will be 
a fraction of HC), 
C*r a smaller frac- 
tion of C,?7, and 
EC will, therefore, 
be greater than 
C*r. The difference 
(EC — C?r) dt now 
represents the work 
Fic. 70. done during the 
time d¢ in moving 
AB: a part of this work is used in overcoming friction on the 
rails, a part in communicating kinetic energy to AB, and a 
third part in increasing the energy of the medium. If for 
convenience we denote (ZC — C?r)dt by C-dp, we shall have 
E — D,p = Cr, and the current is the same as if there were 
in the circuit an electromotive force D,p opposed to that of 
the battery. If an external force were applied to AB tending 
to move it to the right, the velocity might be increased so much 
that the current would be reduced to zero 
or caused to flow in the opposite direction. 
If, however, AB were forced to move to 
the left by external forces, the current in 
the circuit would become greater than Cy 
and would have the same direction as EF. 
Fig. 70 illustrates a case where the 
resultant magnetic field is, as before, 
normal to the plane of the circuit, though Fic. 71. 
the field lines thread the circuit in the 
negative direction; in this case AB will tend to move toward 
the left. 
Fig. 71 represents Faraday’s metal dise, mounted on a 
metallic arbor and free to turn about a horizontal axis. At 
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any instant the current flows in the dise from the centre to 
the brush P and the conductor which carries the current is 
urged to turn in the direction indicated by the arrow. The 
energy in the medium is not increased by the motion of the 
disc, and the work done by the battery is spent in heating 
the conductors in the circuit, in overcoming friction and the 
resistance of the air, and in increasing the 
kinetic eae of the disc. If the field is 
uniform, if S is the area of one face of the 
disc, and if the media are of unit induc- 
tivity, the work done on the disc each turn 
is CHS, and if it is making n turns per 
second, we have HC =C*%r+ CHSn. If 
the disc be used as a motor to overcome 
resistance of some kind, and if the energy 
required per turn is f(n), CHS = f(n), and 
from these two equations m and C may be 
found, if f be a known function. 

In the arrangement shown in Fig. 72 
a rigid wire free to turn about the axis of 
a fixed vertical magnet makes electrical 
contact with the magnet at its middle. 
The current from a battery flows through 
a circuit made up of the wire, the mag- 
net, and a supplementary fixed conductor 
forming a prolongation of the axis of the 
magnet. In this case the wire will turn continuously i in the 
direction indicated. It is easy to show that a fixed magnetic 
field cannot cause continued rotation of a complete rigid circuit 
about a fixed axis. 


Bre, 72. 


80. The Electrodynamic Potential. If while a linear cir- 
cuit, s,, which carries a steady current, C,, remains fixed, a 
neighboring linear circuit, s,, which carries a steady current, 
C,, is deformed or moved without being stretched, so that 
every element ds, is unchanged in length but the codrdinates 


a PN il 
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of the beginning of the element receive increments 62, dy;, 6%, 
which are analytic functions of x, 7, #;, the work done by the 
forces which s, exerts upon s, is approximately equal to 


Sf (@% Ber + dV bys + dz B21), 
or to ae 


C102 f [Da (L/2)- Ber + Dy (1/2) 8p + De (1/2) B44] 
»[da, " Gk. — dy; = dyz a dz, » dz, | 
— O10 f {[Da(1/r) dey + D,(A/r)-dy.t D.,(1/r)-dei] 
1/2 
[dag ec bay + dy. _ by, + dz “ dz; |. 


The first factor under the integral signs in the second 
integral of the last expression is equal to D, (1/r)-ds,, and 
if we integrate the whole integrand by parts with respect to s,, 
we get 

[ (dag Bary + dyg- dy + zy - 821) / 7] taxon detween limits 


= af (dag - d8x, + dyy + d8y, + dzy- d8z;) /1, 


where the expression in brackets, having the same value at 
both limits, can be omitted. The expression for the elemen- 
tary work done on s; during its displacement is, therefore, 


C102 ff [Da (L/r) B24 + Dy (1/7) -Bys + Dy (1/2) Ber] 
[dix - dit + dy, + dy, + dey des] 


+ 0,0; J (dary: dB, + dys By, + zy dBe) /7, 


and this is obviously equal to the variation of the integral 


C1 Caf f (aes + daty + dy,- dy, + dz,- dz.) |". 
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caused by the elementary displacement. This last integral 
written in the form 


C; C2 f Leos (ds, -dsz) /r] ds, + dsq [204 ] 
1 


gives what is often called F. E. Neumann’s Expression for 
the Hlectrodynamic Potential. The increase in the value of 
this function caused by any finite displacement of s, evidently 
represents the work done on s, by the field due to s, during 
the displacement: this work depends only upon the original 
and final configurations. The Electrodynamic Potential corre- 
sponds to that portion of the electrokinetic energy which is due 
to the mutual proximity of the circuits. Its negative is equal 
to what is sometimes called the mutual potential energy due to 
the mechanical forces acting between the circuits. It is impor- 
tant to notice that although the ponderomotive forces which 
urge a rigid circuit carrying a given current, C, in a magnetic 
field can be correctly found from the expression for the mutual 
potential energy of the field and a magnetic shell of strength 
C bounded by the circuit, this may be regarded from one 
point of view as merely a convenient mathematical device. If 
the shell were to move under the action of the field alone 
and acquire kinetic energy and overcome external resistance, 
this work would be done at the expense of the mutual poten- 
tial energy of the field and the shell. If, C being kept 
constant, the circuit were to move under the action of the 
field in exactly the same way, the work would be done at the 
expense of the generator which maintains the current. In 
other words, there is no sensible mutual potential energy of 
the field and the circuit, the exhaustion of which measures the 
work done by the forces of the field during any displacement 
of the circuit. 

The integrand in the expression given by Neumann can be 
increased at pleasure by any quantity which disappears when 
integrated around either s, ors, Such a quantity is A-D,D,7, 
or A[cos(r, ds,) -cos(r, ds:) — cos (ds;, ds2)]/7, where d is any 
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constant. The corresponding form of the Electrodynamic 
Potential is 


0,0, a: f 5A. cos(n, d,) -cos(r, dss) } (1/7) ds, -ds, 
ot ac. f fra — i) - cos (ds, dsy) - (1 /r)} ds, - dsg. 


A form sometimes convenient is obtained by putting A= 1. 


In the case of two vertical, coaxial, circular wire circuits 
of radii 7, and r,, at a distance a apart (Fig. 73), we may 


~ 


denote by ¢; and ¢, the angles which radii, drawn from ds,, 
ds, respectively to the centres of their circuits, make with the 
vertical and put 2, = 7, cos $y, %=72,COSds, ¥, = 7, SiN dy | 
Yo = 728i dy, P= a? +77? + 737 — 2ryrz-cos(p — 2). The 
expression - 


P= CC ff (ders dory + dys dys + dey-dzs) /7 


then becomes 


Qn 
C; Carrel 


(28 
or C.Carare "Odds 
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That the definite integral Q is not,a function of $, follows 
from the fact that the definite integral which represents its 
partial derivative with respect to ¢, is the limit of the sum 
of elements which destroy each other in pairs: we may there- 
fore give to ¢, in the expression for Q any convenient value 
(say zero) and write P = 27 C,C,r,7.Q. “We may conveniently 
transform the integral which represents Q by putting 


20> ¢—7, RP =4rr,/[a? + (1+ 17)*], 


ae — 77/2(1 — 2 sin?) 0 
Te rd AOMEP ref ( a ? 
0 V1 — k?sin?6 
2 
or 47C,C,V1 nnd (@o vx zB, 


where & and £# are the complete elliptic integrals of the first 
and second kinds. The numerical values of these integrals 
for various values of & are to be found in “ A Short Table of 
Integrals” (Ginn & Company, Boston). It is to be noted that 
if in this analysis we imagine finite currents to be carried 
by conductors of zero cross-section, and 7, and r, to be equal, 
then, if @ approaches zero, k approaches unity and P grows 
large without limit. The derivative of P with respect to a 
gives in general the mutual attraction of the two circuits. 

If the external field about a linear circuit s,, carrying a 
circuit Cy, is due to a current C, in another linear circuit so, 
we have two different expressions for the mutual potential 
energy of the magnetic shells which correspond to the two 
circuits. These are — C,N, where N is the number of lines 
of induction due to C, which thread s, positively, and the 
negative of the Electrodynamic Potential of the two circuits. 
When C, and C, are both unity the Electrodynamic Potential 
measures the magnetic induction through either circuit when 
the unit current traverses the other. 

The number of lines of magnetic induction which thread 
either of two simple linear circuits, made of non-magnetic 
material and removed from the neighborhood of other currents 
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and permanent magnets, when the unit current passes through 
the other circuit, is called the coefficient of mutual induction 
or the mutual inductance of the two circuits. The numerical 
value of this coefficient depends upon the character of the 
media in the neighborhood of the cireuit. 

If two exactly similar linear circuits, s; and s , carrying 
steady currents of unit intensity, lie side by side, and if one of 
them (s.) be imagined to move up towards coincidence with 
the other, the value of the integral which represents the Elec- 
trodynamic Potential approaches the form 


L =fj= (ds,, ds.) ds, - dss 
ivi r 


where the integration is to be extended twice over the same 
circuit. If the circuits are supposed to be mere geometrical 
lines, the value of this integral will be in general infinite ; 
if, however, s, and s, are made of wires of small but definite 
cross-sections, the finite limit, as s, is moved into close contact 
with s,, of the flux of magnetic induction caused by the unit 
current in s, through a diaphragm bounded by s, is practically 
the flux through the diaphragm due to the unit current in s;. 

The number of lines (unit tubes) of magnetie induction 
which thread a simple fine wire circuit made of non-magnetic 
material, which carries a steady current of unit strength when 
there are no other currents and no permanent magnets in 
its neighborhood, is very nearly equal to what is called the 
coefficient of self-induction or the self-inductance of the simple 
circuit, under the circumstances. The numerical value of this 
coefficient, which we shall soon be able to define more accu- 
rately, depends very much upon the nature of the media about 
the circuit. 


81. Coefficients of Induction. If two fine wire closed cir- 
cuits of non-magnetic material, exactly alike in size and shape, 
and carrying in the same direction steady currents of intensity 
C' and C"' respectively, are placed as nearly as possible in 


———— a 


‘ 
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coincidence, the coefficient ef mutual induction of the two is 
practically the same as the coefficient of self-induction (Z) of 
either, and the work required to separate the two circuits to 
an infinite distance from each other is C'O"Z. If, then, a 
fine wire closed circuit which carries a steady current C be 
supposed made up of infinitely slender closed circuit filaments 
lying freely in contact, it is easy to get an expression for the 
work that must be done in removing these filaments one after 
another out of the field. If at some stage in the process the 
remaining filaments carry altogether the current C — C", the 
work required to remove another filament carrying the cur- 
rent dC" would be (C — C")dC". L, and this integrated with 
respect to C’ between 0 and C yields 4 C?Z, which is an 
expression for the intrinsic energy of the original collection of 
filaments. Again, if a current C be set up and kept steady 
in any closed circuit in a medium of any kind which contains 
no permanent magnets and no other currents, the medium 
becomes polarized by induction and is a field of force. The 
electrokinetic energy is equal to the volume integral taken 
over all space of »C?Rk?/8 a, where # is the intensity of the 
field due to a unit current in the conductor. It is easy to see 
that this reduces in the case of a linear circuit to 4 C? times 
what we have called the coefficient of self-induction of the 
circuit, and we are led to define the coefficient of self-induction 
of a circuit, made up of conductors of any form surrounded by 
media the susceptibilities of which are independent at every 
point of the intensity of the force at the point, as twice the 
energy in the magnetic field when the circuit carries a current 
of one electromagnetic unit and there are no other currents 
and no permanent magnets in the neighborhood. 

If, for instance, a uniformly distributed current C be carried 
lengthwise in a homogeneous, infinitely long cylinder of revolu- 
tion, of radius a, and be brought back in a thin cylindrical shell 
of inside radius } and outside radius ¢, coaxial with the cylin- 
der, there is no field without the shell; the intensity of the 
field is 2 Cr /a? within the cylinder, 2 C’/r between the cylinder 


b 
- 
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and the shell, and 2 C (ce? — r*) /r (c? — b?) in the shell itself. 
Neglecting the space occupied by the thin shell, which would 
contribute little to the result, the whole energy in the field per 
unit length of the cylinder is 


2 a 
- ae 2 artdr + a4 02 '2a/r-dr. 
Tv 0 T a 


If the medium between the shell and the cylinder has the 
uniform inductivity ps, this energy is $p,C* + p,C?logh/a. 
The coefficient of self-induction of the circuit per unit length 
is, therefore, when the shell is thin, 4p, + 2p, logd/a. 

The coefficient of self-induction, in electromagnetic absolute 
¢.g.s. units, of a circular ring of circumference /, made of non- 
magnetic wire of radius x and surrounded by air, is, according 
to Kirchhoff, 2 7 [log (2/7) — 1.508], and that of a square circuit 
of perimeter 7, made. of similar wire, 2/ [log (Z/r) — 1.910}. 
Regarding the coefficient of self-induction from the point of 
view of the energy in the field, it is possible to prove that the 
coefficient of a part of a circuit consisting of a straight wire of 
length / and radius r is approximately 2 /[log (27 /r) +4,"—1], 
where p» is the magnetic permeability of the wire. For addi- 
tional examples, the reader is referred to Winkelmann’s Hand- 
buch der Physik, Vol. III, Maxwell’s Treatise on Electricity 
and Magnetism, Vol. II, and to Gray’s Absolute Measurements 
in Electricity and Magnetism, Vol. II. 

If X,, Yi, Z, are the components of the electromagnetic field 
which a unit current flowing in a given circuit s, of self-induc- 

tance Z, would cause if the surrounding space contained no 
other currents and no permanent magnets, and if this space is 
already the seat of a magnetic field Y, Y, Z, caused either by 
currents or by permanent magnets, or by both, then if a steady 
current C, be set up and maintained in s,, the electrokinetic 
energy is 


gb S Set Odi +I (GN + V4 (GM + Zar 


or: 
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The integrand can be split up into three terms, 
pOs[XP+ Ve+ 27], pl X?+ v4 2, 
and 2eC,[X1X + YY + ZZ], 


and the corresponding integrals represent respectively $ C,2Z,, 
the energy of the original field, and that part of the electro- 
kinetic energy due to the introduction of the current into the 
field. If the external field is due to a steady current C, in 
a second circuit s, of self-inductance Z., the second integral is 
% CL, and if the third be written C,C,M, the whole energy 
becomes } CL, + MCC, +4 C7L,. The quantity M, which 
in the case where s, and s, are linear is the coefficient of mutual 
induction of the two circuits, serves to define this coefficient 
in the case of circuits which are not linear, surrounded by 
media which have susceptibilities independent of the strength 
of the field. 

If m circuits which have self-inductances Z,, L,, L,,--- and 
carry currents C), C,, C;,--- exist together in a soft medium, 
and if the mutual inductance of the pth and kth circuits is W7,,, 
the electrokinetic energy 7’ is equal to 


4(£, C7 + LC? + LC? +--+ £,C,”) 
+ M,,0,C, + M,C, C; Ske + M,,,C,C,, + Mo,0,0;, +: 2) 


where the values of the inductances depend upon the configuta- 
tion of the system. If this configuration is determined by 
a number of generalized coédrdinates 9, 7, 7s,+++, the electro- 
dynamic force, in the Lagrangian sense, which tends to increase 
any one of these coérdinates (leaving the rest unchanged) is 
the partial derivative of 7 with respect to this codrdinate. 
If every circuit is rigid, the L’s are constant during any change 
of configuration. 


82. Maxwell’s Current Equations. Various Current Sys- 
tems. We may infer from experiment that if a unit magnetic 
pole be moved about a simple closed path in any steady electro- 
magnetic field, whether the medium in which the part lies is 
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homogeneous or not, the work done on it by the field is equal 
to 47C, where CU is the whole current which passes in positive 
direction through any surface or diaphragm which caps the 
path. If wu, v, w are the components of the current intensity, 
the flux through the cap may be written in the form 


f flu -cos (a, n) + v-cos(y, n) + w-cos(z, n)]dS, 


and if ZL, M, N are the components of the magnetic force 
H, the line integral of H taken around the path is equal, 
according to Stokes’s Theorem, to 


it [(D,N — D, I) - cos (x, n) + (D.L — D,N) - cos (y, n) 
+ (D,M — D,L) «cos (z, n)]d8. 
It follows that the integral 


ef; fi [(4 ru — D,N + D,M) cos (2, n) 
+ (4rv — DLL + DN) cos (y, n) 
+ (4rw — D,M + D,L) cos (2, n)]d8 
must vanish whatever the shape of the cap and, therefore, 


that at every point 
4 ru = D,N — DM, 


2 4nv = DL — DN, 
4rw = D,M — D,L. [205] 
These are Maxwell’s Current Equations, which can be stated 
in the single vector equation 
4 rq = curl of 


This has been called by Heaviside “the first cireuital equa- 
tion” of’the electromagnetic field. It states that 42 times 
the resolved part of the current intensity at any point within 
a conductor, in any direction, is equal to the resolved part in 


the given direction of the curl of the magnetic force. The 


equation holds even in a non-homogeneous medium. 
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Maxwell’s Equations, with the characteristic volume and 
boundary differential equations which the magnetic induction, 
as we have seen, must always satisfy, completely determine a 
steady magnetic field in given media, when the current ¢ is 
known. 

In any homogeneous soft medium the magnetic force H is 
solenoidal, and we may infer from the work of Section 69 
that it has a vector potential function Q equal to Potg. We 
have, therefore, H = curl Q, 447 = curl H, and, if the compo- 
nents of H and @ are L, M, N and @,, Q,, Q, respectively, 


i Silo oH fff 


tO DD) MD. D0) N= DY, — D,Q,: 


When in a steady field 7 is known, Maxwell’s Equations, 
or their equivalent, give the current vector q¢ directly. If, for 
example, the magnetic force is zero oust without an 
infinitely long cylindrical surface 
iS of any shape, while within Sthe K a K 
field has the uniform strength J, Fre. 74, 
and is directed parallel to the gen- 
erating lines of the surface, g is zero within and without 8. 
To show that ‘§ itself is a current surface, let AA’ be a por- 
tion of a generating line drawn in the direction of the field 
within, and let AB and CD be lines cach of length Z parallel 
and close to AKA’, one within and the other without S, drawn 
so that AC and BD are normal to the surface. The line inte- 
gral of the magnetic force taken around the perimeter of 
the rectangle ACDB is numerically equal to ZN, so that, by 
Stokes’s Theorem, the surface integral of the normal upward 
component of the curl taken over the area of the rectangle is 
LN, and this is equal to 4 times the steady flow of electricity 
through the rectangle. There is, therefore, a uniform flow of 
electricity in S perpendicular to its generating lines equal to 
N/47 per unit length of the surface. 
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This is practically the case of an electromagnetic solenoid, 
that is, an infinitely long cylindrical surface wound uniformly 
(and as nearly perpendicularly to the axis of the cy linder as 
possible) with turns of fine wire. If there are m turns on each 
centimetre of length of the cylinder (Fig. 75) and if each 
turn carries a steady current C, N/42=2C, or N=4anC. 

This result is independent of the magnetic inductivity of 
the homogeneous soft medium within the cylinder. The 
induction in the medium is 4znpC, and the intensity of its 
polarization (magnetization) is 4ankC or nC(w—1). The 
coefficient of self-induction per unit length of the solenoid 
is 42n%uA, where A is the area of the cross-section of the 
cylinder. 

If a part of the space within the solenoid be taken up with 
a homogeneous soft mediuin of permeability »,, and the rest 
: by an infinitely long 
}—— > cylinder of another 

homogeneous soft 

medium of permea- 
bility 2, the lines of which are parallel to those of the sur- 
face upon which the wire is wound, the lines of force are 
unchanged in form, the induction in the first medium is 4 7mp,C 
and in the other 4rnp,C. If A, and A, represent the portions 
of the cross-section A of the solenoid occupied by the two 
media, the self-inductance of the solenoid per unit length is 
4 wn? (yA, + pry Ae). 


Fr T6e- 


The coefficient of mutual induction of two infinitely long 
solenoids ,, S,, one of which has n, turns and the other n, 
turns per unit of its length, is zero, unless one, say S,, is within. 
the other. In this case the coefficient has the value 4 rnn, A. 
per unit length of the two, where A, is the area of the cross- 
section of Sy. 


If two infinitely long, cylindrical surfaces, whatever their 
shapes may be, have parallel aie lines, and if one of 
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these surfaces is within the other, the space between the 
surfaces will be a uniform field of magnetic force of strength 
NV, directed parallel to the generating lines, and the regions 
without the outer surface and within the inner one will be 
fields of no force, if a uniform current of strength N/4 7 per 
unit length flows in each surface perpendicular to the gen- 
erating lines and if the directions of flow around the two 
surfaces are opposed. 


If the two infinite parallel planes x =a, x=d carry uniform 
currents parallel to the y axis, of strength N/4z per unit 
width of the planes parallel to the z axis, and if the directions 
of the two currents are opposite, the region between the planes 
is a uniform field of force of strength MN parallel to the z axis. 
There is no force without the space included between the 
planes. The current in each plane evidently gives rise toa 
uniform field of intensity $V on both sides of the plane. 


If a ring surface be formed by revolving about the 2 axis 
an area in the xz plane, and if electricity be supposed to flow 
symmetrically on the surface, in closed paths which lie in . 
planes through the 2 axis, and coincide with perimeters of 
cross-sections of the ring formed by such planes, the field has 
the same intensity at all points of any one of the family (/) 
of circumferences, the centres of which lie in the z axis and 
have that line for their common axis. If, using columnar 
codrdinates (7, 6, z), we denote the force components at any 
point, taken in the directions in which these codrdinates increase 
most rapidly, by &, ©, Z, these components are independent 
of 6. Since the amount of work which would be done ona 
magnetic pole if it were carried around any closed path with- 
out the surface, — whether or not it linked with the surface, — 
or around any evanescible path wholly within the surface, 
would be zero, we are led to guess that the field outside the 
ring is everywhere zero, and that the lines of force within the 
ring are circumferences of the f family. If a unit magnetic 
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pole were carried about one of these circumferences of radius 7, 
the work done on it would be + 2 7r@, and this is equal in abso- 
lute value to 472, where Z is the whole amount of electricity 
which flows about the ring per second. We learn, therefore, 
that @= 2H/r. We may now prove that if there is no field 

without the ring surface, and if the only component 
———s within is 0 = 2 #/r, the currents which give rise to 
\ '- the field must be those assumed above. The com- 
, ¢ ponents of the field within the ring, taken parallel 
oa to rectangular axes, are — 2 Ey /r*, 2 Ex /r*, 0, so 
V that the force is lamellar within and without the 
surface of the ring. To find what currents flow in 
the surface itself, we may use a circumference s of 
radius 7, in which a plane perpendicular to the z axis inter- 
sects the surface, draw two ares parallel and very close to s, 
one on either side, so that one is within the surface and the 
other without it, and complete a narrow closed contour by 
drawing two radii (Fig. 76) which make with each other 
any convenient angle ¢. Only 
one side of the contour yields any 
contribution to the line integral 
(2 Fo), taken about it, of the tan-~ 
gential component of the force. 
This integral measures the work 
done on a unit magnetic pole car- 
ried around the contour, and is 
equal to 47 times the strength of 
the current across the portion of s, 
of length 7, which the contour 
encloses. If the whole flux across 


Fic. 76. 


Fie. 77. 


s is F, the flux across this are is ¢/’/27, and we have the 


equation, 226 = 4r6F'/27, or F= E. 
The case here considered is approximately that of a ring of 
revolution wound uniformly with fine wire (Fig. 77) in turns 


which lie nearly in radial planes through the axis of the ring. 


If there are x turns on the ring, and if each turn carries the 
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steady current C, H=nC, and the force within the ring is 
2nC/r, whatever the inductivity of the homogeneous soft 
medium within the ring. The induction in the medium is 
2pynC/r, and the intensity of its magnetization is 2knC /r. 
It is to be noted that the reasoning here employed might be 
applied unchanged if the inductivity of the medium were a 
function of 7 and 2, but not a function of 0; this would be the 
case, for instance, 1f into air space within the ring were intro- 
duced a soft iron ring coaxial with this space. 

A slender magnetic filament within the ring surface, of 
length 7 and cross-section S, carries 2 nHS'/r, or 4anC / (U/ pS) 
lines of induction. The line integral of the magnetic force 
taken along a magnetic filament in 
a soft medium is sometimes called 
the magnetomotive force in it, and 
the ratio of this quantity to the 
flow of induction in it the relwe- 
tance of the filament. In the case 
before us 47nC is the magneto- 
motive force, and //pS the reluc- 
tance. This last expression bears 
a close resemblance to the formula 
for the electric resistance of a wire 
of length 7, cross-section S, and 
specific conductivity ». The reciprocal of the reluctance of a 
magnetic filament in a soft medium is sometimes called its 


permeance. 

If wire were wound part way around a soft iron ring, in the 
manner described above, most of the lines of induction would 
still be confined to the iron, though a few would emerge into 
the air at the ends of the coil. 

If a radial gap be cut in a soft iron ring completely wound 
with wire, the field is no longer symmetrical about the axis of 
z, and the character of the problem is changed. The line 
integral of the tangential force taken around a circumference 
inside the ring, of radius r (Fig. 78), with centre on the z axis 
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and plane perpendicular to that axis, is still 472 or 4 nC, 
but the portion of the path in air now contributes far more 
than its due proportion te the result, and the path in the iron 
much less than before. We know that at any surface of discon- 
tinuity in the inductivity of a soft medium the normal com- 
ponent of the induction is continuous, so that if the normal 
component of the force in the iron, just where the path is about 
to emerge into the gap, is H/, that in the air near by is pH, where 
pis the inductivity of the iron. Although the lines of force 
within the iron are no longer exactly circular, they are nearly 
so, and the line integral of the force about the circumference 
just mentioned is very approximately Hr (22 — $)+ yHrd, or 


* 4anC; and H=2nC/$r[1+9$(m—1) /2 x], where ¢ is the 


angle subtended by the gap at the axis of the ring. If, in the 
case of the core used, » = 1201, and if only one per cent of 
the ring be cut away, the induction in the iron will be reduced 
to about one-thirteenth of its old value; the reluctance of the 
path will be increased thirteenfold. 


If the lines of force in a steady electromagnetic field are all 
circles with centres on the 2 axis and planes perpendicular to 
this axis, and if the intensity of the force in a direction linked 
right-handedly with the z axis is fVx? + y? or f(r), it is evi- 
dent that ZL =—y-f(r)/r, M=<2-f(r)/r, N=0,so that u=0, 
v=0, drw= DM — D,L= f'(r)+f()/r = D[r-f@)]/?. 
According to this, if in any portion of the field f(r) = 0, in 
that portion w is 0; if f(r)=e, w=ec/4ar; if f(r)=e/r, 
w=0; and if f(r)=er, w=e/2x. If, on the other hand, 
while w and v are zero, w is given as a function of 7, f(r) 


can be obtained from the equation Ss rwdr; when, 


therefore, w is equal to the constant w,, f(r) = 2 rwor + d/r. 
If the cylindrical surface r=6 separates two regions in a field 
of this kind where the laws of force intensity f(r), fo(r) 
in the inner and outer of these regions are different, and if 
So (6) — fi (b) = &, it is easy to see, with the help of Stokes’s 
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Theorem, that the surface 7 = 0 is itself a current surface in 
which there is a total flux parallel to the z axis across any 
right section of $ kd. 


Up to this time we have considered only media which have 
inductivities independent of the magnetizing force. The per- 
meabilities of the so-called magnetic metals do not in general 
satisfy this condition, and we may note in passing that some 
of our definitions have to . 
be restated when there are 
masses of such media near 
a circuit. 

If fine wire, carrying a 
steady current, be wound 
uniformly upon a cylin- 
drical rod of soft iron, 
the length of which is at 
least 400 times its diam- 
eter, the induction at the 
middle of the rod is sen- 
sibly the same as if the 
rod were infinitely long, 
and if this induction be 
measured (in a manner 
to be described in a later 
section), the permeability of the iron may be determined. 
Curves D, H, F of Fig. 79, in which the abscissas represent 
the magnetizing force H in units, and the ordinates the corre- 
sponding induction B = pH in thousands of units, show the 
results of experiments upon specimens of very soft malleable 
iron, soft cast iron, and very hard steel, respectively. It is 
evident that so far from being constant, the permeability and 
the susceptibility of each of these specimens increase to a 
maximum at a value of H corresponding to a point where a 
tangent from the origin touches the curve, and then decrease. 
In the case of the curve D, for instance, the permeability, corre- 
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sponding to a value OM of the magnetizing force, is IP / OM, 
that is, the slope of the straight line OP joining the origin with 
the point on the curve which has O.W for its abscissa. 

When the conductors which make up a simple linear circuit 
which carries a steady current C, and the soft media about 
it, have inductivities independent of the magnetizing force, 
and there are no other currents and no permanent magnets in 
the field, the coefficient of self-induction of the circuit may 
be defined indifferently as the ratio of the total induction 
through the circuit to C or as twice the ratio of the integral of 
pH? /8 x, taken over the field of the current, to C*. In this 
case the magnetizing curves of all the substances in the field 
are straight lines, and these definitions lead to the same value 
- Whatever C is. If the magnetizing curve of 

any medium in the field were, like that of soft 

iron, not straight, the definitions would not 
agree, and each would yield different values 

for different values of C. 

Mechanically soft iron or steel cannot be 
regarded as magnetically soft, for if a piece 
of either of these metals be magnetized by 
induction, this magnetization does not wholly 
disappear when the magnetizing force is 

removed. If the magnetizing force be made to change contin- 
uously from a given negative value to an equal positive value 
and back several times, the induction goes through a cycle 
which may be represented graphically by a curve somewhat 
like that shown in Fig. 80, in which the abscissas represent 
magnetizing forces, and the ordinates the corresponding values 
of the induction. Such diagrams make plain the fact that 
the induction in a piece of soft iron or steel is not a definite 
function of the magnetizing force, and that the energy in the 
medium, as defined by the volume integral of 1/87 times 
the product of the numerical values of the induction and the 
magnetizing force, may have, for the same force, very different 
values, depending on the previous history of the metal. When 
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the induction has passed through such a cycle as that indicated 
in Fig. 80, the energy in the field returns to its old value, 
but it is easy to prove that an amount of work represented 
by 1/4 times the area of the cycle per unit volume of the 
substance had to be done on the metal during the cycle, and 
that this appeared as heat. The reader will find the subject 
which has been just touched vpon here admirably treated 
under the head of “ Hysteresis” in Ewing’s Magnetic Induction 
in Iron and Other Metals, and in Fleming’s The Alternate 
Current Transformer. 


IV. CURRENT INDUCTION. 


83. Electromagnetic Induction. If one of two circuits 
(Ss, S.), SO situated that their coefficient of mutual induction 
is not zero, contains a galvanic cell and a key, and the other 
(s,), which is permanently closed, a galvanoscope, a momen- 
tary current appears in s, when the key is depressed so that 
a current circulates in s,; and another momentary current, 
opposed in direction to the first, runs 
through s, when the key is opened again. 
A current in either s, or s, gives rise to a 
magnetic field and causes lines of magnetic 
induction to thread s,: the direction of the 
transient current in s, in each of the cases 
mentioned is such that the lines which 
it threads through s, oppose the sudden 
change in the flux of induction through s, 
which the change in the current in s, tends iver, Eik. 
tocause. Thus, if the relative position of 
the two circuits and the direction of the current in s, are 
correctly indicated in Fig. 81, the transient induced current in 
s, Will flow from B to A when the key is depressed and from 
A to B when the key is again opened. In general, if a rigid, 
closed circuit s is in a magnetic field caused either by perma- 
nent magnets or by electric currents in neighboring circuits, 
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or by both together, and if the positive flux Q of magnetic © 


induction through any cap or diaphragm bounded by s be 
changed in amount, either-by moving s or by changing the 
field in any way, a temporary current is induced in s in a 
direction which tends to oppose the change in Y. The phe- 
nomenon is quantitatively explained, when s is unchanged in 
form, by assuming that, superposed upon such electromotive 
forces as the circuit may already contain, a temporary electro- 
motive force numerically equal to the time rate of change of 
Q is induced in s in the proper direction. 
Transient currents are usually induced also in any circuit in 
a magnetic field when the circuit is deformed or extended in 
any way. ‘These currents, like those already considered, are 
mathematically accounted for on the supposition that there is 
M induced in every circuit element ds, which 
moves in a magnetic field so as to cut across 
the lines of induction during the motion, an 
electromotive force numerically equal to the 
time rate at which the element cuts these lines. 
Fic. 82. This electromotive force is directed from the 
feet to the head of an observer who, lying 
in the element and looking along the lines of force, sees these 
lines move past him from right to left. The induced cur- 
rent at any instant in either direction around the circuit is 
equal to the ratio of the algebraic sum of the electromotive 
forces induced at that instant, in that direction, to the whole 
resistance of the circuit. If in Fig. 82 OC represents the 
direction of a circuit element at the point O, OM the direction 
in which the element is moved, and OF the direction of the 
whole field at O, the induced electromotive force will have the 
direction OC, not CO. The direction of the current, induced 
by the motion, in the direction OM, of a circuit element at O 


in a magnetic field which has there the direction OF, may be. 


found by choosing that direction, OC, in the element which will 


cause the three directions OC, OM, OF to be related like those 


of the x, y, axes of a Cartesian system. It is to be noticed 
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that the direction of the current induced in an element is 
such that the mechanical action of the field upon the element 
carrying this current alone would hinder the motion; a circuit 
element carrying a current in the direction OC in a field 
having the direction OF in Fig. 83 would be urged in a 
direction ON perpendicular to the plane of FOC and would 
move in the direction MO, if free to do so, rather than in 
the direction OM. The reader will do well to compare, in 
this connection, Figs. 68 and 82. 


If (a, 6, ¢), (a, B, y) are the components of two vectors, J 
and A, the vector which has the components (cB — by, ay — ca, 
ba — a8) is sometimes called their vector product and the 
quantity —(aa+08+ cy) their scalar product. The vector 
product of Z and X has a direction perpendicular M 
to the plane of these vectors: its tensor is the 
product of their tensors and the sine of the 
angle between their directions. The electro- © fo) 
motive force induced in or impressed upon an 
element ds of a linear conductor moving in a 
magnetic field is evidently equal to the product 
of ds and the component in its direction of the vector product 
of the induction and the velocity of the element. 

If (B,, B, B.) are the components of the induction, 
(é 7, © those of the velocity of the element relative to the 
field, and if the induction does not change with the time, 
the absolute value of the electromotive force induced in the 
element is 


Fic. 83. 


[(B.-y — B,-Q) cos (@, s) + (B,-f — B,- €) cos (y, 8) 

+ (B,-€ — B,-n) 60s (2, s)|ds. [206] 
The whole electromotive force induced in the conductor is the 
integral of this expression: if the conductor is not closed 


this electromotive force gives rise to a statical distribution 
of electricity on the ends of the conductor, and hence to a 
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difference of electrostatic potential which tends to destroy 
itself by causing a current in the conductor in the direction 
opposite to the impressed electromotive force. 

If the induction (B,, B,, B.) of the magnetic field in the 
neighborhood of a fixed linear circuit changes with the time, 
the induced or impressed electromotive force e in the circuit 
is equal to the negative of the surface integral, taken over 
any cap S bounded by the circuit, of 


[D,B,- cos (x, n) + D,B,- cos (y, n) + D,B,- cos (z, n)]. 
If, then, a vector can be found of which the vector 
(D,B,, DB. DB.) 


is the curl, then the line integral, taken around the circuit, of 
the tangential component of this new vector — increased, if we 
please, by any lamellar vector — will be equal in absolute value 
to the induced electromotive force. If (¥,, F,, F.)is any vector 
potential (Section 69) of the induction, (D,F,, D,F,, DF.) is a 
vector potential function of (D,B,, D,B,, D,B.), and if — y is 
the scalar potential function of any lamellar vector, the inte- 
gral, taken around the circuit in positive direction, of 


—[ (DF, + Dy) cos (#, s) + (DF, + Dy) cos (y, s) 
+ (D,F, + DW) cos (z, s)] [207] 


will be equal to e. This value of the whole electromotive 
force induced in the circuit will be obtained if we assume 
that every circuit element ds is the seat of an electromotive 
force equal to the product of ds and the tangential component 
of the vector —[D,F,, + D,w, DF, + DW, DF, + DW). 

If a closed linear circuit s in a magnetic field be deformed 
or moved according to any law so that during the time d¢ the 
coérdinates (x, y, z) of the beginning of an element ds receive 
increments (8a, dy, 8) which are analytic functions of a, y, 2, 
and dt, and if, during the interval dt, the scalar point func- 
tions which represent the magnitudes of the components of 
the magnetic induction in the field change from the values 
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B,, B,, B, to the values B,', B,', B,', the flux of induction 
through the circuit has been increased by the amount 


d® = { fcB - Cos (x, 2) + B,'- cos(y, n) + B,'- cos (z, n)]dS' 


¥ f if [B,- cos (x, n) + B,-cos (y, n) + B,- cos (z, n)] dS, 


where S' and S are any surfaces which cap the circuit in its 
final and initial positions respectively. » In moving, the cireuit 
traces out a narrow surface S", each element ds of the circuit 
generating the surface element dS", and we may take for the 
cap S' the surface made up of Sand S". We have therefore d® 


= dt fi f [_D,B,,- cos (a,n)-+D,B, - cos (y,n) + D,B,- cos (2,n) Jd 


+f {Be -cos (x, n)+ B,'- cos(y, n) + B,'- cos (2, n) Jd". 


In the second integral, cos (z, n)- dS" measures the area of the 
projection of dS" on the xy plane and is, therefore, equal to 
+ (8x - dy — 8y-dzx) plus terms of higher order; the sign being 
positive, if the direction in which ds moves, the positive direc- 
tion of the element, and that of the normal to dS" are arranged 
like the 2, y, z axes of a Cartesian system. We may substitute 
in the integrand B,, B,, B,, €-dt, y-dt, €-dt for B,', B,', B,, 
dz, dy, 8z, without changing the value of the integral, and then 
write 
De® = [ [P-cos (a, s)+ Q-cos(y, s) + R-cos(z, s)]ds, 


where ee ee UA eo Bek, 
ee Mg Wig CB, €, [208] 
-= — DF,— DwAt+ B,-é— B,- 7. 


P, Q, R are said to be the components of the induced electro- 


motive force at the element ds. 
We may note in passing that we cannot generally assume 
that the motion of the electricity in a circuit which is the seat 
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of an induced current is governed by a potential function due to 
an electrostatic distribution on the surfaces of the conductors, 
or elsewhere. If a magnet, the axis of which coincides with 
the axis of a plane cireular ring of wire, be made to approach 
or to recede from the plane of the ring, a transient current 
is induced in the wire, but no imaginable electrostatic distri- 
bution would furnish the multiple-valued potential function 
needed to account for the current. 


If a circuit at a distance from other circuits and perma- 
nent magnets carries a changing current C, the ratio of the 
numerical value of the intensity of the electromotive force 
induced by the change of the current in the circuit to D,C 
is sometimes used as a definition of the self-inductance of 
the circuit. The mutual inductance of two circuits may 
be defined in a similar manner. It is evident that all the 
definitions of self and mutual inductance which we have 
mentioned are equivalent when all the media in the neigh- 
borhood of the circuits concerned have susceptibilities inde- 
pendent of the intensity of the field. The definitions of 
_ this section are often used when there are masses of soft 
iron or other magnetic metals near the circuits, or when the 
circuits themselves are made of soft iron conductors. 

If a number of circuits s,, s.,---s,, carrying currents C\, 
C,,-++ Cy have self-inductances Z,, L,,---L,, and if the mutual 
inductance of s, and s,is M,, the total electrokinetic energy 
— Tis of the form 


LCP +4L,07 +---4L,07 
=f M,C, C, =i M, ,C,C; ake stat 3 M, ;C,C; > M, ,C,C, a 
+ My 4C3C, 2 ae ce Maske Cou Cry 


where the Z’s and the J/'s are independent of the C’s and are 
to be considered as functions of a set of geometrical codrdi- 
nates equal in number to the degrees of freedom of the system. © 


If p, denotes the electrokinetic momentum of s,, that is, the 
partial derivative of Z' with respect to C,, if r, represents the 
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resistance of s,, and £#, the internal electromotive force in this 
dp, 
dt 
tive force, and 


circuit, measures the intensity of the induced electromo- 


z dp, 
Pe oe =7,C,. 

If the relative positions of two rigid circuits s,, s,, which 
carry currents C\, Cj, and are surrounded by a soft medium 
in which there are no other conductors, be altered by changing 
under their mutual action the geometrical coérdinate g by the 
amount d; in the time interval dt, leaving the other codrdinates 
which determine the configuration unchanged, the electrokinetic 
energy T=4L,C7+ UC,C, +42L,C? will receive the increment 
d@T= 1,C,-dQ,+-L,C,-dC,+M(C,.dC,+ C,-dC,) + CC,- dM. 
The electrodynamic force (in the Lagrangian sense) which 
tends to bring about this change of configuration is the partial 
derivative of 7 with respect to g, taken under the assumption 
that the other codrdinates and the currents are constant: the 
work done during the change by this force is dW = C,C,' dm. 
Within the circuits we have 

E,C,. dt — C,-d(L,C, + MC,) = Cr dt, 
£,C,. dt — C,-d(L,C, + MC,) = CPr,- dé, 
so that the work done against the inductive electromotive 


forces by the applied electromotive forces (besides the amount 
C?Pr, + Cr, dissipated in heat) is 


C,-d(L,0, + UC,) + C,-d(L,0, + MC), 
or 


L,C,-d0, + L,C,-d0, + M(C,-dC, + C,-dC,) +2 0,C,-dM, 
or dW+dT. 


If, starting from rest, the circuits come again to rest and the 
currents regain their steady values before the end of the 
interval dt, we have 


d0, = 0, dC, = 0, and dW+dT=2 0,0,,dM=24W. 
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The principles just laid down enable us to infer that, if 
the conductor AB of length / in either of the cireuits repre- 
sented by Figs. 84 
and 85 be moved 
parallel to itself 
along the rails CB, 
DA, in the direc- 
tion indicated by 
the arrow attached 
to it, with constant 
velocity v, and if 
the field have the direction shown, an electromotive force 
will be induced in AB in the direction pointed out by the 
arrow by its side. 
If the component 
of the total induc- 
‘tion normal to the 
plane of the circuit 
have the constant 
value H all along © A 
AB, and if r be the Fic. 85. 
resistance of the 
whole circuit ABCD, the induced current will be /Hv /r in abso- 
lute units. The volt, ohm, and ampere are equal respectively 
to 10°, 10°, 10-' times the absolute elee- 
tromagnetic ¢.g.s. units of electromotive 
force, resistance, and current strength; 
if in this example, therefore, 7 = 1 metre, 
v= 1 metre per second, and H=1, the 
induced electromotive force will be 10,000. 
units, or 10-* volts. 

Sito Ifa Faraday’s dise ( Fig. 86) which has 

a radius a be rotated in a uniform field, 

in which the component of the induction normal to the face 
of the dise is H, with uniform angular velocity w in the 
direction indicated, the number of lines of induction cut per 
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second by OP is }a°Hw. If r be the resistance of the circuit, 
the current in it is @?Hw/2r and the disc is a very simple 
form of constant current generator. 

Fig. 87 represents a circuit a part of which consists of a 
rigid wire free to turn in the air about the 
axis of a magnet. This wire makes elec- 
trical contact, by means of brushes, with 
the magnet at its mid-section and with a 
conductor which forms an extension of 
the axis of the magnet. If the wire be 
rotated with uniform angular velocity o, 
and if m be the strength of one pole of the 
magnet, the electromotive force induced 
in the circuit will be 2 mo. 

If a thin coil (Fig. 88) closely embracing 
a magnet be suddenly slipjel from one 
position to another, the electromotive force 
induced in the coil is proportional to the 
amount of induetion which emerges from 
the surface of the magnet between the 
two positions. 


84. Superficial Indaced Currents, ™# meee 
Although a mathematical treatment of the 
currents induced in a massive conductor of any form, in 
a magnetic field varying in a given manner, is beyond the 
scope of this elementary text-book, we may give a very simple 
proof (taken essentially from Prof. J. J. 
Thomson’s admirable Hlements of Hlec- 
tricity and Magnetism) of the fact that 
the currents due to a sudden, finite change 
in the field lie at the first instant wholly on the surface of 
the conductor. 

Let linear circuits, the resistances of which are 7, 72, 73, +++, 
and the self-inductances L,, Z., L,, ---, lie near each other in 
a magnetic field so that the coefficient of mutual induction of 
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the ith and jth circuits is M,,. Let the flux of the external 
field through the circuits be V,, Nj, Ny, ---, and assume that 
the currents are originally zero and that no one of the cir- 
cuits contains any battery or other generator. If, then, the 
external field experiences a finite change during the extremely 
short time interval + and thereafter remains constant, the 
flux through the Ath conductor becomes changed from 1, 
to N,'. Transient currents, C,, C,, C;, ---, flow through the 
circuits and at the end of the time 7 attain the values 
C,', C,', C;',--:. During the given interval we have in the 
first conductor, which will serve as a general example, 


Ly D.C, + ) (Ah DC) + DN, +0, =0, 


and if this be integrated with respect to the time between 0 
and 7, the last term of the result will be less than 7,C,'r, which 
is negligible, so that the result may be written in the form 
L,- C,' + 3(M,- C') + N' = N). The second member repre- 
sents the whole induction flux threugh the first circuit before 
- the change and the first member the whole flux at the end of 
the time r, so that the currents generated by the sudden change 
in the field are such as to keep unchanged the whole flux. 
Imagine a compact mass of metal divided into such cir- 
cuits as we have just considered and it will be evident that 
the flux through every circuit in the metal is the same just 
after the sudden change in the field as it was before. The 
work done in carrying a magnetic pole about any closed path 
‘in the metal is unaltered by the change: it is zero before 
the change and zero after. No such path can enclose any 
current filament and, therefore, all the induced currents are 
initially on the surface, though afterwards transient currents 
are excited within the metal. It is easy to infer from this 
that, if the external magnetic field is a very rapidly alternat- 


ing one, the induced currents never penetrate very far into’ 


the mass of the conductor. For references to the literature of 


this important subject, the student may consult Winkelmann’s- 
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Handbuch der Physik, Vol. III, p. 403. Various problems are 
discussed at length in J. J. Thomson’s Recent Researches in 
Electricity and Magnetism. We shall confine our attention in 
the three sections which follow to circuits made up of long 
slender conductors like wires. 


85. Variable Currents in Single Circuits. When a simple 
inductive circuit of resistance 7, containing a constant elec- 
tromotive force #, is suddenly closed, the current in the 
circuit grows gradually in strength and in a short time prac- 
tically attains a maximum value C, = H/r, after which it 
remains constant. While the current is.increasing in inten- 
sity, the electromagnetic energy in the surrounding medium 
—if there are no permanent magnets and no other currents 
in the neighborhood — increases also from 
zero to $LC,”, and electrostatic charges 
are established which account for the 
electrostatic potential differences in the 
conductors which make up the circuit. Fic. 89. 
After the current has attained the value 
C, the energy (C,H watts or C)#-.10" ergs per second) given 
up to the circuit by the generator in it is used in heating 
the conductors in the circuit, and HC,=C,?r. Before the 
current C has become steady C¥ is only a fraction of C,L, 
and the rate C?r, at which energy is used in heating the cir- 
cuit, is a still smaller fraction of C,7r; hence CH — Cr is 
positive, and in the time interval dt the energy (CH — C?r) dé 
joules is used partly in increasing by dw the energy of the 
electrostatic distribution on the surface of the conductors and 
elsewhere, and partly in increasing by d (4 LC’) or LC. dC the 
electrokinetic energy in the medium. Unless something in 
the nature of a condenser is attached to the circuit, dw is 
usually of no practical importance, and we may write 


(CE — C*r)dt = LC-dC, or Cr=HE—-L-D,C, 
or L-D,C+ Cr=H#, orp C= L/ r+ Ae P/2, 
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It appears from the equation Cr= H—L-D,C that the 
counter-electromotive force cannot be greater than H# while 
the current is positive; D,C, therefore, is not greater than 
E/L and, wiless L=0, the current cannot jump at the 
instant to a finite value. We must assume, then, that C=0 
when ¢=0, so that C= H(1 —e~‘’") /r,wherer=L/r. Tle 
quantity (1 — e~'/”) has the values 0, 0.3935, 0.6521, 0.7769, 
0.8647, 0.9179, 0.9502, 0.9817, 0.9933, 0.9975, 0.9991 when 
the ratio of ¢ to r has the values 0, 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 
4,0, 5.0, 6.0, 7.0. The difference C — C, or — Ee~'/" /r, which 
we may call the induced current, has the value — C, at the 
beginning and sinks to 1 /eth of this value in r seconds, which 
is sometimes called the 
relaxation time of the 
circuit. The induced 
electromotive force has 
the value — Ze~'‘’? and 
becomes insignificant in 
a short time after the 
cireuit is closed. The 
integral, with respect to the time between 0 and a, of 
the induced current, is — HL/r*. 

If, now, the electromotive force in the circuit be suddenly 
changed to 2", we have at any time ¢ seconds after the change 
E'C dt = C*r-dt+ LC-dC or C= E'/r+(E— E’)e-""/r. 
The induced current is now the second term in this expression 
for C and the induced electromotive force is never larger than 
E—'. The quantity e~*’? has the values 1, 0.6065, 0.3679, 
0.2231, 0.1353, 0.0821, 0.0498, 0.0183, 0.0067, 0.0025, 0.0009 
when the ratio of ¢ to r has the values 0, 0.5, 1.0, 1.5, 2.0, 
2.5, 3.0, 4.0, 5.0, 6.0, 7.0. It is to be noted that if Z is 
expressed in terms of the practical unit (the henry) of self- 
induction, which is equal to 10° absolute units, » must be 
measured in terms of the ohm, which is equal to 10° absolute 
units of resistance. The relaxation time of a circuit, which 
is sometimes called also its time constant, is usually a fraction 
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of a second. The ordinates of the curve in Fig. 90 represent 
the strength of the current in the circuit just described, on 
the assumption that the electromotive force is kept constant 
for 57 seconds after the circuit is closed and is then suddenly 
annihilated. 

If, starting with no current in the circuit, the electromotive 
force have the constant value Z, for the time interval a, then 
the value zero during the interval J, then the value Z, again 
during an interval a, then the value zero during an interval 4, 
and so on, and if we denote e—*/7 and e—”’" by a and 8, the 
current at the end of the mth period of interruption, n (a+ 6) 
seconds from the beginning, will be 


EBA =F a) (1 se GS 4 a? 3? oe cog) /, 
and the limit of this, as m increases, is 
C, = EyB (1 — a) /r(1 — af). 


Starting with this value C,, the current during the next 
period a, while the electromotive force is equal to £,, would 
be #,(1 — e—*/") /r + Cie‘, and during the next interval 8, 
when the electromotive force is zero, 


Bgl ales! [r+ Cex!" 


At the end of this interval the current is again C, and the 
state is final. 


If # in the equation L-D,C+7r-C= His a given function 
of the time, L. C= e-t/"(A + fot" E- dt) 


If the resistance of an inductive circuit containing a con- 
stant electromotive force # and carrying a steady current 
C,= LE /r be suddenly changed from r to 7', we have at 
any time after the change HC.dt = C?r'.dt + LC -dC, or, if 
C=H/r, C=C'+(Q,-—C)e*’™, The induced electro- 
motive force is now 7/(C, — C')e—"*/4, and if r' is large this 


‘ 
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may be at first enormous. Although it is very difficult in 
practice to increase the resistance of a circuit thus instan- 
taneously, the rate of change in r may easily be made very 
rapid, and the spark which is often visible when a circuit is 
broken bears witness to the fact that the induced electromotive 
force is sometimes large. 


If the terminals of a battery of internal resistance r and 
electromotive force H be connected by a 
coil of resistance r, and self-inductance Z,, 
in parallel with a non-inductive resistance 
r, (Fig. 91), and if C,C,, C, represent the 
strengths of the currents in the battery 
and in the two branches of the external 
surface respectively, 


C=C64+ G4, Cr+Cy,=£, E-—L,-D,C,=Cr+ Gr, 
or Cr+ C,(r+1,)= #, and C\(r+17)+ Cr = E— L,-D,C,. 


Fie. 91. 


If the value of C, from the equation before the last be 
substituted in the last equation, we get 


L,- D.C, + C,R/(r + ry) = Er, /(r + 12), 
where R= rr, + rr, + 772, 80 that C, = Er, /R + A-e-*, 
where kK=R/L,(r+n). C,=(L— Gr)/(r7 +17). 
If the main circuit be suddenly closed when ¢= 0, we have 
C, = Er, (1 — e—™) /R. 


If, after the circuit has been closed for some time and C, has ~ 
attained the value B, the battery be suddenly detached, C? 
and C, become suddenly equal numerically, 


LDQ + O(n +7%)=0, . 
and C, = Be-™, where m=(r, +7) /Ly 


—— 


CURRENT INDUCTION. 3805 


If the poles of a constant battery of resistance b are con- 
nected by two coils in parallel (Fig. 92) which have resist- 
ances 7, 7, and self-inductances Z,, D,, we have 


[,-D.0,+G+7r)0,4+6-0,= 8, 

b- 0, + Ly- D.C, ++) C= EB, 

or (2D 6-7) C, +o. C= £, 
o- C, + (L,-D,+-h--7,) C, = £. Fie. 92. 


If we perform the operations (Z,-D,+6+ 7.) and 6 upon 
the two equations respectively, and subtract one result from 
the other, we shall get the equation 


L,-L,- D2C, +[L,(6 + %) + L,(6 + 7)]D,C, 
+ (67, + br, + 1%) CL = 1H 


~ whence C,=7,E/(br, + bry +7) + Ae + Bom, 


where A and p» are the roots of the quadratic 


Dy, - Lga® + [Ly (6 + %) + £, (6 + 7%) ] 2% + (Or, + br, + rr.) = 0, 


ig. 93 represents a Wheatstone’s Net which has self- 

inductance in all members except that 

which contains the cell. Using, as 

far as it goes, the notation of Section 

73, let us call the coefficients of self- 

induction of the branches which have 

Fie. 93. the resistances p, g, 7%, 8,9; L,, Ly L,, 

L,, L, respectively. Let ps=gr, so 

that, when the current has become steady, there is no flow 
through g, while the current 


Pe gt 8) (Oe aor tts) 
flows through p and 7, and the current 


= Cp tr ip rat+r +s) 
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through g and s. If, now, the branch J be suddenly broken, 
transient currents C,, C,, C,, C,, C,, which have the initial 
values P,, Q), Po Qo, zero respectively, and the final value 
zero, will flow through the members of the rest of the net. 
Kirchhoff’s Laws give at every instant 


pO, + LDC) Fg: C.F L,:-D,C,—4q-C, — L,: D.C, = 9, 
pee : re CO, + LDC, — 8 €,— L,: DC, —~g-C,—L, DC, =U, 
C,—¢,—C,=0. 


. 
| 
} 
‘ 
| 


If we multiply each of these equations by dt, integrate between 
t= 0 and t= o», and write 


P=f C,dt=—f C,-d, R=f C,.dt=—f C,-d, 
: 0 0 0 

G=f C,-at, 

is . we shall get the equations 


(p+q)P+ 9G=L,-P,—L,-Q 
(r+s)R—gG=L,-P,— LQ, 


P—R-G=0. 
Whence, 
Gallet) Ly (Pt Db, Mats) t+ Cl (ptq)L,—(r+s) L,\(ptr) 
(ptqtr+s)[g(ptqtr+s)+(pta)(r+s)] ‘ 


or, since ps = qr, 


G= Cps(L,/p — L,/r + L,/s — A ) 


—— ~giptatr+syt(ptarts) 


If L, and L, are both zero (Fig. 94), it is possible to choose r_ 
and p subject to the condition ps = qr, 
“5 so that there shall be no transient 
current through g, and in this case 
L,/L,=p/r. Tf L,, L, DL, are all 
: zero, and if the steady current C and — 
Fic. 94. the quantity G be measured, Z, can 
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be found. This method of determining coefficients of self- 
induction is described at length by Lord Rayleigh in the 
Philesophical Transactions for 1882. ; 


If at the time ¢ the positive plate of a condenser of capacity 
KK, which is being charged by a battery of constant electromo- 
tive force # (Fig. 95), has a charge @); if r is the resistance of 
the “circuit,” Z its coefficient of self-inductiou, and C = D,Q, 
the charging current, we have 


E—Q/K—L-D,C=rC or L-D2Q4+7-DQ+Q/K=E. 


The general solution of this equation for Q is the sum of any 
special solution (for instance, AH) and the general solution 
of the equation formed by equating the first member to zero. 
If, therefore, \, =— r/2L+.R& and \,=— r/2L — R, where 
fi? =r? /4I?—1/KL, the solution required 
is of the form AE + ae + be, where a and 
6 are constants to be determined from the 
initial conditions. If the absolute value of 
the quantity under the radical sign in the 
expressions for A, and X,— taken positive, 
whatever its real sign may be —is m?, the value of the radi- 
eal will be m or mi according as 7° is greater or less than 
4L/K. If at the time zero, when Q=Q,, the circuit be 
suddenly closed, 


Fic. 95. 


Q = KE +(Q) — KE) (dy: e* —dy-&™") / (Ag — »y)- 


The current has the value \,A,(@) — KE) (e" — e*") /(, — Ad), 
and if A, and A, are real, it has the same sign for all values 
of ¢. If, however, A, and A, are imaginary, the expression 
given above for Q may be more conveniently written in the 
form KE +(Q, — KE)e—"/?“ (cos mt + r/2 Lm-sin mt), and 
the sign of the second term is alternately positive for 7/m 
seconds and negative for 7/m seconds, so that the current 
is sometimes positive and sometimes negative. The curves 
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in Fig. 96 exhibit Q and C in terms of ¢ in a case where 
r>4L/K, Q,= 0, and the condenser is being charged; the 
curves in Fig. 97 correspond 
to a case where #=0 and 
the condenser is discharging 


Fre. 96. Fic. 97. 


itself through the circuit. In each case the absolute value 
of the current starts at zero, attains a maximum, and then 


Pat) * 
: Frc. 98. i < 


. 


decreases. Fig. 98 shows @ in terms of ¢ when B= vee 
the condenser is By emNE ng itself through a circuit suck 


: 


hs 
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that 7?°<42/K; the curve, the ordinates of which are HK 
minus the ordinates of this curve, shows @ at any time while 
the condenser is being charged by the battery. The shape of 
the curve may be seen by looking at Fig. 98 through the 
back of the leaf and upside down. 

If we differentiate the equation H—- Q/K—L-D,C=rC 
with respect to ¢, we get L-D?C +7r-D,C+ C/K=D,E = 0, 
and we might determine C directly from this last equation. 


If a condenser of capacity K, originally charged to poten- 
tial Q,/K, be discharged through a circuit (Fig. 99) which 
consists of a non-inductive resistance 7, and 
an inductive resistance 7,, arranged in mul- 
tiple are, and if the currents at the time ¢ 
through the branches of the external circuit 
be C,and C, respectively, C, ++ C,=— D,Q. 

If we take into account the induced elec- Fie. 99. e 
tromotive force, we may apply Kirchhoff’s 
Laws directly to this circuit and learn that Q@/K— Cyr, =0, 
and that 
Q/K— L,-D,C, — Cre, 

or Q/K+ L,-D,(D.Q + Ci) + r.(D,Q + G)= 0. 
If the values C,= Q/Kn, D,C, = D,Q/ Kn, obtained from 
the first of these equations, be substituted in the last one, it 
becomes L,-D?Q + D,Q (L,/ Kr, + 1) + O( + %)/ Kr, = 9, 
and the solution of this is of the form ae’ + le’, where 2» 
and p are the roots of the equation 

Lge? + (Ly / Kry + 12)" + ("1 + 12) / Kr, = 0. 

After a and } have been determined in accordance with the 
given conditions, C, and C, can be found directly. The equa- 
tion Cyr, = Q/K—L,-D,C, shows that, if C, is positive, 
D,C, cannot be greater than Q/ Kz, and that C, cannot jump 
suddenly from zero to a finite value as soon as the condenser 
circuit is closed; the initial value of C, is therefore zero, 
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while that of C, is Q)/ Kr, and under the conditions of this 


problem | 
Q = Qo[(mAr + 1) e& —(AKr, + 1) eo") / Kr; (m — d), j 
C. = Qol (wks +1) — AK, + 1)" /K2r3 (a = 2), 
Cy = — Qo(wKr, + 1) (AKr, + 1) (e* — et") / K*r? (uw — A). 


If \ and » are real, C, decreases from the value (, / Ar, to zero, 
C, starts at zero, increases (accompanied by a self-induced 
counter-electromotive force L,-D,C2, so that Cyr, << Cyr,) until 
it attains a maximum at the time 


t = (log A — log ») /(u — A), 


at which time D,C, vanishes and C,r, = Cyr2, and then con- 
tinually decreases, accompanied by a self-induced positive 
: . electromotive force, so that Cyr, > Cyr, If we integrate C, 
~ with respect to the time from ¢= 0 to ¢=o, and remember 
¥ that A+ p= — (LZ, + An) /L,K7r, and that 
a 


Ap = (r + 1) /1,Kr,, 


we shall obtain the whole flow Qyr2/ (7) +72) through 7, This 
is the same (whether or not A and y» are real) as if 7, had no 
self-inductance; but if the circuit be broken before the dis- 
charge is complete, a greater portion of the electricity will 
have gone through 7, than would be the case if Z, were zero. 

If the condenser connections have a considerable resistance 
b, the differential equation becomes 


KL, (6 + 1) D?Q +[L, + K (br, + bry + 7, 72)] DQ 
+ (7, + 172) Q = 0. 


If the resistance of a circuit made up of a generator of 
electromotive force H = f(t), a condenser of capacity & and 


necessary leads, is 7, if its self-inductance is Z, and if we 


oe 
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denote D,E by E', we have L-D2C+r-D,C+ C/K= £’ 
If R =Vr?K? — 4 LK, and 

a =(rK — R)/2LK, B=(rK+ R)/2LK, 


the general solution of this equation is 


C =(K/R) (e sf; oP. Hil. dt — est alt e-**. B!. dt) 
dices’ a Bes. 


If the poles of a battery of constant electromotive force # 


and internal resistance 6 are connected by a 
coil of resistance 7, and self-inductance Z,, 
in parallel with a condenser of capacity K 
(Fig. 100), we have 
Fic. 100. 
L,:-D,0O,+(6 +7) CO + 6-C, = £, 
and E—Q/K=6¢6,+(64+7) Cy 
or b-D,0C,+(6+%)D,C,+ C,/K=0. 

If we perform on the first and last of these equations the 
operations [(6 + 7))D,+1/K] and 6 respectively, and sub- 
tract one result from the other, we shall learn that 

KL, (6 + 12) DZ, + [L, +K (Or, + 99 + yrs) ] DiC, 
+ (b+ 7) C, = #, 
and that C, is the sum of #/(6 + 7,) and the general solution 


of the equation formed by putting the first number equal 
to zero. 


If the arms p and 7 in the Wheatstone Net contain con- 
densers of capacity K,, K, respectively, the steady current 
through g and s will be C= #/(6+4q +s), and the charges 
of the condensers will be CyK, and OsK,. If, now, the bat- 
tery circuit be suddenly broken, transient currents will appear 
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in the remaining members of the net and the condensers will 
be discharged. The whole flow through p will be — C7K,, 
and that through 7 will be —CsK, At any instant during 
the discharge C, = C,+ C,, and if we multiply this equation 
by dt and integrate between 0 and o, it will appear that 
the whole flow through g is C(sA,—qK,). This will be zero 


if ¢/s = K,/K,. 


86. Alternate Currents in Single Circuits. In many prac- 
tical applications of electricity it is necessary to deal with 
inductive circuits which contain periodic electromotive forces. 
In the simplest case the electromotive force is harmonic of 
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Fig. 101. 


the form £,,-sin(pt—a), or the form Z,,-cos(pt — a); the 


amplitude is then #,; the period, T= 22/p; the frequency, 
n=p/2n; and the phase lag, a. 

Two harmonic electromotive forces, of the same period, 
A-sin (pt — a), B-sin (pt — f), which conspire in a simple cir- 
cuit, are equivalent to a single simple harmonic electromotive 
force C'-sin(pt — y), where C? = A? + B®? + 2 AB-cos(a— f) 
and tan y=(A sina+ B sin B)/(A cosa+ Boos f). If a 
parallelogram be constructed with adjacent sides equivalent 
on any scale to A and B, and with the included angle equal to 
(a — B), a diagonal of the parallelogram will represent C, 
and the angles which this diagonal makes with adjacent sides 
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of the parallelogram will be equal to (2—y) and (y=) 
respectively. 

If, starting at the time ¢ = 0 from the position P,,a point P 
be made to move uniformly with angular velocity p in counter- 
clockwise direction around the circumference of a circle with 
centre O and radius #,,, if Q be a fixed point in the plane 
of the circumference such that P,OQ =a, and if y be any 
straight line in the plane perpendicular to OQ, the projec- 
tions of OP on O@ and on y will be equal, at any time ¢, to 


Fie. 102. 


E,,-cos (pt — a) and £,,-sin(pt — a) respectively. If OQ be 
used as an axis of real quantities, QOP will represent the 
argument, and the length of OP the modulus of the complex 
quantity Z,,-e%*—‘; the real part and the real factor of the 
imaginary part of this quantity will be represented by the 
projections of OP on OY and on y. 

If while P is moving in the circumference, y moves parallel 
to itself away from O with constant velocity a/7 or ap / 2m, 
the projection of P upon y will trace out a sinusoid (Fig. 101) 
the length of the base of which is a. We shall frequently find 


. 
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it convenient to imagine diagrams as generated in this way. 
If in Fig. 102 the lines OA, OB, OC revolve uniformly in 
the plane of the diagram about O with angular velocity p, if the 
angle AOB = £, and if the lengths OA, OB are equal to the 
amplitudes of two simple harmonic quantities a = a,,-sin pt, 
b =b,,-sin(pt + B), the projections of A, B, and C on y give 
the curves a, b, and ¢; every ordinate of the sinusoid ¢ is the 
sum of the corresponding ordinates of the sinusoids a and #. 
If in Fig. 103 the independent lines OA, OB, OC revolve 
about O in the plane of the diagram with the same constant 
p angular velocity p, the lengths of the pro- 
jections of these lines upon any fixed line 
(#) in the plane will represent harmonic 
quantities of the same frequency (p/27), 
B but with phase differences equal to the 
angles between the lines projected. The 
sum of these harmonic quantities may be 
represented by the projection upon z of 
QD, which is equivalent to the geometric 
sum of OA, OB, OC, if QD revolve about 
Q with angular velocity p, starting to move at the same time 
with the original lines. 


Q 
fe) Cc 
Fie. 103, 


If a circuit s which has a resistance 7 and a self-induct- 
ance J contains an electromotive force 2,,-cos pt, we have 
L-D,C+rC = E,,- cos pt, if the capacity of the circuit is neg- 
ligible. The complete solution of this equation is the sum of 
any special solution and t’e complete solution, de~"/”, of the 
equation formed by writing the first member equal to zero. 
To find the special solution needed, we may consider first the 
equation L- D,C +rC = E,, (cos pt + isin pt) = £,,- e?", which 
is in some respects simpler; if any solution of thisnew equation 
has the form w+ vi, uw is a solution of the given equation. 


~. 


Since the first member of the new equation is linear in terms 
of Cand D,C, and since De?" = pie?", it is clear that a spe-— 
cial solution of this equation, of the form Be“, must exist. — 


uF 


© 
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Substituting this form in the equation, to determine B, we 
learn that the solution is 
E,,-e?* /(r + Lyi), or E,, (r — Lpi)e /(r? + Lp), 
of which the real part is Z,,(r cos pt+ Lp sin pé) /(r?+ L*p*), or 


m 


cos(pt — a), where tana = Lp/r. 


Ve Lap 
The current in s is, therefore, 
Ae—"/2 + Ecos (pt — a) / Vr? + L*p?, 


but after a comparatively short time the first term becomes 
negligible, and then the current becomes harmonic with the 
same period, 27/p, and the 
same frequency, p/27, as the 
electromotive force, but with a 
retardation in phase ofa. The 
amplitude is #,,/V7? + Lp’. 
The radical V7? + L[?p? = Z is 
called the impedance of the cir- 
cuit and Lp =~ its reactance, 
or inductive resistance, under 
the given circumstances; the 
self-induction of the circuit aia. 
reduces the amplitude of the 
current in the ratio of rto Z. The relation between the elec- 
tromotive force and the current strength may be represented 
by corresponding ordinates of two curves like those shown in 
Fig. 104. 

The counter-electromotive force of self-induction, sometimes 
called the back electromotive force of self-induction, is equal to 


— L.D,C, or PL -cos (pt —a—47); it lags 90° behind the 


current in phase. The electromotive force necessary to over- 
come self-induction is the opposite of this; it has the same 
numerical value, but its phase is 90° in advance of that of the 
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current. If we denote the amplitude, Z,,/Z, of the current by 
C,,, the amplitude of the electromotive force necessary to over- 
come self-induction will be LpC,. Cr is called the apparent 
electromotive force or the instantaneous energy component of 
the electromotive force; its ampli- 
tude is rC,,. The amplitude of the 


applied electromotive force £,, cos pt 


Lp is Ly 
If a right triangle be drawn (Fig. 
oO : Q 105) the legs of which represent r 
Fre. 105. and Lp on any scale, the hypotenuse 


will represent Z on the same scale and 
the angle between the rv and Z sides will be a; this triangle 
is the triangle of resistances. A triangle OPQ (Fig. 106) 
similar to this, the sides of which are equal to rC,, LpC,, 
and ZC,,, may be called the triangle of electromotive forces. If 
the figure O@P&# be made to rotate positively about O with 
constant angular velocity p, the projections at any time of 
OQ, OP, OR upon any line in the plane of the diagram parallel 
to the original position of OP will give the electromotive 
forces at that instant. 

The activityor the energy spent in the circuit, during any time 
interval, at the expense of the generator is the time integral, 
taken over that interval, of HC = Z#,?-cos pt-cos (pt —a)-/Z. 
The mean value of the activity for any num- 
ber of whole periods is 2,2 /2 (7? + L*p*), ar P 
and this is the same as if a steady current 
of intensity #,,/ V2 (7? + L*p*) had passed 


through the cireuit during the interval; 


for this reason Z,,/V2(r?+ L2p*) is said 0 Q 
to be the virtual or effective current. The Fie. 106. 


mean values for any number of whole 

periods of the current and of the square of the current are 
zero and H,?/22Z*; the effective current is, therefore, the 
square root of the mean square of the current, and this is 
sometimes called the quadratic mean. The effective applied 


= 
, 
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electromotive force is Z,, / V 2 and the effective apparent elec- 
tromotive force is Eg /V2- Z. The apparent electromotive 
force would yield the current C if applied to a circuit of ohmic 
resistance 7 and inductive resistance zero. The activity, or 
‘power in the circuit,” is equal for any number of whole 
periods to the product of the effective current and the effective 
apparent electromotive force. For this reason the effective 
apparent electromotive force is frequently called the effec- 
tive energy component of the electromotive force. The first term 
fr - cos’ (pt —a)/Z? of the second member of the equation 


EC = C*r + LC-D,C shows the rate at which heat is being 
dissipated in the circuit; the second term, 


— E,,’ Lp - sin (pt — a)- cos (pt — a)/Z?, 


the rate at which power is used in increasing the energy 
of the electromagnetic field. It is evident that the average 
value of this last quantity for any number of whole periods 
is zero. The effective impressed electromotive force is often 
called simply “the electromotive force.” Such voltmeters and 
ammeters as are commonly used in alternating circuits usually 
indicate effective electromotive forces and currents; their read- 
ings must be multiplied by V2 to obtain the maximum values 
of these quantities. . 

It is often convenient, as Prof. C. A. Adams has pointed 
out, to regard the values, at any instant of the impressed elec- 
tromotive force and of the current, as the projections, on the 
real axis, of the radii vectores which join the origin to the two 
points on the complex plane which represent at that instant 
the quantities Z,,-e°", H,,-e?"/(r+ Lpi). This last expres- 
sion is the simple solution already found for the differential 
equation L-D,C +7r-C=£,,-e. 

If in the problem just considered we reckon the time from 
an epoch } Z earlier, we shall have 


H=E£,.sin pt, C= £,,-sin(pt—a)/Z; 
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these quantities may be regarded as the projections on the axis 
of imaginaries of the moduli of Z,,-e” and Z,,-e?"/(r + Lpi). 
The quantity (r + Lpi) has been called the complex impedance, 
but some writers give this name to r — Lpi. 


If a linear plane cireuit of area A, resistance r, and self- 
inductance Z, in a uniform magnetic field in air of intensity //, 
be made to rotate about an axis perpendicular to the lines of 


the field with angular velocity p, and if at the time ¢= 0 the. 


plane of the circuit is parallel to the field, the flux of the field 
through the coil at the time ¢ is 4H sin pt, and the current C 
satisfies the equation L.D,C + Cr = — pAH cos pt, so that 
after a few seconds C = — HAp-cos(pt—a)/Z. The whole 
flow of electricity through the circuit during a positive half 
revolution is 2HA/Z. The mechanical action between the 
circuit and the field is equivalent to a couple the moment 
of which is C times the rate of change with respect to pt 
of the flux AH sin pt through the coil. This moment is 
CHA cos pt, or — H?A*p-cos pt- (cos pt —a)/Z, its average 
value is — H?A*pr/2Z*, and the work done against it in a 
single revolution is H?4°rzp/Z*. External work must be 
done to turn the coil against the resistance of this couple, and 
the equivalent of this work is all used in heating the cireuit. 
If the rate of rotation is so rapid that the ratio of r to Lp 
is small, a is nearly equal to 4, and C is nearly equal to 
— HAsin pt/L; CL is the flux through the circuit of the 
lines of its own field, Z7A sin pt is the corresponding flux of 
the lines of the external field, and in this case the sum of the 
two is nearly zero. 


If two points A and B in an inductive circuit be joined by 
an additional (non-inductive) conductor which carries an elec- 


tromotive force of such a value at every instant and so directed — 


that no current ever passes through the extra conductor, the 
electromotive foree may be taken as a measure of the differ- 


ence of potential between 4 and B. If between A and Bina © 


a a 
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simple circuit which carries the current C,,-sin (pt — a) there 
is an ohmic resistance r and a self-inductance ZL, the difference 
of potential between the points is evidently 

Vr? + L2p?. C,: Sin (pt — 8), 


where tan 6=(r-sina — Lp cosa) /(r-cosa+Lp-sina). If 
the terminals of an alternating current voltmeter were attached 
to A and 4, the instrument would measure C,,Z / “V/s 


If a circuit which carries a current C,,-cos pt contains three 


-coils in series which have resistances 7,, 7, 7; and inductances 


L,, L,, Ls, we may lay off on a horizontal line in succession 
(Fig. 107) the lengths OA = 7,C,,, AB=7,C,,, BQ=7,C,, Erect 


at Q a vertical line and lay off on it the lengths 


QD=1,pC,, DF =L,pC, FP =L,pC 


Then OP will represent the amplitude of the difference of 
potential between O and P, and QOP will be the angle of 
advance of its phase over that of 


the current. The lines a, d, ¢ rep- & 
resent similarly the amplitudes of 

the differences of potential of the era 
ends of the separate coils, and the | fe eee 
angles which these lines make with A 8 Q 
the horizontal the phase differences Fic. 107. 


between these potential differences 

and the current. Starting at the time zero, let the triangle 
OQP revolve about O, in the plane of the diagram, with con- 
stant angular velocity p, and let the initial position of OY 
be denoted by OQ). ‘Let the points of intersection of the 
lines a, b and 4, ¢ be denoted by G@ and H, and the projections 
of A, B, Q, D, F, P, G, H upon OQ, by corresponding accented 
letters ; then the lengths at any time of the lines 0G", G'H’, 
H'P' represent the instantaneous values of the “electromotive 
forces” applied to the several coils, and the lengths of O4’, 
A'B', B'Q!' the corresponding apparent electromotive forces. 


fom | 
7 


bors: 
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If the terminals of a generator of electromotive force 
E,,:cos pt and internal resistance 7 are connected by two 
conductors in parallel (Fig. 108) of resist- 


2 ance 7,, 7, and of self-inductance Z,, L, 
respectively, 


Ly D.C, + (r+) CO, + 7rC, = £,,- cos pt, 
Fic. 108. 
L,- D,C,+ rC, + (r + 7) C, = £,, - cos pt. 
If r is negligible, 
C, = E,,- cos (pt — a,) /Vr,? + Lp? = A-cos( pt — a), 
and 


C, = E,,- cos (pt — as) / Vr? + L2p? = B - cos (pt — a4), 
where tan a, = L,p/n, tan a, = L,p/r,. 
C, + C, = C,,- cos (pt — a), 
where C,? = 4? + B®? + 2 AB-cos (a, — a.) 


and tana=(A-sina, + B-sina,) /(A-cos a, + B- cos a). 


If in Fig. 109, OP = ZH, and QOP =a, OQ= Ar, QP = 
ALI,p, and A can be represented by a length laid off from 
O on OY. A similar construction, represented by the dotted 
lines, may be made for B. The diagonal OR of the par- 
allelogram, two sides of which are 
the lines which represent A and B, 
represents C,. If OR cuts the semi- 
circumference in G, OG represents the 
product of C,, and the resistance of 
the divided circuit. fe) 


hal Srna eg Q 
If a simple harmonie difference of 


potential Z,,-cos pt be applied to two Fre. 109. 

points A and B which are connected by n 

simple conductors of resistances 7, 7, 7'3,++-, self-inductances 
Ly, Ly, Ls,+++, and impedances Z,, Z,, Z,---; and if the sum of 
the n fractions of the form 7,/7Z,? be denoted by F and that of 
the fractions of the form pL,/Z, by G, the n conductors are 


p 
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equivalent to a single conductor of resistance R = (A GP) 
and of reactance Y = G/(/?+ G). Thesum of the currents 
in all the conductors is £,,- cos (pt —a)/V R? + X?, where 
tana = X/ Rh. 


If a non-inductive circuit of resistance r containing a con- 
denser of capacity & and a generator of electromotive force 
£ = E,,-sin pt be suddenly closed at the time ¢ = 0, and if Q 
is the charge on the positive plate of the condenser at the time 
t, H— Q/k=rC, or, since C= D,Q, 


FDC CC / ie = pis, «COs pe. 
From this it follows that 
C= Ae~/™ + E.,-sin (pt + B)/VrP + mi, 
and = Q=B— Arke—"* +E, -sin (pt + B—42)/p Vr? + m? 
where m=1/pk, and tan B=1/rpk. 

The exponential terms soon become negligible, and if we 
assume that @ is zero at the outset, we shall have eventually 
C= E,,-sin (pt + B)/Vr + m’, 
or pL,,k-cos(pt — 8) / V1 + kp? where tan 6 = prk; 

Q = E,,-sin (pt + B — $2) /p Vr + mit. 


Here the phase of the current is in advance of that of the 
applied electromotive force H by the angle 8 and in advance 
of Q by 90°. The electromotive forces 5 


of the condenser and generator conspire Q 
in direction when p¢ lies between nm | 

and nr +a, where m is any integer and | 2 

a = 90° — B; these electromotive forces \. : 
are opposed when pt lies between nz + a ath tly 


and(n +1). The electromotive force 
(Q /k) necessary to.overcome that of the condenser lags behind 
that of the generator bya. The apparent electromotive force 


ae ee ante 


= 
mM 
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is rC. The sum of the squares of the amplitudes (rC,, and 
mC,,) of rC and Q/kis £,2, the square of the amplitude of 2; 
if, therefore, we draw a right triangle of which rC,, and mC,, 
are legs, the hypotenuse will be equal to Z,,and the angle 
adjacent to the first leg will be @. If such a triangle OPQ 
(Fig. 110) be made to rotate in counter- 
clockwise direction, with constant angu- 
lar velocity p about O, the projections 
of OQ, OP, and OR upon any line per- 
Fie 11 pendicular to the initial position of OP 
will give the apparent electromotive 
force, the applied electromotive force, and the electromotive 
force necessary to overcome that of the condenser. - 4 


E: 


If a condenser of capacity /, furnished with leads of resist- 
ance 7, be joined in parallel (Fig. 111) with a condenser of 
capacity k, furnished with leads of resistance 7,, and if the ; 
compound condenser thus formed be connected up with a 
generator of internal resistance r and electromotive force 
£,,: sin pt, we have 

(r+ 7)D,C, + r- D.C, + Ci /k, = pE,,- cos pt, 
r- DC, +(r + 12)D,Cy + Cy / ke = pE,,- cos pt. 
If r = 0, we have eventually . 
C; = pk, ky - Cos (pt = a,) / Vv i + kf p*r,}, 
where tan a, = pryk,, tan ay = preks. _— 


Ifa circuit of resistance r contains (Fig. 112) . 9 
a generator of electromotive force Z,,-sin pt, k 


a coil of self-inductance Z, and a condenser of 
capacity & in series, and if Q is the charge ie: 
on the positive plate of the condenser at the time ¢, C = D,Q 


and E,,-sin pt — Q/k —L.D,C = Cr, 
or L-D2C+r-DC+C/k =pE,,-cos pt. 


iia 
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The real part of any solution of the equation 
I DIC +7: DC +C /k = pFeP* 


(and one evidently exists of the form Be*) will be a spe- 
cial solution of the equation just formed. It is easy to find 
B by substituting Be?“ in the new equation, and to prove 
that H,,-sin (pt —a)/R, where R? = r* + (pL — 1/kp)? and 
tana = (p°kL —1)/pkr, is the result required. To obtain 
the complete solution of the equation for C we should need 
to add to this special solution the complete solution (found 
in the last section) of the equation formed by writing the 
first member equal to zero; this solution is exponential in 
form, with negative indices increasing in absolute value with 
the time, so that after a few seconds the current may be repre- 
sented by the equation C= #,,-sin(pt—a)/h, It is to be 
noticed that the capacity of the condenser tends to offset in 
some respects the effect of the self-induction of the coil. Since 
i? =r + p?(L —1/p*k)? and tana = p(L —1/p*k) /7, it is 
clear that the current in the circuit is the same as if the con- 
denser were removed and the self-inductance decreased by 
1/p*k. The maximum current is obtained when both self- 
inductance and capacity are absent, or when both are present 
and such that Lkp?=1. If Q= Q, when C has its maximum 
value, the difference of potential (@/k) between the plates of 
the condenser is Q,/k — £,,-cos(pt—a)/phk, and if the 
denominator of the harmonic term-is less than unity, this term 
will have an amplitude greater than that of the impressed force. 
If we make & infinite in these expressions, they become 
applicable to the case of a simple inductive circuit containing 
no condenser. The radical R, which is called the impedance of 


the circuit, becomes V7" + Lp? when ik is infinite. 


When an inductive circuit contains a generator of electro- 
motive force Z,,-sin pt and an electrolytic cell with polariz- 
able electrodes, we may assume that when the frequency is 
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fairly large the counter-electromotive force in the cell at any 

instant is approximately equal to 1/k times the quantity of 

electricity which has passed through the cell in the direction 

which the current then has, since the last reversal. On this 

hypothesis the cell acts like a condenser; & depends only 

upon the electrolyte used and upon the size 

A B . and material of the electrodes. Experiment 

| | shows that if similar platinum electrodes of . 

7 moderate size be used, the capacity, per square 

millimetre of the surface of either electrode, . 

will be about 0.049, 0.089, 0.183, 0.049 micro- 

farads, according as the electrolyte is a dilute solution in 
water of A,SO,, KCl, KBr, or KI. 


Fie. 113. 


If between A and B in a simple cireuit (Fig. 113) which 
carries the current C = C,,-sin (pt — a) there is a resistance r, 
a self-inductance Z, and a condenser of capacity * in series with 
the self-inductance, the difference of potential between these 
two points is rC+Z-D,C+Q/k. IfQ= Q, when C= C,, 


thisis Q)/k+C,- Vr? + (Lp —1/pk)*-sin(pt — 8), 


rp-sina +(1/k — Lp?)cosa 


where tand= rp-cosa + (Lp?—1/k)sina’ 


If the ends of a coil of resistance 7, and self-inductance Z,, 
which is joined up with a generator of resistance r and electro- 
motive force /,,-sin pt, be connected by ¢ 
leads of resistance 7, with the terminals 
of a condenser of capacity ks, the coil and 
the condenser are in parallel (Fig. 114), 
onl Fie. 114. 

Lh DC + (r+ 7)C, + rC, = #,,- sin pt, 


~ t+ DC, + (r + 12)D,C, + Co/ ke = pE,,+ Cos pt. 
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If 7 is negligible, ; 

C, = £,,- sin (pt — a) / Vri + Lp? 
and C, = pL,ky- cos (pt — 8) / V 1+ k,2p?r,3, 
where tana = L,p/7, and tan B = pr.ky. 


In many practical problems 7, is extremely small, so that 
B is negligible. 


If the terminals of a generator of electromotive force 
H= £,,-sin pt, of self-inductance Z, and 
of resistance 7, be connected (Fig. 115) 
to the ends of a coil of resistance 7, and 
self-inductance Z,, and if the coil ends 
are attached by leads of resistance 7, to 
the coatings of a condenser of capacity 
k,, we have 


[Gs Ly) D, Ar 4-74) 1G + De +r) C, = £,,: sin pt, 
[le Pa C, 
+[L-D?+(r+7,) D,+1/k,]C, = pH, : cos pt. 


Fie, 115. 


If L = 0, we have the case last considered. 


If the terminals of a generator of resistance r and elec- 
tromotive force Z,,-sin pt are connected 
(Fig. 116) by two conductors in parallel 
having resistances 7,, 7, capacities h,, ke, 
: and self-inductances L,, LZ, respectively, 
Fig. 116. but no mutual inductance, 


k 


L,-D2C, + (r¥ +17)D.C, + 7: D,C, + Ci /k = pH, cos pt, 
L,-D2C, + 7- D.C, + (7 + 1%)D.C, + Co /ky = pH, 00s pt. 


If we apply the operator [Z,-D?+ (r+7)D,+1/k2] to 
the first of these equations and the operator [7-D,] to the 
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second and subtract one result from the other, we shall have 
eliminated C, and may solve for C, in the usual manner. 
In a case which sometimes occurs in practice, 7 is negligible 
and 
C, = £,,:sin(pt —a)/h,  C,= £#,-sin(pt — a)/ Ry, 
where : 
Bi=r2 + (pL,—1/kp), BF =r3+ (pL,—1/kpy, 
tan a, = (p*k,L, —1)/pkr,, tan a, = (pk, DL, —1)/pkyry 
The reader will find the subject of this section fully dis- 
cussed in Bedell and Crehore’s Alternating Currents, Franklin 
and Williamson’s Llements of Alternating Currents, Steinmetz’s 
Alternating Current Phenomena, Heaviside’s Electrical Papers, 
and in many other books. 


87. Variable and Alternate Currents in Neighboring Cir- 
cuits. If the coefficients of self-induction of two neighboring 
circuits s,, s,,—which contain constant generators the elec- 
tromotive forces of which are £, and F, respectively, —are 
L,, £,, and their coefficient of mutual induction J, if the 
resistances of the circuits are 7, 7, and the currents which 
pass through them at the time ¢ are C,, C,, then 


L,- D0, + M- D.C, +710, = F,, 
M- D.C, + L,- D,C, + ,C, = FE, 
It is to be noticed that, since the electrokinetic energy 
2 L,CP + MCC, + $ LC, 
or $£,[(C, + MC,/L,)* + C2 (LL, — M*) /L,"), 
must always be positive whatever the values or directions of 
the currents, if they exist at all, 2,2, — M®* can never be nega- 


tive. If we substitute in the differential equations just found 
C,' and C,' for C, and C,, where 


=e C' = Q-#/7, C) = C,— #,/ry, 


L, © D,C,! + M. D,¢C,'+r,¢,'=0, UM. D,C,;'+ L, = D,C,' + 7r,C,'=0, 


CURRENT INDUCTION. Sor 
or, symbolically written, 
(L,-D, +7) C;'+ (-D,) C,' = 0, (M-D, C,'+ (Ly: D, +7) Cy'=0. 


If we perform the operation (Z,-D, +7) on the first of these 
equations and the operation (1Z-D,) on the second and sub- 
tract one of the resulting equations from the other, we shall 
eliminate C,' and get the homogeneous linear equation 


(L,L, — M*) D20! + (mL, + Ly) D.C! + ryr,C'= 0. 


The general solution of this equation is of the form A,e“ + Be’, 
where A and p are the two roots of the equation 


(L,L, — M”) x? + (Ly, 4+ Ly) & + rz = 0, 
that is, 
= (ely + Ls) + VoL, + M11)? — 4 yr (LiL, — MP?) 


2(L,L, — MU) 


If we eliminate C,' from the original equations, we shall learn 
that C,' = A,e* + B,e** where A and pw have the values just 
given. Both d and p» are negative, since L,L, — Mis positive, 
and both are real, since the expression under the radical sign 
may be written (Zyr, — £7)? +4ryr,M’. The coefficients 
A,, A,, B,, B, in the expression for C,',C,' are not all inde- 
pendent, for we find when we substitute these expressions in 
either of the original equations that the ratios A,/A,, B,/B, 
must have the fixed values 


— Md /(L. + 7%) or —(L,A + 7) /Mr 
and — Mp / (Ly + 1.) or — (Ly +) / Mp 


respectively. If we denote these ratios by a and f, we have 
C, = BE, /r, + Aye + Bye", C,= EL /17, +a Aye’ + BB,e", where 
d, #, a, B depend only upon the forms of the circuits and 
the materials of which they are made and A,, B, are to be 
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determined from the conditions of the particular problem 
under consideration. 


It, =0 yes 117), and if s, be suddenly closed at the | 
time t= 0, C, and C, are initially zero, ; 
A,+B,=—H,/7, Aat+B p=), 

e.t17, = 41 = BE,/(a—f), By =aB,/r(B— a), | 
and C, = #,/rl-$e& [rely — nL) /R +1] 


+4e"[(7,L, —17,L,)/R—1]}, 
C, = EM (e&* — &) /&, 
where & stands for the radical in the expressions for \ and yp. 
The time integral of C, from 0 to « is evidently 
EM (p — r) /prAR or — 4M /ryry, 


and is the same whichever circuit contains the given electro- 
motive force and is used as the primary. Fig. 118 shows the 
currents in s, and s, under these 

circumstances, when 


EH, = 2, L, = 4, L, = 3, 
M=1/V8,7r,=1, 7, =1. 


If #, = 0, and if s,, which has 
been closed for some time, has 
its resistance suddenly changed, 
when ¢ = 0, from 7, to 7,, we have 
initially C,= E,/r and C,=0, 


so that 
4+ B= #, (1 — %) / "ry 
A,a+ B,B= 0, Fig. 118. 


A,= BE, (7) —7)/ror(2— 8), B, =a, (Fy == ¥q) f Hy (a — B), 
and C, = Ey (7 — %) (e* — e&)a- B/ ror, (a — B). 
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The integral of C, with respect to the time, from 0 to », is 
L,M (7, — 7) /797172, and the limit of this, as 7, grows larger 
without limit, is HW /ryr,. C, attains its maximum value at 
the time (logA/p)/(u—A2A): this fraction approaches zero 
when 7, increases without limit. If 7, is infinite, we have 
C,=0, C,= Ae~™/L,: the time integral of C,, between 0 
and o,is AL, /r., from which we 
infer that 4 = LM /7,L,. 

If, then, 7, 1s infinite, that is, if 
the circuit is suddenly broken, the 
current in the secondary jumps 
instantly from zero to the value 
E,M/r,L, and then decreases 
after the manner shown in Fig. 
119, which is drawn to scale on 
the assumption that in practical 
units #,=2, L,=4 M=1/ V8, ry=1. The whole area 
between the time axis and the curve which represents the 
current in s,is the same in Fig. 119 as in Fig. 118, though 
the shapes of the curves are very different. 


Fie. 119. 


If #, = 0, and if Z, = £,,-cos pt, we have 
L,-D,C, + M-D,C, + 7,C, = #,,- cos pt 
and M-D,C, + L,-D,C, + 12.0, = 9. 


If C, = 2, C,=y represent any special solution of these 
equations, the complete solution may be found by adding 
«x and y to the values of C, and C,, found earlier in this sec- 
tion, which completely solve the equations formed by equating 
to zero the first members. These last quantities, however, are 
exponential in form with indices intrinsically negative ; after 
a few seconds they are negligible, and we need use only the 
final forms of rand y. The real parts (a, #.) of any solution, 
of the form C,= u, + vi, C, = uw + vi, of the equations 


L,-D,0, +. D.C, +1,0,= Exe, M- D,C,+ Ly: D,Cy+1%C,=9, 
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form a solution of the original equations. Applying the opera- 
tor (L,-D,+ 7.) to the first of these new equations and the 
operator (/- D,) to the second and subtracting one result from 
the other, we get 


(L,L, — M*) D2C, + (r,Ly + 7yLy) D.C, + 12C, 
= H,,(L, pi + 1,)e", 


an equation which evidently has a solution of the form B-e?", 
and if we substitute this expression in the equation, we learn 
that 


B=E,, (12+ Lepi) / [m+ PM — PLL, + (rL,+17,L,) pi}. 
The real part (a) of Be?" is, therefore, 
Ey: VIIP + 72-003 (pt+8—6) 
Vinrs — (L,L, — M*) p?fP + (722, + 7,L,) 2 
where tand=L,p/7r, and 
tan 6 = (1,0, + 7, Ly)p / [nr — (2,02, — Me) pe); 


or x = A-cos(pt — a); where, if ‘ 
L = Ly — ML? /(L3y* +n) 
and r= Mp, / (Lip +13), 


A= E,,/VLipP +, and tana= Lp/r. 


The primary, therefcre, behaves like a single circuit (at a 
distance from all others) of resistance r, greater than 7,, and 
of self-inductance ZL, less than Z,. ‘The presence of the — 
secondary circuit makes the lag in the primary less than it 
would otherwise be. 

The corresponding value (y) of C, can be found by substi-— 
tuting x in one of the original equations : it is : 


— MpA.-cos (pt — B)/VL2p + v2, 
MpA -cos (pt + 7 — B) /VL2p? + 73, | 


“45 7 
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where tan (8—a)=7,/L,p. The lag in phase of the secondary 
circuit behind the primary is 7 +a — B, or$ r+ tan—!(Ly,p /'%o). 
The lag of the secondary current behind the electromotive 
force is tan~*[p*(L,L, — M?) — rr.) /[p(mL,+7L,)]. The 
average rate for any number of whole periods at which the 
generator furnishes energy to the 
primary is the average value of 
E,,A-cos pt-cos(pt —a), which is 
4 £,,A-cos a or E,2r /2(L7p? + 2); 
this is greater when the secondary 
is closed than when itis open. The 
average rate for any whole number 
of periods at which energy is used in Fie. 120. 

heating the secondary is the average 

value of C,? 7, or r,M*p?A?/2(L,? p? + 7,7); the ratio of this to 
the power used in the primary is called the efficiency of the 
transformation and is equal to r,M*p?/r(L,p?+ 7"). The 
electromotive force induced in the secondary is 


a Rete MED 


The problem here considered is in principle that of the alter- 
nate current transformer (Figs. 120 and 121), and it is fre- 
quently the case in practice thit the ratio 
of r, to L,p is very-small. Under these 
circumstances ZL, 7, the amplitude of C,, 
and 8 — a are nearly equal to 


L, — M?/Ly 7, +7%M?/L2, MA/Ly and 0 


respectively. Both circuits are usually 
——— wound on a soft iron core (often a ring) 
Fie. 121. of great permeability, and L,L, — M? is 
very small compared with either L, or L,; 

in this case the lag of the primary is negligible, while, for 
high frequencies, that of the secondary is nearly two right 
angles. If Z,Z, — M? is practically nothing, the transformer 
is said to have no magnetic leakage. The ratio of L, to L, 
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is usually nearly equal to that of the square of the number 
of turns (7,?/,") of the circuits on the core, and under these 
circumstances £B is approximately equal to n,d/n, For 
exhaustive treatments of the problem of this section, which 
is of much practical importance, the reader is referred to such 
books as Fleming’s Zhe Alternate Current Transformer; J. J. 
Thomson’s Llements of Electricity and Magnetism ; Nipher’s 
Treatise on Electricity and Magnetism; and Steinmetz’s Alter- 
nating Current Phenomena. 


88. The General Equations of the Electromagnetic Field. 
When a fixed, metallic, linear circuit s of specific conductivity 
X}=1/c, at a uniform temperature throughout, carries an 
induced current, positive electricity is urged around s in the 
direction of the current by “‘something of the nature of an 
electrostatic field,’ though we do not need to assume that this 
is always due to electrostatic charges. If we denote the com- 
ponents of the field, at every point within or without the 
conductors which form the cireuit by X, Y, Z, the line integral 
of [X-cos(a#, s)+ Y-eos(y, s)+ Z-cos (2, s)], taken around s 
in the direction of the current, is the internal electromotive 
force and is equal to the negative of the time rate of change 
of the positive flux of magnetic induction through the circuit. 
If the circuit be covered by a cap S,if n denotes the direction 
of the normal to S drawn towards the positive side, and if 
B,, B,, B, are the components of the magnetic induction B, 
then, on the assumption that Stokes’s Theorem may be applied 
to the vector (Y, Y, 7), we shall have 


sf [ (D,Z — D.Y) cos («, n) + (D.X — D,Z)cos (y, n) 
+(D,Y — D,X) cos (2, n)] dS 
=- if it [_D.B, “cos (x, n) + D,B, -c0s (y, 2) 


+ D,B,- cos (z, 2 dS, 
so that the expression . (2, n) dS, 


[(D,4 — D,Y + D,B,) 0s (x, n) + (DX — D,Z+D,B,) cos(y, 7) 
+ (D,Y¥ — D,X + D,B,) cos (z, n)] 
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integrated over any cap bounded by s, whatever the forms of 
the latter, yields zero. We are led to assume, therefore, that 
at every point within or without any such circuit 


— DB, = D,Z— D.Y, 
— D,B, = DX — D,Z, 
— D,B,= D,Y — D,X, [209] 


and to say that the negative of the vector the components of 
which are the time derivatives of the component of the induc- 
tion is equal to the curl of the electric field. 

If €, y, € are the components of the curl of the magnetic 
induction b, and if the components F,, F,, F, of the vector 
F are defined by the equations 47F,, = Pot , 47/, = Pot », 
47F,= Pot é, F is a vector potential function of B. By its 


aid we can transform the integral 
=: ip f [_D.B,- cos (x, n) + D,B, cos (y, n) + D,B, cos (2, n)] dS, 


in which the integrand is the component normal to S of the 
curl of D,F, into a line integral taken about s of the tangen- 
tial component of D,f. We have, therefore, 


iies cos (x, s) + Y-cos(y, s) + Z- cos (z, s) |ds 
ey i [_D,F, - eos (a, 8) + D,F, cos (y, s) + D,F,- os (z, 8) ]ds, 


and the integrands can differ only by the tangential com- 
ponent of some lamellar vector (G,, G,, G,), which adds nothing 
to the integral taken completely around s. Since this is true 
whatever the shape of s, we assume that at every point 


Yo DFG, Y=—DIP+G, 2=—D,F,+ 4G 


When the magnetic field is constant and the components of 
D,F vanish, X, Y, Z are equal to — D,V, — D,V, — D,V, and 
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the phenomena will be accounted for if we follow Maxwell 
and write 2 P 
A= — DF,— DV, Y=— D#,— D,V, 
Z=—DF,—D,V. [210] 


The reader should compare these equations with [20S]. 

Within the conductors which form s, the components 
(uw, v, w) of the conduction current (7) satisfy Maxwell’s cur- 
rent equations 


4nu = D,N—D,M, 4xv = D,L — D,N, 
4 nw = D,M—D,L, [211] 


where L, M, N are the components of the magnetic field, and 
u=AX, X=ou, Y=ov, Z=cw. 

According to Poisson’s hypothesis, a dielectric consists of 
perfectly conducting molecules separated from each other by 
perfectly insulating spaces, the specific inductive capacity (1) 
depending merely upon the ratio of the volumes of the spaces 
occupied by the molecules and the intervening spaces. From 
this point of view, there is a transfer of electricity through 
every molecule when the dielectric is being polarized, one 
portion of the surface of the molecule becoming positively 
electrified by induction and another portion negatively elec- 
trified. Every change in the polarization is accompanied by 
the passage of electricity through the mass of the molecule, 
and we are to assume that during the change every molecule 
acts electromagnetically like a current element. Whatever 
our theory, the appearance of the induced charges which 
account mathematically for the phenomena observed when a 
dielectric becomes polarized, involves the displacement of 
electricity, and corresponding electromagnetic effects. In his 
famous paper on “A Dynamical Theory of the ~Electromag- 


. netic Field,” published in the Philosophical Transactions of 


the Royal Society in 1864, Maxwell assumed that whenever the 
polarization of a soft dielectric in which the electric induction 
has the components ©,, ,, ®, is being changed, electromagnetic 
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phenomena are to be looked for equivalent to those which 
would accompany the presence of currents, called displacement 
currents, in the dielectric defined at each point by the vector 


(D®,/47, D&,/47, D&,/47) 
or (K-DAX/40, K-D,Y/40, K-D,Z/47). 
According to this assumption, 
u'=D®,/4r+2XX, v' = D®,/4ar+XY, 
w' = D®,/4a2 + xZ, 

where u', v', w' are the components of the total current, and 
we may write the current equations in the generalized form 

47u' = D®, +42u = D,N — DM, 

4nv' = Do®,+470 = DL — D,N, 

47w' = Do®,+47w= DM — D,L, [212] 


in which wu, v, w represent the components of the conduction 
eurrent alone. In conductors the displacement currents are 
negligible, in a perfectly insulating dielectric the conduction 
currents vanish; both are supposed to coexist in dielectrics 
which are slightly conducting. Within a conductor, since the 
curl of the magnetic force is solenoidal, D,w + D,v + Dw =0. 
If at least that portion of the magnetic induction near the 
eurrent which changes with the time, is induced in soft media, 
and if w is the magnetic inductivity at the point (a, y, 2), 
we have D,B,=p-D,L, D,B, = p- DM, DB, = w- DN, and 
[209] becomes 
—- D0 DZ — DY, —p-DM= DXA— DZ, 
=—p- DWN = D,Y —D,X,; [213] 
or, if the media are homogeneous, 
— pr DL = Dw — Dy, —pr\:DM= Du — Dw, 
— pA-DN= Dv — Dy. [214] 
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If we differentiate the equations of [212] with respect to 
¢ and substitute the values of D,L, DM, D,N from [214] 
in the results, we shall get for homogeneous media three 
equations of the form 


pr(K- DEX + 42+ Du) = V2u — D( Du + Dv + Dw) = Vu, 
that is, 
pAa(K. DPX +42-Du)= Vu, pX(K-D?2Y +42-Dyv)=V, 
pA(K- D?Z + 42-Dw) = Vw. [215] 
Where there is no conduction current these become 
pK. DOX = V7X, pK-D2Y=V°Y, pK-D?Z= V?Z. [216] 


If we substitute in the equations [214] the values of u, v, 
and w from [211], we shall obtain for homogeneous media 
the equations 


4mpr-DL=VL, 4mp\-DM=V°u, 
4 apr: DN = VAN. [217] 
The energy of the field is W+ 7 where 


Wa sSffewt ¥? + Z)dr, 


ras SSSaetae tye, 
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1. The astronomical unit of mass in any length-mass- 
time system is the mass which, concentrated at a fixed point, 
would cause by its attraction unit acceleration in any particle 
at the unit distance. The astronomical unit of mass concen- 
trated at a point at a unit distance from a particle of mass 
equal to the absolute unit would attract it with a force of one 
unit. Show that the astronomical unit of mass in the e.g.s. 
system is 15,430,000 grammes, while in the f.p.s. system it is 
963,000,000 pounds. Show also that the mass which, concen- 
trated at a point distant 1 centimetre from a particle of 
equal mass, would attract it with a force of 1 dyne, is only 
3928 grammes. Prove that the earth’s mass (Problem 9) in 
astronomical ¢.g.s. units is 3.98 x 10”. Show that a mass of 
1 kilogramme must be raised about 3 metres at the earth’s 
surface in order to reduce its weight by 1 dyne. | 

2. Prove that two equal marbles, each of 4 grammes mass, 
must be placed with centres a little over 1 centimetre apart, if 
the attraction between them is to be 1 microdyne, and find the 
attraction [5535 ka ]of an iron cylinder of revolution, of 10 cen- 
timetres radius, 1 metre long, upon a marble of 100 grammes 
mass, with centre in the axis of the cylinder and distant 10 
centimetres from the nearer base. If the specific gravity of 
iron is 7.5, the radius of each of two equal iron balls which, 
placed in contact, attract each other with a force of one 
gramme’s weight is 88.5 centimetres. If the mass of each of 
two equal homogeneous spheres with centres 1 mile apart 
were 415,000 gross tons, the attraction between them would 
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be about 1 pound’s weight. The force of attraction between 
two equal particles 1 foot apart and each of mass n times as 
great as that of a cubie foot of water, would be equal to the 
weight of about 7?/(7.94 x 10°) pounds. 

3. Assuming that a force equivalent to the weight of a 
mass of 1 gramme is equal to 4*7*(98.95)* centimetre-gramme 
attraction units, find the radii of two equal homogeneous 
spheres which, made of matter of density 6, would attract each 
other with a force of 1 gramme’s weight if they were placed 
in contact with each other. [98.95.] 

4, Assuming that 1 dyne is equal to 15,430,000 absolute 
¢.g.s. attraction units and that 1 peundal is equal to 13,825 
dynes, show that if two equal homogeneous spheres of density 
p, when placed in contact, attract each other with a force of 


f dynes, the radius of each is about as.ayy2 em., and that 
Pp 


two equal homogeneous spheres of thé density of water when 
in contact will attract each other with a force of 1 dyne, 1 
gramme’s weight, 1 poundal, or 1 pound’s weight, according 
as the radius of each in centimetres is 43.3, 242.2, 469.4, 
or 1118.5. 

5. Show that, having found the value of the attraction 
unit of force in any length-mass-time system in terms of the 
absolute unit of force in this system, you may find the value 
of the attraction unit of force in any other system the ratios 
of the fundamental units of which to those of the old system 


2 
are A, pw, and 7, by multiplying the found value by ee 


6. Show that if two homogeneous spheres of mass m, and 
Mg, Starting from rest with centres at a distance a apart, move 
toward each other under their mutual attraction, and if at any 
time ¢, x represents the distance between the centres, 


Dp = EE), pg = Emt mena, 


iad, | 
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Hence prove that if the spheres are each one foot in diam- 
eter and of density equal to the earth’s mean density, and if 
their surfaces are } of an inch apart at the start, they will 
come together in about five minutes and a half, In this eon- 
nection we may note that if I/ is the mass of the earth, 2 its 
radius, p its mean density, and & the gravitation constant for 
the particular units used, 


If the first sphere is fixed while the second, of mass mz, is 
free to move, 


po — ies gen [2 km, (a — @) 
x an 
t=\ re} Va (@=a) + acos-ry 


If in this case the radius of the fixed sphere is 7, and if m, 
is comparatively small and a infinite, the velocity with which 
the second sphere reaches the surface of the first is some- 
times called the final velocity for bodies falling to the fixed 


2 km, 
? 


sphere. Its value is \ ,or V2 f-7, where f is the force 


of gravitation at the surface of the fixed sphere. 

Show that if the diameter of the sun is 109.4 times that 
of the earth and its mass 331,100 times the earth’s mass, 
the final velocity for bodies falling into the sun is 55 times the 
final velocity for bodies falling into the earth. The radius 
of the earth being 6.37 x 10° centimetres, show that the 
final velocity for bodies falling to the earth under the attraction 
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of the earth only is nearly 11,180 metres (or about 7 miles) 
per second. 

7. Show that if a meteor falls upon a planet with velocity 
equal to that which it would acquire if it fell from rest at an 
infinite distance from the planet under the planet’s attraction, 
its kinetic energy will be proportional to the product of the 
radius of the planet and the force of gravity on its surface. 

8. Given that a failing body reaches the earth’s surface 
with a velocity v), compute the height through which it has 
fallen from rest, first, on the assumption that the force which 
urged it was constant, and, secondly, on the assumption that 
the force varied inversely as the square of the distance of the 
body from the earth’s centre, and prove that the difference 
between the reciprocals of the answers you obtain is equal to 
the reciprocal of the earth’s radius. 

9. Given the radius of the earth in centimetres (6.37 x 10°), 
the mass of the earth in grammes (6.14 x 10”), the radius of 


a the sun (6.97 X 10°), the mass of the sun (2.03 x 10), and 
a the mean distance between the centres of the earth and sun 
% (1.49 x 10%), find the time when the sun and earth would come 
* together, if both were arrested in their paths. Prove that the 


, acceleration due to gravity is at the sun’s surface about 27.6 g. 

10. A body of mass m falls from rest near the surface of 
the earth and is retarded by the resistance of the air, which 
is Av? dynes when the velocity is v. Show thatifs represents 
the space passed over up to the time ¢, and if » = A/m and 
= y/p, 2 uct =log[(e + v) /(e—v)], 2ps=log[et/(A—v], 
v? = c?(1 — e~*#*), and ps = log cosh (uct). 

Show that if the body were thrown upward with initial 
velocity v, we should have tan (uct) = e(v) — v) /(c2? + wv). 
If in the case of the falling body v is the actual velocity 
and v' the velocity which would be required by falling 

through the same distance in vacuo, 


v/v! =1—ful2/r+ pu't Jot — ev! oo 4 aor) 


MISCELLANEOUS PROBLEMS. 341 


11. Show that the periodic time of a planet moving about 
a fixed sun of mass m in a circular orbit of radius 7 is 
2 ari /Vkm, where 1/k is the ratio of the absolute unit 
of force in the given length-mass-time system to the corre- 
sponding attraction unit; and, assuming that the diminu- 
tion of gravity at the equator due to the earth’s rotation is 
about 545th of the whole, and that the mean distance of the 
moon from the earth’s centre is about 60 times the earth’s 
radius, compute the length of the month. 

12. When a particle moves in any plane curve, the tangen- 
tial and interior normal acceleration components are D,v and 
v? / p, while the acceleration components, taken along and per- 
pendicular to the radius vector which joins any fixed point in 
the plane used as the origin of a system of polar coérdinates, 
to the particle, are D?r—r(D,0)? and D,(r?-D,6) /r respec- 
tively. If the resultant acceleration is always directed 
towards the origin, D,(7”.D,@) = 0 and r?. D6 = h, so that the 
areas of the sectors swept over in any two time intervals by 
the radius vector are to each other as the lengths of the inter- 
vals: if p represents the perpendicular let fall from the origin 
upon the tangent to the path, vp = 7°D,0 = h. 

The acceleration towards the origin is 


it ==" (DP)? — Dir, 
and, if w represents the reciprocal of r, this may be written 
h?u? (u + Derr). 
Since C= he (uw Dy)" |, 
4D, WP = VD (u+ Du) = — &- Dy. 
In the case of a planet describing a plane orbit about a 
fixed primary centred at the origin 
R= pw? = hn? (u + Du); or Dz +2=0, 


; 2 2 
where a= uF so that w= 55 + C sin (9 — X). 
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This is the equation of a conic section referred to a focus as 
origin: if e is the eccentricity and m the distance of the focus 
from the directrix, C= —1/m and h?/p?=em. The angle y 
between the radius vector, drawn from the origin to any point 
on the orbit and the tangent at the point, is given by the 
equation, ctny = —r-C-cos(@—A). Assuming that, when 6 
is zero, fy =a, r=a, and v= v%, show that h = voa-sina, and 
1— @& =(2 p? — v,2a)h?/ap*. Discuss separately the three 
cases where v,? is respectively less than, equal to, and greater 
than 2 »? /a, and find the lengths of the semiaxes of the orbit. 
Show that, if a = 90° and if va = p?, the orbit will be circu- 
lar; show also that, if 7’ is the periodic time of the planet 
and a the semiaxis major of its orbit, n?7? = 4 77a’°, 
13. Assuming that the equation — 


oe ie: 
a dd a : 
¢ =e ae NE 6 ea YS sin 
Ngw Vi-sin?}asin?g ‘9 Gin ks. 2) 
where sin ¢-sin }a= sin} 6, and a is the angular amplitude 
on one side of the vertical, gives the time occupied by a 
simple pendulum of length @ in going from the vertical 


position to a position in which the thread makes the angle 6 
with the vertical; and that the complete time of swing is 


any! [1+ }sin*}a+,,sin‘$a+---]; 


assuming also that a rigid body swinging about a horizontal 
axis under gravity moves like a simple pendulum of length 
k? /h where h is the distance of the centre of gravity from the 
axis and & is the radius of gyration; show how a pendulum 
may be used to measure the force of gravity at a point. 

If the earth were a homogeneous sphere, would a clock 
which at a given temperature keeps correct time on the 
earth’s surface lose or gain at the same temperature at the ~ 
bottom of a deep mine? Assuming that if g, and gy are 
the accelerations due to gravity at sea level, in latitude X and 
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at the equator respectively gy, = (1+.005226 sin? A) and. 
Jo = 978.1; show that the lengths of the seconds pendulum 
at the north pole, in latitude 45°, and at the equator, are about 
99.6 centimetres, 99.3 centimetres, and 99.1 centimetres. 

A pendulum which beats seconds on the earth’s surface 
gains seconds per day in a mine / metres deep. Show that 
if po is the mean density of the earth and p the density of the 
surface stratum, 


inte Bh PPS Ar 
36400 > 4-107 (2 en ) approximately. 


14, Assuming that the earth is a homogeneous sphere, of 
radius 6.37 x 10° centimetres and of 
mass 6.14 x 10” grammes, rotating 
uniformly about its axis in 86164 
seconds, so that the velocity of a point 
on the equator is about 463 metres per 
second, show that the angular veloc- 
ity of the earth is 0.00007292 or 
about (18713)~' radians per second, 
and that the downward acceleration at 
the equator is by 3.39 centimetres per Fic. 122. 


G : 
second per second, or about 5g9° less than the acceleration, G, 


at the poles. Show also (Fig. 122) that the acceleration of grav- 
: : -0S? r 

ity towards the earth’s centre at the latitude A isG € — or) ) 

sin AcosA \ 


Fen. cost . and the 


the deviation of the plumb line tan7’ ( 


Bee ge Nae eh, 
horizontal component of apparent gravitation 389 sin A COs A. 


15. If in the case of any homogeneous spherical body 
rotating uniformly about its axis, the polar gravity accelera- 
tion and the equatorial gravity acceleration be g, and y, 
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respectively, the acceleration of gravity towards the earth’s 
centre in latitude \ is (g, sin?A + y, cos?) and the deviation 
of the plummet from the geometrical vertical is 


(Jp — Je) Sin A cos A | 
Jp Sin? X + g, COS? X 


tan? 


16. A bicycle and its rider weigh together 75 kilogrammes. 
Show that if the machine were driven first eastward and then 
westward in this latitude at a velocity of 10 metres per second, 
the difference between the pressures on the ground in the 
two cases would be about 16.5 grammes. 

17. The centre of a planet of radius a moves around a sun of 
mass M ina circular orbit of radius r. Compute the pressures 
exerted on the surface of the planet by two equal particles, each 
of mass m, situated respectively on the points of the planet 
nearest and farthest from the sun. Show that the difference 
between these pressures is small compared with the difference 
between the attractions of the sun upon these particles. 

What is the difference between the apparent weights of a 
body of mass m on the earth’s equator about September 21, at 
noon and at midnight ? 

18. Two rods AB and CD, both of line density p, are placed 
parallel to each other. Show that the force on either in the 
direction of its length is 


plea ee 


_,, BC+ BD+CD 
8140+ AD—CD 


oS G4 BD-CDS. 


The component of the mutual attraction perpendicular to the 
rods is 2p7(BC — BD — AC + AD) /r, where r is the perpen- 
dicular distance between them. y 
19. The sides of a triangle are formed of three thin uni-. 
form rods of equal density. Prove that a particle attracted 
by the sides is in equilibrium if placed at the centre of the 
inscribed circle. [M. T.] : 
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20. Every particle of three similar, uniform rods of infinite 
length lying in the same plane, attracts with a force varying 
inversely as the square of the distance: prove that a particle 
subject to the attraction of the rods will be in equilibrium, if 
it be placed at the centre of gravity of the triangle enclosed , 
by the rods. [M. T.] 

21. The attraction of the straight rod AB at a point P 
is the resultant of two forces, each equal to f, acting at P 
towards the extremities of the rod, 
where f=2m-AB/[(AP + BP) — AB}. 

Find the value of f when P lies on an ellipse the foci of which 
are the extremities of the rod. [Routh.] 

22. Ifthe direction at the point O of the attraction of every 
portion of a uniform plane curvilinear wire bisects the angle 
subtended at O by that portion, the wire is either straight 
or has the form of a circumference with centre at O. [Routh.] 

23. If the law of attraction be the inverse square, two 
curvilinear rods in one plane exert equal attractions at the 
origin if the densities at points on the two rods on any radius 
vector drawn through the origin are proportional to the per- 
pendiculars from the origin on the tangents. [Routh.] 

24, Prove directly from the formula for the attraction of a 
slender straight wire, that the attraction at a point :P, due to 
an infinite homogeneous cylinder of any form, is twice that of 
so much of the cylinder as is cut off by a double cone formed 
by the revolution about a line through P, parallel to the 
generating lines of the cylinder, of a line which cuts this line 
at P at an angle of 60°. 

25. A uniform wire AB in the form of a circular are has 
its centre at O. Prove that the component of the attraction, 
at any point P, in a direction perpendicular to the plane 
containing P and the normal at O to the plane of the are, is 
ap. (7,—! — 79-1) /h, where 7, = AP, r = BP, his the projection 
of OP on the plane of the arc, and » the line density of the wire. 


846 MISCELLANEOUS PROBLEMS. 


> 


26. Prove that the attraction in the direction PO ata point 
P on the circumference of a circle the centre of which is O, 
due to an infinitely long, straight filament of given density 
passing through a point Q in the circumference and perpen- 
dicular to its plane, is the same wherever the point Q is. If 
the filaments of a homogeneous columnar distribution of given 
mass per unit length are so arranged that the cross-section is 
a circle passing through a point P, the attraction of the 
distribution on P will be a maximum. [Tarleton.] 

27. A water tower in the shape of a cylinder of revolution 
is 100 feet high and 10 feet in diameter. The mass of the 
tower and contents is 8400 pounds per foot of height. With- 
out the help of pencil or paper, guess, to within one per 
cent of the truth, the value in f.p.s. attraction units of the 
horizontal component of the attraction due to the tower ata 
point at its foot just outside it. 

28. Prove that at a point on the edge of an infinite homo- 
geneous cylinder of semicircular cross-section, the components 
of the attraction across the plane face perpendicular to the axis, 
and normal to the face, are rakp and 2 al: respectively, and 

, ' 
show that gravity is diminished by the fraction ae Roe at 


Po 
the middle of the surface of a long straight canal of semi- 


circular section, a being the radius of the semicircle, 7 the 
radius of the spherical earth, p' the density of water, p that 
of the surface stratum of the earth, and py the earth’s mean 
density. The corresponding quantity in the case of a canal 
of rectangular cross-section of depth @ and breadth 2 a is 


TT 


29. An infinitely long homogeneous prism has a rectangular 
cross-section of length a and breadth J. Assuming that 


208 (a? + 2) de = w-log (a? + 2%) — 2x +2atan-1(«/a), 
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show that at any point on one of the edges the components of 
the attraction along the sides a and 0d of the cross-section 
through the point are 
kp$2atan~(6/a) + b-log[ (a? + b?) /b7]2 

and kp $26 tan~*(a/b)+ a-log[ (a? + 0) /a*]. 
If the ratio of 4 to a is large, the first of these quantities is 
nearly equal to zapk. Show that the apparent latitude of a 
point on one edge of a long, deep, narrow crevasse of breadth 
a, running east and west, is altered by the angle 3pa/4 pyr, 
nearly, by the presence of the crevasse. [Thomson and Tait. ] 

30. Assuming that the attraction of a homogeneous cylinder 
of revolution, of density p, radius a, and height /, upon a unit 
particle at the centre of one of its ends, is 

a a RS ge a Rial MS eg 
2ekpa | 1— tS eae ate | 
Doe fe? bogs Wa igo gk Hs ae 

or 2 ekph| 1 ee OPN ae re |, 
according as a is small or large compared with h, and con- 
sidering that the mean surface density of the earth is 3 times 
and the mean density of the whole earth 5.5 times the density 


: : : 6 hg tee 
of sea water, obtain Siemens’s expression, eee for the dimi- 


nution of gravity at a point on the ocean where the depth is h. 
Is the intensity of gravity at the centre of the mouth of a ver- 
tical mine shaft 20 feet in diameter appreciably less than 
before the shaft was dug? Show thatif 4 =a, the attraction 
due to a cylinder of revolution, at the centre of one of its 
ends, is 2 rkpa (2 — V2). The attraction due to the earth 


F : gr? 
at a point P at a height h above the surface, is rbF or 


g({1 ee approximately, where 7 is the radius of the 
vy 


earth. If py is the earth’s mean density, 7 =47kpor. If P is 


. 


et. Jb ae je Deel 


yi 
tog 


a 


oP 
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at the centre of a wide plateau of height / made of matter of 
density p, the additional attraction due to the plateau is about 
2arkph, or 3 gph /2 por, so that if p = 4 po, the whole attraction 
: J 1 dh 
is nearly g{ 1 — 7 

31. A vertical solid cylinder of height a and radius r is 
divided into two parts by a plane through the axis. Show 
that the resultant horizontal attraction of either part at the 
centre of the base is 


2 pa-log ( 


32. A right circular cylinder is of infinite length in one 
direction and is homogeneous. Prove that if the finite extrem- : 
ity be cut off perpendicularly to the generators, the attraction .< 

2 Mk 


r+vVa?+ “). 
a 


on a unit particle placed at the centre of this end is ; 


where JM is the mass per unit of length. If the cylinder be 
elliptic, of the same density and mass per unit of length as 
before, and of eccentricity e, then the attraction will be n 
times the former value, where 


ae ee hes 
eer Capes =e 

33. A homogeneous, right circular cylinder of density p 
stands on the plane z=0, and is infinite in the positive 
direction of the axis of « Show that the z component of 
its attraction at a point P of its base is kpl, where J is the 
perimeter of an ellipse having the base for the auxiliary circle 
_and P for one focus. 

34, Show that the attraction at any outside point P, due 
to a uniform plane lamina of any shape, yields a component 
normal to the lamina, equal to the product of the solid angle _ 
subtended at P by the lamina, and a quantity which does 
not depend upon P’s position. ; ; 
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35. Show that the component perpendicular to its axis, of 
the attraction of a thin, homogeneous, circular, cylindrical 
sheet of height 24 and radius a, has at any point on one 
of the circular bounding edgés of the cylinder the value 


toy a 


4 Mu f dw ite on! 
 —— SS ey WHEELS =" =30 
7a Vart+th?t V1 — x? sinty’ is a* + h? 


36. An infinitely long plane sheet of constant width has 
a small thickness 6 and is made of homogeneous matter of 
density p. This strip cuts a plane perpendicular to its long 
edges in the line 48: show that the attraction of the strip at 
any point P in this plane has a component 2 kpé log (PB / PA) 
parallel to AB, and a component 2 kpd- Z APB perpendicular 
to AB. 

37. Every diameter of a certain circle subtends a plane 
angle 2 @ at a certain point P on the axis of the circle ; show 
that the circle subtends at P the solid angle 27 (1 — cos 6). 

38. Compare the attractions, at the vertex of a homoge- 
neous oblique cone which has a plane base, due to the whole 
cone and to so much of it as lies between the vertex and a 
plane which bisects at right angles the perpendicular drawn 
from the vertex to the base. 

39. Prove the truth of the theorem which Newton states 
in the following words: “Si corporis attracti, ubi attrahenti 
contiguum est, attractio longe fortior est, quam cum vel 
minimo intervallo separantur ab invicem: vires particularum 
trahentis in recessu corporis attracti, decrescunt in ratione 
plusquam duplicata distantiarum a particulis. Si particula- 
rum, ex quibus corpus attractivum componitur, vires in recessu 
corporis attracti decrescunt in triplicata, vel plusquam tripli- 
cata ratione distantiarum a particulis, attractio longe fortior 
erit in contactu, quam cum trahens et attractum intervallo vel 
minimo separantur ab invicem.”  [Phil. Nat. Princ. Math., 


Sectio XU1.] 
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40. Two homogeneous solids made of the same material 
are bounded by similar surfaces. Show that the intensities 
of their attractions at two points similarly situated respec- 
tively with regard to them, are in the ratio of the correspond- 
ing linear dimensions of the solids. Hence prove that the 
attractions at points on a given diameter inside a solid homo- 
geneous ellipsoid are proportional to the distances of these 
points from the centre. 

41. Prove that the attraction, at very distant points, of any 
system which has an axis of symmetry, may be represented as 
emanating from two equal poles of the same sign situated on 
ti.e axis, 

42. Show that the component, at the origin, in the direc- 
tion of the z axis, of a given particle m, is the same wherever 
on the surface m - cos (x, 7) /r?=¢, where ¢ is a given constant, 
the particle lies. If it is anywhere without the surface, the 
component will be less than if it were anywhere within. 
Hence prove that the attraction of a given mass © for a point 
on its surface will be greatest if the boundary of J/, referred 
to the given point, is a surface of the family cos 6=X.-7*. 

43. If the earth be considered as a homogeneous sphere of 
radius r, and if the force of gravity at its surface be g, show 
that from a point without the earth, at which the attraction is 


“ = Ls, the area 2ert(4 _ \" _ *) on the surface of the 


earth will be visible. 

44. The laws of attraction for which the attraction of a 
homogeneous shell on any external particle is the same as if 
the shell were concentrated at its centre, are the “law of the 
inverse square” and the “law of the direct distance.” 

45. Whatever may be the law of attraction, the intensity 
of the force exerted by the smaller of two concentric solid 
homogeneous spheres at any point on the surface of the larger, ; 
is to the intensity of the force exerted by the larger at any 
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‘point on the surface of the smaller, in the ratio of the square 
of the radius of the smaller to the square of the radius of the 
larger. [ Minchin. ] 

46. Prove that if J be an external point and C the centre of 
a sphere, the sphere on JC as diameter, the sphere with centre 
Zand radius JC, or the polar plane of J, will divide the sphere 
into two parts which exert equal attractions at J, according 
as the law of attraction is the inverse square, the inverse cube, 
or the inverse fourth power of the distance. [St. John’s 
College. ] 

47. Two sectors are cut from a homogeneous shell bounded 
by two concentric spherical surfaces of radii 7, and 7, by a 
conical surface of revolution of half angle 6 and with vertex 
at the centre O of the shell. The attractions at a point P 
without the shell on the axis of the cone, on its inner side, 
at a distance c from O, due to the portions of the shell which 
lie respectively without and within the cone are /, and Fy. 
Show that F, is equal to the difference between the values 
when r=7, and r=7, of a quantity A, and that F, is equal 
to. the difference between the corresponding values of a 
quantity B where 


= [477 — wt 42? — 2c? + ©? cos? 0 + 1 re-e08 6) 


+ ¢ cos 6 sin? 6- log (w? + r — ¢ cos 6) ], 


oo [47° + wi (47? — 26 + ©? cos*6 + 3 re cos 8) 
— cos 6 sin? §- log (w: + r — ¢ cos 6) ], 
and » =e? + 7° — 2 er cos 6. 


The attractions of the halves of the shell farthest from P 
and nearest to it are 


oe [ (72° aid wet Ca ee 2 7) WV 97 + e 
a (aa* se Wy c*) 4/ m2 + o* |, 


~ 


Soe MISCELLANEOUS PROBLEMS. 


wine (re! — 2) + (re? — 2) Viet e 


mae meen Vy as ae 


respectively. If the mass of the whole shell is Mand if the 
shell is thin, the attractions at P due to the sectors are 


kM r—ccos 6 kM r—ccosé 
2¢ (.- PL ) sa (1+ PL ) 


where ZL is any point on the common rim of the sectors. 

48. Prove that the attraction due to a homogeneous hemi- 
sphere of radius r is zero at a point in the axis of the hemi- 
sphere distant 37 approximately from the centre of the base. 

49. A segment of height h, cut from a homogeneous sphere 
of density p and radius a by a plane distant a — A from the 
centre of the sphere, attracts a unit particle on the axis of 
the segment at a distance }, greater than the radius, from 
the centre of the sphere, with a force 


{ ee + 8ac)e—(2c? +3 ac+ah+ch) 
Vet+ 2ch +20h} |, where c=b—a. 


2ritp| h arenas 3c or a); 


» 
If ¢=0, this becomes 2 riph {1 _ 3V~}- Assuming this 


to be true, show that the attraction of a homogeneous hemi- 
sphere upon a particle at its vertex is to the attraction of the 
circumscribing cylinder of the same density as 529 to 586, 
nearly. Show that the attraction, at its vertex, of a slice 
2 miles thick cut from the earth, and the attraction of 
an infinite dise of the same thickness and density upon a 
point at the centre of one of sha faces, differ by about one 
per cent of either. 

50. Show that if the earth were made up of two homogeneous 
solid hemispheres of densities p and p' separated by the plane 


<==... _ 
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of the equator, the deviation of the plumb line from the zenith 


7 p+p! 

51. Show that the attraction at the origin due to the homo- 
geneous solid bounded by the surface obtained by revolving 
one loop of the curve 7? = a?- cos 2, is } rakp. 

52. A mountain of the form of a surface of revolution with 


. 2 sy! 
at any point of the equator would be tan—! (2 : p=). 


vertical axis and elliptic outline stands on a horizontal plane 
which contains the centre of the ellipse. Find the horizontal 
component of its attraction at a point of the base. Show that 
if the mountain is 2 miles high and 4 miles broad at the base, 
and if the density of the mountain and of all the matter in its 
neighborhood is half the mean density of the earth, the plumb 
lines close to its base on the north and south sides will make 
with each other an angle greater by about 51 seconds of are 
than the corresponding difference of geocentric latitude. 

53. The attraction at the point (0,0, — 4) of so much of the 
homogeneous paraboloid x? + y7 =dz as hes between the 
planes z= 0, 2= his 


2akp $h—V(b+h)? +hA+6—4$d-log(264+4A) 
+4r-log(VO+h)?+hA+b0+h+4dA)}. 


54, Ifa body M be divided into two rigid portions, A and 
B, the resultant action of each portion upon itself is nil, and 
the attraction between A and B is the same mathematically 
as the attraction between Jf and B. To find, therefore, the 
attraction between two equal homogeneous hemispheres so 
placed as to form a sphere, we may integrate through either 
hemisphere the product of the density and the component 
normal to the flat face of the hemisphere, of the attraction due 
to the whole sphere. Show that the result is 3 £1?/16 a. 

55. Show that the resultant attraction between the two 
parts into which a homogeneous sphere is divided by a plane 


354 MISCELLANEOUS PROBLEMS. 


is equal to the mass of either part multiplied by the intensity 
of gravitation at its centre of mass. 

56. Prove that the pressure per unit of length on any 
normal section of a spherical shell of mass M and radius a, 
due to the mutual gravitation of the particles, tends to the 
limit £1? /16 ra’, as the thickness of the shell is indefinitely 
diminished. [M. T.] 

The mass of the unit length of an infinite homogeneous 
cylinder of revolution of radius a which is divided into two 
parts by a plane through its axis is WZ. Show that the pres- 
sure between the two parts due to their mutual attractions is 
4kM?/3 7a per unit length of the cylinder. 

57. If & and S denote the components of-attraction of a 
gravitating system symmetrical with respect to a straight 
axis, taken along and perpendicular to the axis, then 

DR + DS + S/r=0, 
where r and z are columnar coérdinates. [St. John’s College.] . 

58. If the point of application of a force / move by the 
path s from the point A to the point B, the force is said to 
do work during the journey, equal in amount to the line inte- 
gral taken along s of the tangential component of F. If the 
components of J parallel to the coérdinate axes are X, Y, Z, 
and if dx, dy, dz are the projections on these axes of an 
element ds of the path, we have the expressions 


B 
Wa f F. cos(s, F) ds 


=f{- F [cos (a, s) cos (@, F) 
+ cos (y, s) - cos (y, 2”) + cos (2, s) - cos (z, F’)] ds 
=f [X- cos (a, s) + Y- cos (y, s) + Z- cos (z, s)] ds 


B 
=f X dx + Ydy + Zdz. 
A 
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If a function Q exists such that 
X= D,0, Y=D,0, Z= D9; id fo os a 
A 

such a function is called a potential function or a_ force 
Junction of the given force. The work done by a.force which 
has a potential function, when its point of application moves 
completely around any closed path, is zero, and such a force 
is said to be conservative. The work done by a conservative 
force as its point of application moves from A to B is inde- 
pendent of the path s. 

Prove by actual integration along the different paths, that the 
work done by the force Y=327+ 2y, Y=4y8+ 2a, Z=0, 
when its point of application moves from the origin to the 
point (2, 2, 0), is 32, whether the path be a straight line, or 
the parabola y? = 2 in the zy plane, or a combination of a 
straight line from the origin to (2, 0, 0) and another straight 
line from this point to (2, 2,0). Show that the derivative 
with respect to x of any function of the form a° + 2 ay + f(y) 
where f is arbitrary, will yield , and that, by a prope 
choice of f, the derivative with respect to y can be made equa 
to Y; so that a force function exists. Prove by actual inte- 
gration along the paths that the work done by the force 

Ao poy, ds =Ay —x Z=0, 
as its point of application moves from the origin to (2, 2, 0), 
is not independent of the path. In this case no potential 
function exists, since it is impossible to give such a form to 
f, in the general expression [a* + 2 ay + f(y)], which has ¥ 
for its partial derivative with respect to a, that the partial 
derivative of the expression with respect to y shall be Y. 

Since the order of successive partial differentiations of any 
analytic function is immaterial, 


D,D,Q = D,D,2, D,D.Q = D,D,Q, D,D.A = D,D,Q 
pee =D Y, DG DZ, DY — D,X. 
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Show that this necessary condition for the existence of a 
force function is also a sufficient one. 

59. Prove that if we have matter attracted to any number 
of fixed centres with forces proportional to any function of 
the distance, or if we have matter every particle of which 
attracts every other particle according to any function of the 
distance between the particles, there exists a potential fune- 
tion the derivative of which in any direction at any point 
gives the intensity of the foree which would solicit a unit 
quantity of matter concentrated at the point to move in the 
given direction. 

60. If r represents the distance of any point Q on a sur- 
face S from a fixed point P, and if a is the angle between PQ 
and the normal to S at Q, drawn always from the same side 
of the surface, — dS, taken over any portion of the sur- 
face, gives in absolute value the solid angle subtended at P 
by this portion, and, in the case of a closed surface, this value 
is 47, 27, or 0, according as P is within, on, or without S. 

Prove that the volume of the solid enclosed by any surface S 


is the absolute value of 4 | 7 cos adS taken over the surface, 
whether P is within or without S. Show that it is possible 


to find an analogous expression, $ f rcosads, for the area 


enclosed by a plane curve, and explain in this case the 
notation. 

61. Show that the absolute value of the component parallel 
to the axis of a, of the force at a point P, within or without a 
homogeneous solid body of any form, due to the attraction of 


this body, is ef cos mee where n is an interior normal, 


taken all over the bounding surface; and prove that the 
component parallel to the axis of x of the force, at a point 
P, due to the attraction of a homogeneous infinite cylinder | 
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with generating lines parallel to the axis of z, is of the form 
2 | cos (x, n)-logr-ds, where the integral is to be extended 


around the contour of the section of the cylinder made by a 
plane through P perpendicular to the axis of z. 

62. The space within a closed surface S is filled with homo- 
geneous matter of-density p. Prove that the value at the 
point P, of the potential function due to the distribution, is 


4 p_f cos ad, where a is the angle which the normal to the sur- 


face, drawn inward at any point @ on it, makes with QP. 

63. Two distributions of gravitating matter possess a com- 
mon closed equipotential surface. Prove that if all the 
matter of both distributions be within this surface, the 
potentials at the surface due to the two distributions are to 
each other as the masses. 

64. Prove that if two different bodies have the same level 
surfaces throughout any empty space, their potential func- 
tions throughout that space are connected by a linear relation. 
That the level surfaces should be the same, it is only neces- 
sary that the resultant forces due to the two bodies should 
coincide in direction. 

65. Show that if two distributions of matter have in 
common an equipotential surface which surrounds them 
both, all their equipotential surfaces outside this will be 
common. 

66. Show that if we have matter every particle of which 
attracts every other particle with a force proportional to the 
nth power of the distance, the attraction at any point within 
‘a quantity of the matter will be infinite if n+2<0. 
[ Minchin. ] 

67. Show that if w, v, and w are any three solutions of 
Laplace’s Equation, 


V2 (ww) = uy? (vw) + vy? (uw) + wy? (wr). 


858 MISCELLANEOUS PROBLEMS. 


68. Show that the potential function due to a solid hemi- 
sphere of radius a and density p, at an external point P 
situated on the axis at a distance € from the centre, is 

Z Tp 


| $]} 


the upper or lower sign being taken according as P is on the 
convex or plane side of the body. 

69. A sphere with centre at the origin has a radius rand a 
density given by the law p=ax+by+ cz. Prove that the 
value at any external point (a, y, z), at a distance & from 
the origin, of the potential function due to the sphere, is 
4 xr? (ax + by + cz) /15 R*. 

70. An infinite cylinder of radius a has a cylindrical cavity 
of radius 6 cut out of it. The axes of the cylinders are 
parallel but not coincident, and the surfaces do not intersect. 
Show that the equipotential surfaces are cylinders the equa- 
tions of which are: 


gee ed 


 * 


{es|@ +#)} aa FP as 


(i) 7,2 — 7,2 = C, within the cavity; 


(it) 7,7 — 2 67 log > = C, within the mass ; 


(iii) a@* log (%) — log () = C; in outside space; 


where 7, and 7, are the distances from the axes of the cylinder 
and cavity respectively. 

71. From a homogeneous sphere of density p and radius a 
is cut an eccentric spherical cavity of radius }. The distances 
of any point P from the centre of the sphere and the centre 
of the cavity are 7, and 7, respectively. Show that V,, the 
value of the potential function at P, is given by the first, 
second, or third of the subjoined equations, 


ro antag | Vat Pap —2ap eth, 


—— = =~ — FF 
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according as P is within the cavity, within the mass, or with- 
out the mass. Indicate by a rough drawing the form of a 
line of force within the cavity. 

72. Show that the lines of force due to a uniform straight 
rod are hyperbolas which have the ends of the rod for foci. 

73. Show that formula [59] might be written 

Vp =p-log(ctn $ PBA -ctn $ PAB). 

74. A number (7) of equal, infinitely long, homogeneous, 
straight filaments, all parallel to each other, cut the zy plane 
normally in points which lie uniformly distributed on a cir- 
cumference of radius a with centre at the origin. One of 
these points is at the point (a,0). Show that the value of the 
potential function at the point (7, 6) is 

m- log (r?" — 2 a7" cos nO + a?”), 


75. If the law of attraction were that of the inverse nth 
power of the distance, we should have 


dr 
r= (n a aff mee Lh. 


If the density had the same sign throughout a distribution of 
matter, the potential function could not be constant in any 
region of empty space unless m were equal to 2. 

76. In the ease of matter every particle of which attracts 


_ every other particle with a force proportional to the product 


of their masses and a function (f)'of the distance, we have 


VV = f f f [2 f(r) /r+f'(n)]pdr. Show that V cannot 


satisfy Laplace’s Equation unless f(r) = K /7’. 
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77. If instead of the polar coérdinates r, 6, , the independ- 
ent variables are 7, p, ¢, where » = cos 6, Poisson’s Equation 
becomes 


D, (0? D,V) + Dy — uw?) Dy V+ DV / (A= pt) = — 4 apr". 


78. If instead of the spherical coérdinates r, 6, ¢, the coér- 
dinates wu, w, @ be used, where u=1/7, and w = log tan $6, 
Laplace’s Equation becomes 


sin?(2 tan—1 e”) u?. D?V + DV + D,2V =0. 


79. Show that if matter be distributed symmetrically about 
an axis, and if 4a, 4a’ be the latera recta of the two confocal 
parabolas, with this line as axis, which meet at any point, 
Laplace’s Equation may be written in the form 


D,(aD,V) + Dy (a'D,V) = 0. 


80. Prove that at the surface of an attracting body, DV, 
D,7V, DV are discontinuous in such a manner that if m repre- 
sents an interior normal drawn to the surface, the values of these 
quantities at any point just within the attracting mass are 
smaller than at a neighboring point just without, by the 
quantities 4p cos* (x, n), 4p cos*(y, n), 4p cos*(z, n), 
respectively. 

81. A portion of a spherical surface is occupied by a thin 
shell of matter of uniform density o, which attracts according 
to the Newtonian Law. Prove that the value, at any point on 
the remaining portion of the surface, of the potential function 
due to this distribution of matter, is ao, where a is the 
diameter of the sphere and w the solid angle subtended at the 
point by the contour of the portion of the surface occupied 
by matter. 


82. Show that in so far as a transformation from one set of 


rectangular axes to another is concerned, D,?V + DV + D?V 
and (D,V)? + (D,V)? + (D,V)? are differential invariants. 


ai —_—— 
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83. The potential function at all points external to the 
sphere eae a 
at (ox* + By? + yz? + 2 alyz + 2 Blaze + 2 y'xy) / 1°. 


Show that if there be no matter in this region, a, B, and y must 
satisfy a certain relation. Show that if inside the sphere the 
density be uniform, the value there of the potential function 
will be 


is 


e+ da? + py? + v2 + 2a'yz + 2 plea + 2 y'zy, 


where ¢, A, w, and y are known. Find the condition that under 


these circumstances the equipotential surfaces inside the 
2 2 a2 
sphere should be ellipsoids similar to - “+ A +- 


a Cc 


84. Prove that if f  (r)-dr = x(r) and fr x(n) dr = ¥(), 


and if ¢, x, and w vanish at infinity and are finite for finite 
values of 7; mm!' x (7) represents (1) the work done under an 
attracting force mm'®¢ (r) in bringing a particle of mass m! 
from infinity to a point distant » from another mass m; 
(2) the component, parallel to the rod, of the attraction of a 
particle m on a straight slender rod of line density m!, if the 
end of the rod is at a distance 7 from m and the other end at 
infinity. Show also that 2z0m-w (z) represents (1) the work 
done in bringing from infinity to a point distant 2 from a thin 
lamina of surface density o, a particle of mass m; (2) the. 
attraction of a particle m, placed at a distance ¢ from the plane 
surface of an infinite solid of constant density o. 

85. Show that if s represents a direction which makes the 

- angles a, B, y with the codrdinate axes, 


sg D?V = D,2V cos*a+ D,?V cos? B 
+ D2V cos? y + 2 D,D,V cos a cos B 
+2 D,D_V cos B cos y + 2 D,D,V cos y cos a. 


a 
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86. When the line of action of the attraction of a body at 
every point of external space passes through a point O fixed 
in the body, the body is said to be centroburic and O is called 
the laric centre. ‘The lines of force in external space are 
straight lines passing through O, and tle equipotential surfaces 
are spherical surfaces with ceutre at the baric centre. Show 
that the whole external field must under these circumstances 
be the same as that due to a mass equal to that of the body, 
concentrated at O. Show that if at internal points also the 
line of action of the force always passes through O, the density 
of the body is a function only of the distance from O. The 
centre of gravity of a finite centrobaric’ distribution is the 
baric centre. A distribution cannot be centrobarie unless 
every axis drawn through its centre of gravity is a principal 
axis. If for any finite space outside it a body is centrobaric, 
it must be centrobaric for all the rest of outside space. A 
distribution which consists of a spherical distribution and a 
distribution the potential function due to which at all outside 
points is zero is evidently centrobarie. 

87. Show that if O is a fixed origin within or near a 
distribution J/' of attracting or repelling matter, if P’ is any 
point of W' and P any point without W/' more distant from 
O than any point of J/' is, and if P = (a, y,z), P' = (a', y', 2’), 
OP =r, OP'=7', POP'= 4; the value at P of the potential 
function due to J/' is equal to 


ron if [an Beaeet oY 
=F tS ff 008 -am! 
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Show that if A, B, C, and J are the moments of inertia of M' 
about the coordinate axes and abont OP respectively, 


A+B+C = fff 2rtam' and T= ff fr?-sing- am, 


and that if O is the centre of gravity of M', the second term 
of the development vanishes so that 


p= M'/r+(A+B+C—81)/2r+.... 


If M' is centrobaric and if O is the baric centre, V is a func- 
tion of r only and the coefficients of rv in the general develop- 
ment are to be considered as constants. 

88. If the law of attraction is expressed by any function, 
¢'(r), of the distance, the intensity of the attraction of any 
homogeneous solid, estimated in a given direction, at any 


point P, is expressed by the surface integral f $(7) -cosr- ds, 


where r is the distance from P of any point on the surface 
bounding the solid, dS the element of this surface, and A the 
angle made by the normal to the element with the given 
direction. [Minchin. ] 

89. The function f (xy) can satisfy Laplace’s Equation 
only if p =1, or — 4, or 0. 

90. The invariable line which joins the centres (Ao, By) of two 
homogeneous spheres, A and B, moving under their mutual 
attraction, revolves with uniform angular velocity, w, about 
the centre of gravity, C, of the two. One of the spheres, A, 
does not rotate, but every line in it remains parallel to itself 
during the revolution. Show that every particle of A moves 
in a circle of radius equal to the distance of A’s centre from 

-C, and is at every instant at the end of a diameter parallel 
to B,Ay. Under these circumstances a loose particle at D on 
A’s surface must in general be constrained to keep it moving 
in its path. 
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If we denote the radius of A by a, the distances ByAo, CAo 
by d and 7, and the mass of B by WV, the resultant force on a 
particle of mass m resting on A at D [Fig. 123] has the 
intensity mw*r = kmM/d? and a direction DT parallel to 
A,By, while the attraction of B upon the particle has the inten- 
sity kMm/B,D° and the direction DB, Show that if a is 
fairly small compared witk d, a constraining force equal to 
3 akMm (sin 2 6) /(2 d*), where 6 = CAD, must be exerted on 
m in a direction perpendicular to 4,D to prevent its sliding 
on 4’s surface. 

Assuming A to be the earth, of mass M' and radius a, and 
B, the moon, of mass ,, M', with centre distant 60a from 


Fig. 123. 


the earth’s centre, prove that the maximum horizontal lunar 
tide-generating force on the earth’s surface is to the force 
of terrestrial gravitation as 1 to 11,500,000, nearly. Find 
approximately the “vertical tide-generating force” at the 


points on the earth’s surface nearest and farthest from the 
moon. 
[The student is strongly advised to read in this connection 
Prof. G. H. Darwin’s charming Lowell Lectures on the Tides. ] 
91. Supposing that a sphere of water is brought together 
by the mutual attractions of its particles from a state of 
infinite diffusion, and that the amount of work done by these 
forces is sufficient to raise the temperature of the sphere 
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1°C. Show that the radius of the sphere is about one- 
fortieth of the radius of the earth, if the earth’s radius be 
637 x 10° centimetres, and if one water-gramme-centigrade- 
degree be equivalent to 4.2 x 10" ergs. [Minchin.] 

92. The value at any point (2, y, z) of the potential func- 
tion due to any system of attracting matter at a finite distance 
is V, the forces due to the attraction of this matter at any 
point (2', y', z') is F', the value at this point of the potential 
function V’', and the density p'. Show that 


ie egal (4 ap'V' — F") da'dy'dz' 
2rd SS [lay t yy + oe} 


where the integration takes in all space. 

93. Prove that the rise of sea level in a shallow sea caused 
by the attraction of a homogeneous hemispherical mountain 
of radius ¢ rising from it with its base at sea level, is approxi- 
mately p'c?/2 pa, where p' is the density of the mass of the 
mountain, p the mean density of the earth, and a@ its radius. 

94, A fixed gravitating sphere is partly covered by an ocean 
extending over the northern side of a parallel of colatitude A. 
A distant fixed gravitating body J is situated on the north 
axis of this small circle. Prove that if the self-attraction of 
the ocean be neglected, MW will cause a rise of water at the 
north pole approximately equal to « sin?4A, where «x is what 
the rise would be if the whole sphere were covered. 

95. Show that if a finite distribution consists of m units of 
positive matter and m units of negative matter, anyhow dis- 
tributed, it is possible to draw, with any given finite point as 
centre, a spherical surface so large that the whole flow of 
force through it, reckoned arithmetically, shall be as small as 
we please. Prove that the lines of force are all closed. 

96. Imagine any point P in empty space near a distribution 
of repelling matter to be taken as origin of a system of orthog- 
onal Cartesian coérdinates with axis of z coincident with the 
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normal to the equipotential surface which passes through P. 
V will then be given by an equation of the form V=/(a, y, 2), 
where D,f, D,f vanish at P, and — D,f is the force F in the 
direction of the z axis. If Q is a point near P on the sec- 
tion of the surface V =V, made by the «xz plane, and if we 
denote the codrdinates of Q by (Az, 0, Az), the radius of 
. P +. tn Az? ae 
curvature at P of this section is ,). AG! and Az is in 
general of higher order than Az. 
Vo= Vp + Az- DV + dz: DV, 


+ 4 Az?. DV + terms of higher order. 


Since Vg=V>, and D,V vanishes at P, D?°V = , Prove 
1 


similarly that D,?V = = and then, by Laplace’s Equation, that 


{rey 
27 — ae ees 
hy kal eA x): 


Illustrate these results by an example. 
97. Ifa distribution of active matter is symmetrical about 


* a straight line (the axis of x) and if r represents the distance 
of any point from this axis, the potential function involves 
ry and « only and the equipotential surfaces are surfaces of 
| revolution, Consider one of these surfaces, S,, on which V 
i has the value V,, and let the “ flux of foree” through so much 


ot S, as lies between some-fixed plane (# = a) perpendicular 
to the # axis, and the plane «=a, be represented by the 
function 2p, then if ds is the element of the generating 
curve of S, between x and # + Az, and if ris the distance of 
ds from the a axis, the area of the strip of S, between a and 


x + Ax is approximately 27. ds, the flux of force through it 


is — 2 mr. D,V.ds, and this flux is the change made in 2 xp by 


increasing x by Az. We may write, therefore, Du = — r- DV, 


, i» —— 
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and, if a is the angle which the exterior normal to ds makes 
with the z axis, 


Dy = Dp: sina — Dw-cosa, D,V=D,V-cosa + D,.V-sina, 
and the equation becomes 
sina (Dy — r-D,V) — cosa (Dp +7-D,V) = 0. 


If this equation is to hold everywhere on every equipotential 
surface, the coefficients of sina and cosa must vanish and u 
-is determined (apart from an additive constant to be chosen at 
pleasure) by the equations D,y = r-D,V, Dyw=—r-D,V. 

Show that the values of » corresponding to the three 
familiar potential functions — Xya, Ma/(r? + a), M/ (7 - a)? 
are $.X, 77, Mr?/(7? + «?)*, and — Max/(r? + a2)? Discuss the 
physical meanings of these results. 

The function pw defined above is sometimes called “ Stokes’s 
Flux Function.” It is clear that the level surfaces of the 
functions V and p, both of which are symmetrical about the 
x axis, cut each other orthogonally and that the generating line 
of any level surface of » is a line of force. Although any func- 
tion of w equated to a constant would serve to represent the 
forms of analytic lines of force, a special advantage arises from 
the use of pw itself from the fact that if p, and p, are flux 
functions corresponding to two different potential functions, 
V, and V,, due to two distributions of matter, Jf, and dh, 
symmetrical about the « axis, w, +p, is a flux function of 

1+ V., the potential function due to M4 and MM, existing 
together. If generating lines of the p, surfaces be drawn 
in a plane, for the numerical values a, a+ 6, a+ 26, 
a+38, a+48, ete. and the lines of the pw, surfaces for the 
values 6,b+ 86, 6+26,6+368, +46, ete. 8 being any con- 
venient interval, the intersections of the curves py = a + né, 
p2 =b+(m—n)8 will be points on the generating lines of 
the surface pw, +py,.=a+b+mé. If, then, we fix m for a 
moment and give to ” in succession different integral values, 
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we may get points enough to enable us to draw the line 
py + po = a+b+ més with sufficient accuracy. This graphi- 
cal method of drawing lines of force (or equipotential surfaces) 
has proved in the hands of Maxwell and others extremely 
fruitful. Draw accurately several of the lines of force due to 
a charge 20 and a charge — 10 concentrated at points 4 inches 
apart. 

98. (a) Show that if P, P' are any definite pair of inverse 
points distant respectively 7 and 7’ from the centre O of a 
spherical surface S of radius a, the ratio PQ /P'@ is equal to 
the constant a /r' wherever on S the point Q@ may be. Hence 
show that if V is the potential function due to a heterogeneous 
surface distribution on S, 

Vp = Vp(a/r')and D,. (Vp) = — a -D,Vp- /r'® —aV /r"*. 

(6) Prove that 7°/*- D,Vp + r'°/?- DD. Vp = — (aVp- Vp)*”%. 

[ Routh. ] 

(ec) Prove that as both r and r’ are made to approach a, 
limit (D,Vp + D,.- Vp)=—V/a. [Stokes.] 

99. If P, P' are any definite pair of inverse points with 
respect to a right section of an infinitely long cylindrical sur- 
face of revolution, and if @ be any variable point on the 
circumference, P'@ / PQ is equal to the constant 7’/a. Show 
that if the cylinder be covered with a superficial distribution 
the density of which varies from filament to filament of the 
surface, Vp. — Vp = 2 log(r'/a) - M, where A is the amount of 
matter on the unit length of the surface. 

100. V is the potential function due to a volume distribu- 
tion of density p in the region 7’ and a surface distribution of 
density o on the surface S. V’' is the potential function due 
to a volume distribution of density p'in the region 7" and a 
surface distribution of density o’ on the surface S', Using all 
space as the field of Green’s Theorem, apply [145] to these 
functions and interpret the resulting equation as giving an 
expression for the mutual energy of the distributions. 


—— 


— = i.” 


MISCELLANEOUS PROBLEMS. 369 


101. If two systems of matter (and M'), both shut in by 
a closed surface S, give rise to potential functions (V and V’), 
which have equal values at every point of S, whether or not 
Sis an equipotential surface of either system, then V can- 
not differ from V' at any point outside S, and the algebraic 
sum of the matter of either system is equal to that of the 
other. 

102. Prove that the level lines of the function w= F, (a, y, 2) 
on the surface F, (2, y, #)= 0 have direction cosines which are 
to each other as 

DED He — Di DF,Y, 
(DF, Oo ie Dee: DF), 
and (D,F,- D,F, — D,F,+ DF s) ; 


and that if these quantities be represented by A, p, and », 
respectively, the direction cosines, at the point (a, y, 2), of a 
curve which les on F, and cuts orthogonally at that point a 
level line of w on the surface, are to each other as 


CF yO) GDI NDA) OD, — n-D_F). 


In particular, ifu = «2/2 and if F, (a, y, 2) = 27 (0? — y*)— a2, 
the level lines of uw on F; are straight lines, the direction 
cosines of which at any point P are in the ratio wp: 0:1, 


-and since the sum of the squares of these cosines must be 


equal to unity, the cosines themselves are u/Ve +1, 0, and 
1/ViF +1. 

103. In the case of a columnar distribution the density of 
which varies only with the distance 7 from a fixed axis, the 
lines of force are straight lines radiating from the axis (Sec- 
tion 34), and the potential function V and the resultant force 
D,V are functions of r alone. If we apply Gauss’s Theorem 
to a cylindrical surface of revolution S, coaxial with the distribu- 
tion, we learn that 227 _D,V =47 times the mass M of the 
unit length of so much of the distribution as is enclosed by S. 


a 
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Show that if the distribution is a solid homogeneous repell- 
ing cylinder of radius a and density p, D,.V =2apr and 
V =-np[r? — a? 4+ 2a loga],ifrisless thana. Ifr is greater 
than a, D,V = 2xpa?/rand V=2-zpa?logr. Show also that 
if the distribution is merely a surface charge of density o on 
a cylindrical surface of radius a, V = 47a0c log a within the 
cylinder, and V = 4 zao log r without. 

104, If V is the gravitational potential function belonging 
to a given distribution M of attracting matter, and if / is the 
constant of gravitation, the force of gravitation at any point 
in any direction s, measured in dynes, is the value at that point 
of k- D, Vor D,Vy, where Vj = kV; and V*V,=—4zkp. Prove 
that if 17 be made to rotate about the axis of 2 with constant 
angular velocity w, if Q = $o7(2*+ y*), and if V'=V,+4Q, 
the apparent force at any point in any direction s is D,V' and 
V7V'=—A4rkp+2% Prove also that if S represents the 
surface of J, and a normal to the surface drawn inwards, 
if v is the volume of the distribution, and if p, is its mean 
density, 


~ Awkop, & tebe = —{ {> Vids. 


[R. 8. Woodward, “ The Gravitational Constant and the Mean 
Density of the Earth,” Astronomical Journal, 1898. ] 

If M represents the earth, a the semiaxis major, and e the 
eccentricity of the generating ellipse of the earth’s spheroid, 
¢ and d the latitude and longitude of dS, we have 


v=$ra Vi—e, dS=a*(1—&) cos $ dg dd/ (1- 


and the acceleration D, V'is given in centimetres per second 
second by the equation D,V'=a-+ Bsin’ + y cos? ¢- cos 2 
where a = 978, 8 = 5.19, and y is a constant, so that 


Sf PuVd8=aS+ Bf [sin gas. 
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Show that if x = esin g, 


eee — 2) (de a 
oe g ih ese ddA =4 ra?(1 — Ze? — ps et —...), 


and 
ie 2a7{1 — 2 (" xd ae 
bdS= af 
JS foo $ é hig ea hae 


=47rVG+y7+35e+---), 


and, assuming that log e = 3.83050, log a = 8.80470, obtain 
Professor Woodward’s equation, kp, = 36797 x 107". 

For a discussion of the value of po, see Prof. J. H. Poynting’s 
Adams Prize Essay on “ The Mean Density of the Earth.” 

105. If wu is single-valued and harmonic at all points of a 
region but one (the exceptional point being an interior point 
P), and if w becomes infinite for all paths along which the 
point (x, y) approaches P, then wu can be written in the form 
u=a-logr+v, where v is single-valued and harmonic at all 
points of the region. [Bédcher.] 

106. If the superficial density of a mass distributed on a 
spherical surface is inversely proportional to the cube of the 
distance from a fixed point A, the distribution is centrobaric. 
If A is inside the surface, it is the baric centre; if A is outside, 
its inverse point is the baric centre. 

107. Ifthe superficial density of a columnar distribution on 
a cylindrical surface of revolution varies inversely as the 
square of the distance from a given line parallel to the axis 
of the cylinder, there is a baric line within the distribution 
parallel to the axis. Where is this line? 

108. A certain distribution WM has two mutually exclusive | 
closed equipotential surfaces, S, and S,, upon which V has the 
different constant values C,and C,. Will the potential func- 
tion in space without S, and S, be the same for the original 
distribution and for distributions on S, and 8, of surface 
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. 


r/ 


density o = — D,V/4 together with so much of M as lies 
without the surfaces ? 

109. The straight-line tangents at a point to a tube of force 
which ends there, evidently form a cone of definite solid angle. 
A number of points, P,, Ps, Ps, etc., have charges, m,, ms, ms, 
etc. Show that if at any one of these points there end two 
tubes the solid angles of the cones of which are w and wo’, the 
flow of force in the one tube is to the flow of force in the other 
as w:w', Show also that if a tube starts with solid angle o, 
at a point P, where the charge is m,, and ends with solid angle 
w, at a point P. where the charge is m,, w,m, is numerically 
equal to w,m,. 

110. All the masses of a certain distribution lie within two 
closed surfaces S, and S,, which exclude each other and are 
equipotential. All the lines of force which abut on a con- 
tinuous portion A of S, also abut on S,. All the lines of 
force which abut on S, outside of A are open, while none of 
the lines which abut on S, are open. Show that one of the 
equipotential surfaces is made up of two lobes, one of which 
includes S, alone and the other both S, and 8,. Separating 
the closed lines of force from thé open ones is a surface 
which passes through the point where the lobes of the sur- 
face just mentioned are connected. All the equipotential 
surfaces are closed. 

111. The potential function due to a certain distribution of 
matter has a value at any point Q@ which depends only upon 
the distance, 7, of Q from a fixed point O. This value is 


2 2 2a® 
2m (2¢ + 6? — a), $a Saks Se oe , 


b§ —a* 3c? + 5° — a 
tn(o+ 3r ), or 1,224 hae), 


according as 0<r<a,a<r<b,b<r<e,orr>c. What is 
the distribution? [p =0, p=1,p=0,0=1, p=0.] 
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112. The lines of force due to two similar, homogeneous, 
infinitely long, straight filaments of repelling matter, parallel 
to the 2 axis and cutting the zy plane at the points (a, 0), 
(— a, 0) are hyperbolas of the family x? — 2 yxy — y? = a. 

113. (a) Prove that when there is symmetry about the axis 
P. (cos 6) 

m+l 


from which @ is measured, 7”- P,, (cos 6) and , where 


P,,(cos @) is the coefficient of a” in the development, in ascend- 


ing powers of a, of (1 — 2 acos6 daa?) are particular solu- 
tions of Laplace’s Equation in polar codrdinates ; that is, of 


r-D2(rV) +——— - D,(sin 6 DyV) = 0. 


sin 6 
Hence show that any expression of the form 
A, + A,r: P;(cos 0) + A,r”- P, (cos 6) + --. + A,7"- P, (cos 6) 
B,-P,(cos 6) | B;- P,(cos 6) B,,-P.,,(cos 6) 
as zt 7 Aaa 


pmrl 


+224 spot 


where Ay, Bo, Ai, Bi, As, By, etc., are arbitrary constants, 
satisfies the equation. The /f’s here introduced are some- 
times called Legendre’s Coefficients, sometimes Zonal Surface 
Spherical Harmonics. 


(6) Show that P,(») =1, 
P,(u) = p, 
P,(y) =48"—2), 
P3(u) =F Op» — 3p), 
P,(u) = (35 pw! — 30 pw? +3), 
Ps(u) = $ (63 p? — 70 p? + 15 p). 
(c) Show that when 0 = 0, P,,(cos 6) or P,,( 1), the coefficient 
of a” in the development of (1 —a)~", is equal to 1. 


114. Prove that if in any case of symmetry about a line, 
a convergent series a + a,%+ a,2* +a,2°+--- represents the 
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value of the potential function at a point Q distant # from the 
fixed point O, both O and Q being on the line; then the series 
ayP)(cos 0) + a,rP;(cos 6) + a,r°P,(cos 6) + a,7°P;(c0s 6) + +++, 
formed by writing instead of 2” in the formerseries7”- P,,(cos 6), 
will represent in polar coérdinates with O as origin and the 
given line as axis from which @ is measured, a finite, single- 
valued function which satisfies Laplace’s Equation and for all 
points on the given line on the positive side of O, where = 0 
and r=2, has the same values as the given series. Given the 
radius of convergence of the first series, within what limits 
can we safely use the second series? If any portion of the 
given line traverses a region of empty space, does the new 
series represent the potential function at all points in this 
region within the limits of convergency of the series ? 

115. Prove that if in any case of symmetry about a line, a 


~ a ds a 
convergent series 7 Shh ie 3 + --- represents the value of the 


potential function, the series 
auFa(oos é) “s tai (c08 6) 4 sah(oos ce. 


? 


’ 


rele is | 
formed by writing instead of smi 1D the formerseries, Falcos 0) 


will represent, so long as the new series is convergent, a finite, 
single-valued function which satisfies Laplace’s Equation and, 
for all points on the line on the positive side of O, has the 
same values as the given series. 

116, Provethat the potential function due toauniform circular 
ring of mass , of radius a, and of small cross-section, is equal to 


ae ~}- oF (0086) +78 of Palos) -...) 


1s 

if a<r, and equal to 
M 4 —1,7-Po(cos 6) 1.3 Py 
a 2 a 4 


a 


(cos 6) 
es 
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if a>, where the éehtie of the ring is the origin, and the axis 
of the ring the axis from which 0 is measured, 

117. Prove that the potential function due to a uniform 
circular disc of mass M, of radius a, and of small thickness, is 
equal to 


Ee 1__ at. P,(cosé) , 1-3 oe PicesO __..) 


"a eee eae 3 28.3! 7 
if a<vr, and to 


1 7°. P,(cos 4) Te fit 3 C08 6) 
apg Se 
if a >7, when the centre of the ring is the origin. 

118. Show that the expression (7? — & + 7’) /y of equa- 
tion [21], page 12, is numerically equal to the length, 4, of 
the chord of the sphere, formed by a radius vector drawn from 
P to a point LZ on the surface, distant yfrom P. The sign is 
to be taken negative or positive, according as L is or is not 
visible from P. Hence find an expression, roa (hk, + kh.) /c’, 
for the intensity of the attraction of an “annulus” of a thin 
spherical shell lying between two parallels of latitude, at any 
point P on the axis. 

119. A thin spherical shell of radius a attracts an internal 
particle P at a distance c from its centre. If the shell be 
divided into two parts by a plane through P perpendicular 
to the radius, the resultant attraction of each part at P is 
2 roala—Va?—@]/c. [Todhunter’s History of Attraction. ] 

120. The equation of the surface of an infinitely long homo- 
geneous cylinder of density p, the lines of which are parallel 
to the 2 axis, being r= (0), a filament of the cylinder of 
cross-section rdrd6 contributes to the components (XY, Y) of 
the attraction at the origin the amounts 2 cos 6-dr-d@ and 
2psin6-dr-d6 respectively. If the cross-section of the 
cylinder is an ellipse of semiaxes a and ) and if the origin 
is on the surface and distant y, x) respectively from the 


“(ar P,(cos6)+5- 
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principal planes, the equation of the surface may be written 
in the form 


7 = 2(b%x, cos 6 + ay, sin 6) / (b? cos?6 + a? sin*@). 


Assuming that 


dx 1 b : b 
ae eal ae ge A rack eet els 
lReeeee |: Nee (v2 bars 9 2 (: 


prove that in this case 
EXe== 4 rpbay / (a +b); ¥ = 4 rpayy / (a + b) 


and that the resultant force has the intensity 4 M/(a + 0), 
where MM is the mass of the unit length of the cylinder. 
Prove also, by a method analogous to that of Section 12, 
that the attraction due to a homogeneous shell bounded by 
two concentric, similar, and similarly placed elliptic cylin- 
drical surfaces is zero within the shell, and that the attraction 
components (A, Y) at any point within a solid homogeneous 
elliptic cylinder are proportional to x and y respectively. 

121. If two confocal ellipses (s and s’) have semiaxes (a, b) 
and (a', b'), a point (a, y) on s is said to correspond to a point 
(z’, y') on s', if w/x2'=a/a' and y/y'=b/b'. Show that if 
P, and P, are any two points on s and P,' and P,!, the corre- 
sponding points on s', P,P,'= P,P,'. Hence prove (Section 51) 
that, if two homogeneous, solid, confocal, elliptic cylinders of 
the same density be divided into corresponding thin strips by 
planes parallel to the xz plane, the « component of the attrac- 
tion of any strip of the first at a point P’ on the second, is to 
the x component of the attraction of the corresponding strip 
of the second at a point P on the first corresponding to P’, 
as b is to b'. The two components of the attraction of the 
whole of the first cylinder at P' are to the same components 
of the attraction of the second cylinder at P, as } to 0! and as 
a to a’. 
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122. It follows from the results stated in the last two 
problems, that if the components at an outside point Q! of 
the attraction due to a solid homogeneous elliptic cylinder of 
density p bounded by the surface s (Fig, 124) be X’ and Y’, if 
a surface s' confocal to s be drawn through Q', and if XY and Y 
are the components, at Y on s which corresponds to Q! on s', 
of the attraction of a cylinder of density p bounded by s'; 
XT/X=6/b', Y'/Y¥Y—a/a', where a and 6 are the semi- 
axes of s, and a’ and 8' those of s'. Show that X, Y are the 
components at @ of the attraction due to a cylinder of 


Fie, 124. 


density p, bounded by a surface s’ drawn through Q, similar 
to s'. Show also that, if the codrdinates of @ are a, y, 
X'=Arnpba/(a'+'), Y'=4npay/(a' + 0’). 
Prove that, if a=5, 6=3, a! =4, and y'’=12; x= 4,0, 
y=Vv5, a! =6, b'=~V20, so that, approximately, X'=12p, 
Y'=13-42-p. . 
123. Two parallel planes, the direction cosines of the nor- 
mals to which are (J, m, ), touch two confocal ellipsoidal 
surfaces at the points P,, P,' respectively. The semiaxes of 
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the surfaces are (a, b, c) and (a + da, b+ db, e+ de) where, 
since they are confocal, d(a?) = d(b”) =d(c?). Show that if 
pand p+dp are the lengths of the perpendiculars dropped 
from the origin on the tangent planes, p? = a7? + b?m? + cn’, 
and p-dp = 2.d(a*) + m?-d(?) + n?-d(@) =d(a’), so that dp 
is inversely proportional to p. If the surfaces bound a homo- 
geneous shell, this is called a thin focaloid. Show that the 
thickness of the shell at the point P differs from dp, if at 
all, by an infinitesimal of higher order, and that a superficial 
distribution on an ellipsoid with surface density inversely 
proportional to p is equivalent to a thin focaloid bounded 
internally by the surface. The thickness of a thin homeoid 
at any point is directly proportional to p. 

124. Show that if the potential function due to a distribution 
of matter has the value zero at all points outside the ellipsoid 
Da? + My? + Nz? =1 and the value pw (1 — Lx? — Mx? — Nz') 
at all inside points, the distribution consists of a homogeneous 
ellipsoid of density »(Z+ M+ N)/2za and a superficial 
stratum on it of surface density —/2ap, where p is the 
length of the perpendicular dropped from the origin on the 
tangent plane. Since the surface distribution is equivalent 
to a thin focaloid, it is clear that the potential function due 
to a homogeneous ellipsoid has at outside points the same 
values as the potential function due to a thin foealoid of the 
same mass coincident with the surface of the ellipsoid. Prove 
from this that confocal ellipsoids of equal mass have equal 
potential functions at points outside both. 

125. Two homogeneous, solid, confocal ellipsoids of masses 
M, and M, attract any particle outside both with forces which 
have the same direction and are to each other as M, to M,. 
[ Maclaurin. ] 

126. Show that it follows from the reasoning on pages 123 
and 124 that the components, taken parallel to the axes, of 
the attraction of a homogeneous ellipsoid S at any point P’ 
on the surface of a homogeneous confocal ellipsoid S' of the 


- 
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same density, are to the corresponding attraction components 
due to S' at the point P on S which corresponds to P', as 
the areas of the principal sections of Sand S$! perpendicular 
to these components. [Ivory.] 

127. We know from the equations of page 191 that, in the 
cease of a prolate ellipsoid uniformly polarized in the direction 
of the long axis, the depolarizing force is 


1—&)/ 1 ae 
=r See Sa 3, Sz, 73 é 


Prove that if the ratio of a to d is large, this is nearly equal to 
— 4 7A(b?/a’)[log(2 a/b)—1], and that when a/b = 4, this 
approximate result is in error by about 4 per cent. 

Show that if we denote the depolarizing force in an ellipsoid 
of revolution uniformly polarized in the direction of the x axis 
by AA, A has the values 12.57, 6.63, 5.16, 4.19, 2.18, 0.95, 0.25, 
0.0054, 0.0016, 0.0004, according as a/d is equal to 0, 4, 3, 1, 
2, 4, 10, 100, 200, 400. 

128. If the quantity ¢ on page 121 be supposed to increase 


- without limit, the limits of the expressions for Y and Y are 


the force components within a homogeneous elliptic cylinder 
of semiaxes a and 4. Making use of the integral 


4 dix Cae 
(a +a)i(@+p)* (a—B)(e@+a)’ 


show that these limits are 4 rbpx /(a +0) and 4 rapy/(a+0). 
Using the form of integral given on page 124 in the seventh 
line from the bottom, show that if ec be made to increase 
without limit, the limit of XY is —4pba/(a'+6') and that 
the corresponding limit of Y is — 4 zpay/(a' + 0’). 

Show that the equipotential surfaces within an infinitely 
long, solid, homogeneous, elliptic cylinder, the semiaxes of © 
which are a and 4, are elliptic cylindrical surfaces, the ratio 
of the semiaxes of any one of which is Va / Vo. 
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129. Using the integrals given on page 190, show that if 
a=b>cand if * = (a*— c*)/c’, we may write the expres- 
sions for the attraction-components within a homogeneous 
oblate ellipsoid of revolution, in the form 

(— 3 Mx /2 \%c*) [tan~'A —A/(1 + A*)],_ 
(— 3 My /2 de) [tan—* A — A/(1 + A’)), 
(— 3 Mz /d%c*)(A — tan? A). 

130. Show that if in the case of the prolate ellipsoid of 
revolution where 6 = c<a, we put A =ea/c, the components 
of attraction at the inside point (x, y, #) may be written 

(3 Mx /dA8e*) [A / V1 + A? — log(A + V1 +2’)], 
(3 My /2 »**) [log (A + V1 +4+2*)—A V1 + A°], 
(3 Mz /2 d8c*) [log (A + V1 +A?) —A V1 + A’). 

131. If these force components be denoted by X, Y, Z, the 
quantity (X¥/x + Y/y+ Z/z) is numerically equal to — 4 xp 
within any ellipsoid of revolution. This is true in the case 
of every ellipsoid, as Poisson’s Equation shows. 


132. Ifa=a*,B=0, y = c*, andif G, has the value given 


on page 122, 
a> D,Gy+ B-DsgGoty¥ :DyGy= oe 4 G, 


and 2(a — B) DD, Go = D, Gy — Dg Gy. 
The potential function V satisfies the equation 
V = rpabe (Gy + 22°-D, Gy + 2y?-D,G) + 22-D,G) 


at every point within a homogeneous ellipsoid. 

If (a', b',c') are the semiaxes of an ellipsoidal surface through 
a point (x, y, 2), confocal with the ellipsoid # which has the 
semiaxes (a, b,c), and if the result of substituting a’, b', c! for 
a, b,c in the expression for G, be denoted by G', the value of 


2 
| 


aa 
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the potential function due to Z at an external point may be 
written 
¢Mj3G'+22?.DG'+ 2y?-D,G'+22-D,G? 


where t=a", m= 67, n = c”. [ Tarleton. ] 


133. Show that if XY, Y, Z are the components of the body 
forces applied to a mass MU of liquid revolving with uniform 
angular velocity » about the axis of z, and if p denotes the 
pressure at the point (a, y, 2), 


dp =(X + w°x) da +(Y¥ + w*y) dy +. Z dz, 
so that at a free surface 
(X + wx) da +(Y¥ + w*y) dy + Z dz =0. 

134. If the liquid be homogeneous and exposed to its 
own attraction only, and if the bounding surface be the ellip- 
soid cx? + a*c*y* + ab*2? = abc’, we have X= — 3 MK,z, 
Y= —3WMLy, Z= — 3 MM, and at the free surface 


Peadx + a&eydy + ab’zdz = 0, 
so that 


(o? — 3 UK,) /P2 = (w? — 3 ML,) /ae = — 3 MM, / a2? 


Show that this condition is satisfied for a given value of w by 
an oblate ellipsoid of revolution (Example 129) for which A 
satisfies the equation, A = tan[(8A + 207A? /4 mp) /(3 + 2’) ]; 
but that a prolate ellipsoid of revolution is not a possible 
form of the bounding surface. [Besant’s Hydromechanics, 
Vol. I; Laplace’s Mécanique Céleste, Vol. I11.] 

135. Prove that if V be the potential function due to any 
distribution of matter over a closed surface S, and if a’ be 
the density of a superficial distribution on S, which gives rise 
to the same value, V', of the potential function at each point 
of S as that of a unit of matter concentrated at any given 
point O, then the value at O of the potential function due to 


the first distribution is a Vi. ds. 


382 MISCELLANEOUS PROBLEMS. 


136. Show that the derivative of the function 2? + ry + 2? 
at the point (1, 2,3) in the direction defined by the cosines 
(4, 4,4 V2) is 1(6+6 V2). Find the angle between the 
vector differential parameter of this function and the direction 
just defined, at any point of the plane 324+ y+22V2=0, 
at every point of the line x + y = 0, = 22, and at the origin. 
Show that it is not possible to find a scalar function the levi] 
surfaces of which eut orthogonally the lines of the vector 
(x+y, z,y). Show that the normal derivative of the function 
x?+y-+2 with respect to the function x + y + is zero at 
every point of the planex=—1. Prove that if u and v are 
the distances of the point (a, y, z) from two fixed points, 
1 ee ee 

137. A harmonic ‘let which has a constant gradient 
different from zero cannot vanish at infinity like the Newtonian 
Potential Function due to a finite mass. 

138. [ f(x, y, 2), 0, 0], [&(a), 0,0], [¥(y, z), 0, 0], the first 
of which is neither lamellar nor solenoidal, the second lamel- 
lar but not solenoidal, and the third solenoidal but not lamellar, 
are examples of vectors the lines of which are parallel straight 
lines, though the intensities are not constant. Prove that if 
in any region the lines of a vector which is both lamellar and 
solenoidal are parallel straight lines, the intensity of the vector 
is everywhere in that region the same. 

139. (2a/r,2y/r,22/r) and (sin y, V3, cos y), the first of 
which is lamellar but not solenoidal and the second solenoidal 
but not lamellar, are examples of vectors with constant inten- 
sities, which have lines which are not straight lines parallel 
to each other. Prove that if the lines of a lamellar point 
function which has a constant tensor are parallel straight 
lines, the vector is solenoidal. Prove also that if the lines of 
a solenoidal vector point function which has a constant tensor 
are parallel straight lines, the vector is lamellar. 

140. The vectors (a + 2 zy,y +3 az, xy), (2 zy, 3 x2z,ry+ 2 2) 
have everywhere equal divergences and curls and their tensors 


Ve rc cellhOCU Ol! hUC CUO 
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are equal all over the surface 2?+ y?—42?+6ayz=0. It 
is evident, therefore, that such vectors as these are not deter- 
mined when their curls and divergences are given. What 
additional information would determine an analytic vector 
which does not vanish at infinity? The scalar potential 
function of a certain vector has the value unity from r = 0 to 
r=1, where = 27+ 7 + 2; and the value 1 /r from r=1 
tor=«. Is the vector everywhere solenoidal and lamellar? 
Can you determine an everywhere lamellar and solenoidal 
vector which has the value 13 at infinity? 

141. If at any surface the normal component or a tangential 
component of a vector is discontinuous, must we suppose that 
there is divergence at the surface? Illustrate your answer by 
a simple numerical illustration. 

142. S is a portion of an analytic surface bounded by the 
elosed gauche curves. S'is a surface which divides space into 
two portions in each of which the components of a vector Y are 
represented by analytic functions. At S', some of the com- 
ponents of @ parallel to the surface are discontinuous. SS! cuts 
Sin the curve s' which divides S into two portions, S, and 8. 
Two curves in S, and S, respectively drawn parallel to s' and 
very close to it shall be called s,' ands,'. 4, shall be the con- 
tinuous component, in the direction of the normal to S, of the 
eurl of Q. ‘That portion of s which with s,! embraces practi- 
cally the whole of S, shall be called s,; that portion of the 
remainder of s which with s,' embraces nearly the whole of 
S, is to be denoted by s, Apply Stokes’s Theorem to SS; as 
bounded by s, and s,' and to S, as bounded by s, and s,', and 
show that the line integral of the tangential component of Q 
around s is not in general accounted for by the surface 
integral of K, over S, unless we assign to K,, on s' a value 
such that its line integral along the line is finite. What is 


this value? On page 113 Stokes’s Theorem is predicated only 


of analytic vectors. Justify the uses made of the theorem 
on page 219 and in Sections 82 and 88. 
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143. Assuming that the surface integral of the normal out- 
ward component of any vector taken over any closed surface S, 
within and on which the vector is analytic, is equal to the 
volume integral of the divergence of the vector taken through- 
out the space within the surface, show that if in spherical 
coordinates R, ®, ® are the components of a vector Q, taken 
in the directions in which 7, 6, ¢@ increase most rapidly, the 
divergence of @ is given by the expression 


D,(r?R) - /7? + Dg (sin 6-®)-/rsin 6+ D,®-/rsin 6. 


144, Assuming that, if ¢, », are three analytic functions 
which define a system of orthogonal curvilinear coérdinates, 
and if hg, h,, hg are the gradients of these functions, the sur- 
face integral, taken over any closed surface S, of U-cos (€, n) 
(where U is any function analytic within and on S, and (€, n) 
is the angle between the exterior normal to S at any point on 
S, and the direction at that point, in which € increases most 
rapidly) is equal to the volume integral extended through the 
space enclosed by S, of he-h,-hg-@[U /hj- he] /€€, show that, if 
Qe, Vn Ge are the components in the directions in which €, », 
and ¢ increase most rapidly, of an analytic vector Q, the 
normal component of Q integrated all over S gives 


SSSre-rdel 2a) + P(e.) +2) fr 


Write down an expression for the divergence of an analytic 
vector in terms of &, », ¢, and, assuming that in the case of 
spherical coérdinates h,=1, he =1/7r, hy =1/rsin 6, show 
that this yields the result stated in the last problem. 

145. Let P, be a fixed point and P a movable point in the 
unlimited region 7, without a given surface S, and let P,P 
be denoted by 7, Show that if a function G! can be found 
which (1) on S has the value — 1/7, which (2) is harmonic 
at P, and at every other point of 7, and which (3) vanishes 
at infinity like the Newtonian Potential Function of a finite 
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mass, G' is unique. Show also that if @=G'+1/r, and 
if w is any function harmonic in 7, which vanishes at infinity 
like a Newtonian Potential Function and has the value «w, 


at Po, 4 ww, = [w- D,Gas, where » represents an exterior 


normal to S. Some writers call G “Green’s Function” for 
the given S and the given P,; others reserve this name 
for G'. Attach a physical meaning to G. Define a Green’s 
Function for space inside a closed surface 8. 

Show that if S is a plane and if 7’ is the distance of P 
from the image, in the plane, of the pole Po, the function G 
me nL y, 

146. Show that the expression f {2 p, log (7/1) - dA, 


where 7, is any constant, might be used for the logarithmic 
potential function of a columnar distribution of repelling 
matter. 

147. Show that in general the surface density of a charge 
distributed on a conductor is greatest at points where the 
convex curvature of the surface of the conductor is greatest. 

148. Show that if J, m, 7 are scalar point functions which 
define a set of orthogonal curvilinear coérdinates in an electric 
field in air where the potential function is V, and if L, A, N 
represent the force components taken at every point in the 
directions in which the codrdinates increase most rapidly, 
L=—h,:-D,V, M=—h,:-D,V, N=—h,:D,V, and Laplace’s 
Equation can be written 


D,(L [lm Tin) + Dy, (M [fy fig) + Dy (N/ I: Fim) = 0. 


149. Prove that if a distribution of electricity over a closed 
surface produces a force at every point of the surface perpen- 
dicular to it, the potential function is constant within the 
surface. 

150. Two conducting spheres of radii 6 and 8 respectively 
are connected by a long fine wire, and are supposed not to be 
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exposed to each other’s influences. If a charge of 70 units of 
electricity be given to the composite conductor, show that 30 
units will go to charge the smaller sphere and 40 units to the 
larger sphere, if we neglect the capacity of the wire, Show 
9 
also that the tension in the case of the smaller sphere is s--— 2880 


per square unit of surface. 

151. The first of three conducting spheres, A, B, and C, of 
radii 3, 2, and 1 respectively, remote from one another, is 
charged to potential 9. If A be connected with B for an 
instant, by means of a fine wire, and if then B be connected 
with C in the same way, C’s charge will be 3-6. [Stone.] If, 
in the last example, all three conductors be connected at the 
saine time, C’s charge will be 4-5. 

152. A charge of MW units of electricity is communicated to 
a composite conductor made up of two widely separated ellip- 
soidal conductors, of semiaxes 2, 3, 4 and 4, 6, 8 respectively, 
connected by a fine wire. Show that the charges on the two 
ellipsoids will be 4M and 3 ¥M/ respectively. Compare the 
values of 2 ro? at corresponding points of the two conductors. 

153. Can two electrified bodies attract or repel each other 
when no lines of force can be drawn from one body to the 
other ? 

154. Two conductors, A and B, connected with the earth are 
exposed to the inductive action of a third charged body. Do 
A and B act upon each other? If so, how ? 

155, A spherical conductor A, of radius a, charged with If 
units of electricity, is surrounded by » conducting spherical 
shells concentrie with it. Each shell is of thickness a, and is 
separated from its neighbors by empty spaces of thickness a. 
Show that the limit approached by V, as ” is made ates and 
larger is (If/a) log 2. 

156. The superficial density has the same sign at all 
points of a conducting surface outside which there is no free 
electricity. 
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157. An insulated and uncharged spherical conductor of 
radius 4 centimetres contains an eccentric spherical cavity 
the radius of which is 2 centimetres. At the centre of the 
cavity is a point charge of 10 units. Show that the charges 
on the inner and outer surfaces are uniformly distributed and 
that the value of the potential function at all points within 
the cavity is 10 /r — 2.5. 

158. A spherical conductor of 10 centimetres radius is sur- 
rounded by a concentric conducting spherical shell of radii 
12 centimetres and 15 centimetres. The sphere is at potential 
zero and the shell at potential unity. Show that the charges 
are — 60, 60, and 15. 

159. Prove that the electrical capacity of a conductor is 
less than that of any other conductor in which it can be 
geometrically enclosed. 

160. Show that two exactly similar conductors symmetri- 
cally situated on opposite sides of a plane, so that one is 
the optical image of the other in the plane, repel each other 
if raised to the same potential. 

161. Prove that the following statements are true: If any 
conductors, some or all of which are charged, are exposed to 
one another’s influences but are far removed from all other 
charged bodies, the charge on one, at least, of the conductors 
must have the same sign throughout. If two charged con- 
ductors, uninfluenced except by each other, have equal and 
opposite charges, the surface density at every point of one 
has one sign and the surface density at every point of the 
other the opposite sign. A charge, —1, concentrated at any 
point P produces a distribution of one sign throughout upon 
a conductor @ which carries a total charge of 1+ p, mw being 
any positive quantity whatever. If two conductors influenced 
only by each other are at potentials of the same sign, the 
distribution has the same sign throughout upon that one of 
the conductors the potential of which is the greatest in abso- 
lute value. If two conductors influenced only by each other 
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are at opposite potentials, the distribution in each has the 
same sign everywhere that the potential function has: A 
charged conductor is always attracted, in the absence of 
other charged bodies, by every other conductor, in its neigh- 
borhood, which is put to earth. [Duhem.] 

If m is the number of unit Faraday tubes, per square centi- 
metre, which pass through any small portion of an equipoten- 
tial surface of an electric field in air, the strength of the field 
on this small area is 4xn. 

162. If when a unit charge is placed on a conductor C in 
the presence of conductors C,, C,, kept at potential zero, the 
charges on these are — e, — e,; then if C be discharged and 
insulated and C,, C, be raised to potentials Vj, V2, the potential 
of C will be e,V, + eV. 

163. A soap bubble of surface tension 7 has a charge Q. 
Show that its diameter is Q?/(277)}. 

164. Prove that the capacity of x equal spherical condensers 


! ‘ 1 ; 
when arranged in cascade is only about 7th of the capacity of 


one of the condensers ; but that if the inner spheres of all the 
condensers be connected together by fine wires, and the outer 
conductors be also connected together, the capacity of the 
complex condenser thus formed is about » times that of a single 
one of the condensers. 

165. A conductor the equation of the surface of which is 
a y 2 Se 
is charged with 80 units of electricity; what is the density 
at a point for which x =3, y=3? 

If the density at this point be a, what is the whole charge 
on the ellipsoid? 

166. A charged insulated conductor A is so surrounded by 
a number of separate conductors B, C, D,---, which are put 
to earth, that no perfectly straight line can be drawn from 
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any point of A to the walls of the room without encountering 
one of these other conductors. Will there be any induced 
charge on the walls of the room? 

167. Assuming that in the case of a conductor surrounded 
by dry air, 8007 dynes per square centimetre is the greatest 
pressure that a charge on the conductor can exert at any 
point upon the air without breaking down the insulation, 
show that a spherical conductor must have a diameter of at 
least 0.126 centimetres in order to hold, in dry air, one elec- 
trostatic unit of electricity. 

168. Prove that two pith balls each 4 millimetres in diame- 
ter and 3 milligrammes in weight, suspended side by side by 
vertical silk fibres 10 centimetres long, cannot be so highly 
charged with electricity that the fibres shall make an angle 
of 60° with each other. 

169. Discuss the following passage from Maxwell’s Elemen- 
tary Treatise on Electricity : 

‘Let it be required to determine the equipotential surfaces 
due to the electrification of the conductor C placed on an insu- 
lating stand. Connect the conductor with one electrode of the 
electroscope, the other being connected with the earth. Elec- 
trify the exploring sphere,* and, carrying it by the insulating 
handle, bring its centre to a given point. Connect the elec- 
trodes for an instant, and then move the sphere in such a path 
that the indication of the electroscope remains zero. This 
path will lie on an equipotential surface.” 

170. A condenser consists of a sphere A of radius 100 sur- 
rounded by a concentric shell the inner radius of which is 101, 
and outer radius 150. The shell is put to earth, and the sphere 
has a charge of 200 units of positive electricity. A sphere B 
of radius 100 outside the condenser can be connected with the 
condenser’s sphere by means of a fine insulated wire passing 


* A yery small conducting sphere fitted with an insulating handle. 
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through a small hole in the shell. B is connected with 4 ; 
the connection is then broken, and PB is discharged ; the con- 
nection is then made and broken as before, and B is again 
discharged. After this process has been gone through with 
five timés, what is 4’s potential? What would it become if 
the shell were to be removed without touching 4? 


[2 (101)*/ (102), 2 (101)*/(102)*.] 


171. If the condenser mentioned in the last problem be 
insulated and a charge of 100 units of positive electricity 
be given to the shell, what will be the potential of the sphere? 
of the shell? If we then connect the sphere with the earth 
by a fine insulated wire passing through the shell, what will 
be the charge on the outside of the shell? What will be the 
potential of the shell? If next A be insulated, and the shell 
be put to earth, what will be 4’s potential ? What will be 
its potential if the shell be now wholly removed ? 


[2 /3, 2/8, — 4040/41; 60,/41, 2/205, — 2/205, — 202 /205.] 


172. A conductor is charged by repeated contacts with a 
plate which after each contact is recharged with a quantity 
(£) of electricity from an electrophorus. Prove that if e is 
the charge of the conductor after the first operation, the 
ultimate charge is H e/(H—e). 

173. If one of a system of n conductors entirely surrounds 
all the others, 2( — 1) of the coefficients of potential have the 
common value p. If the outside conductor be put to earth, it 
loses a quantity Q of electricity. Show that the energy loss 
is $pQ’. 

174, A conductor is formed of two infinite planes inter- 
secting at right angles and is connected with the earth. <A 
long straight wire, parallel to the intersection of the planes, 
at distances ) and a from them, has an electric charge e 
per unit length. Show that the electrification of the first 
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plane at a distance x from the line of intersection of the 
two is 
— 4 abex /r[(a? + 0 + 2)? — 4 a?a?). 

175. The energy, per unit of surface, of a plane parallel 
plate condenser in which the superficial charge density is 
o 18 2 70,’a when the distance between the plates isa. Show 
that if the distance be decreased to a — Aa the energy is 


2 ra)" (a — Aa) 
if the charge remains constant, and 
2 ro,'a" / (a — Aa) 


if the potential remains constant. Hence prove that the rates 
of change of the energy are equal in value but opposite in sign 
in the two cases. 

176. The foot of the perpendicular dropped from any point P 
upon the line 4,4, shall be marked MM. At A, 1s a point charge 
m, and at A, a point charge — m,, m, being greater than m,. 
a7 7, Al — oe = y, AAs G79, | my = 7", 
Show that the surface integral of normal force parallel to 
the x axis over an infinite plane through M perpendicular 
to A,A, is 2r(m, —m,) if >a; 2r(m, +m,) if 0O<a<a; 
and 2%(m,—m,) if «<0, The induction outward through 
an infinite spherical surface with centre at any finite point is 
42(m,—m,). Show that the value at any point on a spherical 
surface of radius 7,, with centre at A,, of the normal outward 
component of the force is m,/7,? — m, Cos (7, %) /7,?, and this 
is positive for every point of the surface if 7, >ap/(p—1). 
It follows from this that no line of force can come from 
infinity to the charge on A,; but 42m, of the 4m, lines 
which start from A, reach A,. Show that all the lines of 
force which cross the two planes drawn perpendicular to 
A,A, through A, and A, cross them from left to right. The 
inductions across these planes are 27m, and 27m,. Through 
M, any point of 4,A,, imagine a plane drawn perpendicular to 
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A, A, and let a circumference be drawn on this plane with Mas 
centre and MR as radius. Let the angles which 4,/ and 4, 
make with the line from A, to A, be w, and w,, then the induc- 
tion through the circle is 2 7[m, (1 — cos w,) + m,(cos w, — 1)] 
or 2x[m,(1 — cos w,) + m,(1 + cos w,)] according as A,M is 
greater than a, or positive, and less than a. If in the last case 
the radius be so chosen that the cirele shall include all the 


Fie. 125. 


lines which converge to A,, we must equate the induction to 
4am, This yields m,cos wo, — my Cos w, = m, — my, Which may 
be regarded as the equation of the surface of separation 
between the lines which go from 4, to A, and those which go 
to infinity. 

2 x[m, (1 — cos w,) + m,(1 + cos w,)] = Cis the equation of 
a surface of revolution which includes everywhere C lines 
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of force. Since every meridian curve of this surface is itself 
a line of force, the equation just written may be regarded as 
the general equation of the lines of force. If m, = m,, the 
lines are sometimes called “magnetic lines.” In this case 
the equation becomes cos w, — cos w, = const., and the lines 
have the forms of the curves which pass through the points 
JV, Sin Fig. 125. 

Show that if » = 1, if # is the resultant force at any point 
P, and if Q is the point where the line of action of F cuts 4,A,, 
F/[sin (7, 72)] = m/[7,;? sin (Kf, 72) ] = m/[r? sin (BR, rz)] or, 


since sin (4,PQ) = (sin PQA,) (4,Q) /Ty 
and sin (A,PQ) = (sin PQ4A,) (QA2) / Te 
fr te = A,Q/A,Q. 


If Q is fixed, P must move so that 7, /7, is constant: its locus 
is, therefore, a circle. [See Mascart et Joubert, §§ 168 and 
169, and also Nipher’s Electricity and Magnetism, Ch. III. ] 

177. Two condensers A and B have capacities C, and C). 
A is charged by a certain battery and then discharged; it is 
then charged and its charge is shared with B; finally A and B 
are both discharged. Show that the energies of the different 
discharges are to each other as 


(C, a Cyn: CL(Ch + C2) 5 Cee (ONO 
[Clare College. ] 


178. An earth-connected circular dise 5 centimetres in radius 
is suspended horizontally from one arm of a balance, and an 
insulated plate is placed parallel to it and 1 centimetre below 
it. When the lower plate has been electrified there is found 
to be an attraction equal to the weight of 1.274 grammes 
between the two. Show that, assuming the electricity to 
be uniformly distributed, the potential of the lower plate is 
about 6000 volts. 
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179. Sis an equipotential surface due to a distribution of 
matter of which it encloses a portion M/,, and excludes a por- 
tion M,. Let M, be distributed on S according to the law 
4 nro = — D,V: then superpose on the system thus formed tle 
negative of the original system, so as to have the surface S at 
zero potential due to the distribution on it and to the negative 
of M, within it. What will now be the value of the poten- 
tial function without S? At a distance 6, from the centre 
of a spherical cavity of radius 7, in a conductor which is at 
potential zero, is a point charge of m, units. Find by aid of 
the formulas given in Section 65 the density of the charge 
on the wall of the cavity. 

180. If a conductor C, which entirely surrounds a system 
of charged and insulated conductors, be at first insulated and 
at potential V, and then put to earth, the potentials of all the 
interior conductors will be diminished by V. If this system 
be now discharged, the loss of energy is the same as if C had 
not been put to earth but had had the interior conductors put 
into connection with its inner surface. [M. T.] 

181. Show that r/dths of the unit Faraday tubes proceeding 
from an electrified particle, at a distance 8 from the centre of 


a conducting sphere of radius r, which is put to earth, meet ° 


the sphere, if there are no other conductors in the neighbor- 
hood, and that the rest go off to infinity. 

182. If a charge m, is placed at a point 4, distant 8, from 
the centre O of a conducting sphere of radius r (Section 65) 
kept at potential zero, the charge induced on the surface has 
the density « = — m, (82 — 7°) /4a7rr) at a point distant 7, 
from 4,, and the total amount of the induced charge is 
—myr/s, The attraction between the point charge and the 
induced charge is m,r8,/(8,2— 7°). If now a charge M be 
distributed uniformly over the sphere so as to raise its 
potential to M/r or Vy, the new density will be 


c= [ Vor? = us (8? ae 7) | /4 rrr’, 
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the new charge # = Vor — m,r/8,, and the attraction 
f= [mr 6,/ (82 — 7)? — mV, 7/8], 
or mr 6, / (8° — 7°)? — m# /8?2 — m? r/8,8. 
This attraction is zero when 6, satisfies the equation 
EF 8, (8 — 1°)? = m, 77 (2 8? — 7°). 


If M=+ mr /d,, the total charge on the sphere will be 
zero. In this case V, = m,/8,, and the force of attraction is 
m7*(2 8,? — 7?) / (82 — 7°)? 8,°: this expression is always posi- 
tive. The density on the sphere is zero, if anywhere, on a 
circumference determined by the equation 


H+ mr /d, = m,7(8? — 1°) /r?. 


O and A, are inverse points with respect to a spherical 
surface S of radius V8? — 7°, the centre of which is 4,. If, 
therefore, 7’ is any point on S, 4,7-8, = OT- Vd? — 7? and, 
if M=m,r/~V82—/?°, the potential function has the same 
uniform value on S and on the conductor. The intersection 
of the two surfaces is a line of no force and no density. 

The potential function due to m, alone is the same as that 
due to m, and the charged sphere, at all points on the spherical 
. surface OP /A,P = M 8,/m,r: if H=0, this is the plane which 
bisects A,O at right angles. 

The mutual potential energy of the point charge m, and the 
distribution on the sphere is 


~ i F. dd, = m,E /8, — 4 m2? /82 (82 — 7°). 
61 

Show that if a charged conducting sphere of radius 10 centi- 
metres is at potential V, in the presence of a point charge of 
12 units at a distance of 20 centimetres from the centre of 
the sphere, the whole charge on the sphere is 10(V, — 2). 
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Show also that V, is 2/15, 6/5 V3, or 3.6 according as the 
density of the surface charge is zero, at the point of the sur- 
face farthest from A,, at a point just visible from A,, or 
at the point nearest 4; Show that if the whole charge on 
the spherical surface is 14/3 there is no attraction between 
the point charge and the surface charge; and that if the 
sphere was originally uncharged and insulated, its potential 
was constantly equal to 12 /6, as the point charge gradually 
approached its present position from infinity. 

Show that the integral of (8,7 — 7*) /r° taken over the sur- 
face of the sphere is 4 wr?/3,. How much of the charge on 
the sphere is visible from 4, ? 

Find the surface density on a spherical conductor at poten- 
tial zero under the action of two equal external point charges 
situated at equal distances on opposite sides of the centre. 
Consider separately the case where the point charges have 
opposite signs. 


183. An insulated conducting sphere of radius r charged ° 


with m units of positive electricity is influenced by m units 
of positive electricity concentrated at a point 27 distant from 
the centre of the sphere. Give approximately the general 
shape of the equipotential surfaces in the neighborhood of 
the sphere. 

Give an instance of a positively electrified body the poten- 
tial of which is negative. 

184, Prove that if the spherical surfaces of radii a and 3, 
which form a spherical condenser, are made slightly eccentric, 
_e being the distance between their centres, the change of elec- 

3 abe. cos 6 
4x (b—a) (b® — a3)’ 
where @ is the angular distance of the point from the line of 
centres, and where the difference between the values of the 
potential function on the two surfaces is unity. 

185. Show that if an insulated conducting sphere of radius a 
be placed in a region of uniform force (X,), acting parallel to 


trification at any point of either surface is 
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the axis of 2, the function — _X,-2(1— a’ /7) + C satisfies all 
the conditions which the potential function outside the sphere 
must satisfy, and is therefore itself the potential function. 
Show that the surface density of the charge on the sphere 


Seam a 


ERODE EA. : : : 
is ae and prove that this result might have been obtained by 
7 


making j, infinite in the formulas near the top of page 206. 
186. If 911, go. are the coefficients of capacity of two of a 
set of conductors, and if qg,. is their coefficient of mutual 
induction, the capacity of the compound conductor formed by 
joining these two conductors by a fine wire is ¢1, + 2 G12 + Goa 
if all the other conductors be put to earth. If pi, pro, pis 
are the coefficients of potential of the two conductors, and 
if all the other conductors of the series are uncharged and 
insulated, the capacity of the compound conductor is 


(Pu + Px — 2 Di) / (Pu Po Pu): 


If the distance } between the centres of two conducting 
spheres of radii a,, a, is large compared with the diameter of 
either, py =1/a, Po =1/a,, and py is approximately 1/6, 
so that if e,, e, are the charges of the spheres and V,, V, their 
potentials, V, = e,/a,+¢,/b, V.=e/b+e/a, Show that, 
approximately, 


Qu = a0? / (PF — ayy), dy = — %4,) / (U? — aap), 
Gf el] (0 OG). 


187. If on the radius vector OP drawn from a fixed point 
O to another point P a new point P' be taken, such that 
OP -OP'=a?, where a is a constant chosen at pleasure, 
P and FP’ are said to be inverse points, O is the centre of 
inversion, a sphere of radius a with centre at O is the sphere 
of inversion and a the radius of inversion. One of a pair of 
inverse points is without the sphere of inversion and the 
other within, unless both coincide. The straight line which 
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joins the points of contact of tangents to the sphere drawn 
from an outside point P’ passes through the inverse point P. 
If P, P' and Q, Q' are pairs of inverse points, the triangles 
OPQ and OQ'P' are similar. If one (P) of a pair of inverse 
points moves along a curve, or over a surface, or through a 
space, the other (P’) will generate the inverse curve, surfaze, 
or space. A plane at a perpendicular distance 4 from O 
inverts into’a spherical surface of radius a?/2, passing 
through O. <A spherical surface of radius ¢ with centre at a 
distance 4 from O inverts into another spherical surface of 
radius a’e/(l?—c*) with centre at a distance a*) /(i? — c*) 
from O. If a? =? —c*, the spherical surface inverts into 
itself, though the inverse of the old centre is not the new 
centre. The centre of inversion inverts into the region at 
infinity. 

Prove that if the origin be the centre of inversion, a point 
P or (a, y, #), distant r from the origin, inverts into a point 
P' or (a', y', 2"), distant r’ from the origin, where rr'= a’, 
e/r=2'/",y/ray'/r, e/r=e2'/r', 2 =e2x'/r?, y= @y'/r", 
a= 02! /r?, 2'=@a/r,y'=a@y/Pr, 2! = @z/r. An element 
of arc ds at P inverts into an element of are ds' at P’, such 
that ds = r°-ds'/a? = a?-ds'/r'*. An element of area dS at 
P inverts into an element of area dS' at P', such that 
dS = r*.dS'/at = a*t-dS'/r'*, An element of volume dr at 
FP inverts into an element of volume dr' at P', such that 
dr =r. dr'/a® =a*-dr'/r'®, The angle between two curves 
which intersect at P is equal to the angle between the inverse 
curves which intersect at P’. If P and P' be drawn in 
different diagrams, in which the rectangular Cartesian codrdi- 
nates are x, y, # and 2’, y', z' respectively, € = ax! /r'?, 
7 = a@y'/r?, = wz'/r?, define a set of orthogonal curvi- 
linear coérdinates in the second diagram, and the Cartesian 
coordinates of P in the first diagram are equal to the curvi- 
linear codrdinates of P' in the second diagram. Any fune- 
tion F(x, y, #) has the same numerical value at P that the 


— 
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function F (a%a! /r!?, ay! /r'?, ae jr?) = y (2! y', 2) has at P’, 
Prove that 
(Di + D? + DZ) F (@, y; 2) wp 
= (0! /a®) (Dz? + Dy? + D2) (ab /?") ae: 

If F is zero on any surface or throughout any space in the 
first diagram, ay/r' is zero on the corresponding surface or 
throughout the corresponding space. If ¥F has the constant 
value c on the surface S, ay/r' has the value ac/r', which is 
not constant on the corresponding surface S'. 

If F is the potential function due to a volume distribution 
of density p in a region 7, together with a superficial distri- 
bution of density o on a surface S and a point charge e at a 
point @, (ay/r') is the potential function due to a volume 
distribution of density p'=a’p/r'’ in the region Z", corre- 
sponding to 7, together with a superficial distribution of | 
density o! = a*a /r' on the surface S', which corresponds to S, 
and a point charge e'=~r'e/a at the point Q', which is the 
inverse of Q. ‘The inverse of a point charge e at the centre 
of inversion is a charge at infinity, which raises all finite 
points to potential e/a. If F is the potential function of a 
distribution o, p which keeps a certain surface S at potential 
zero, (ay /7') will be the potential function of a distribution 
a', p' which keeps the corresponding surface S' at potential 
zero. If F is the potential function of a distribution o, p 
which keeps the surface S at potential c, (ay/r’) will be the 
potential function of a distribution o', p’ which keeps S' at 


- the potential ac/r': if, however, we add to the distribution 


o', p' a point charge — ac at the origin, the new potential 
function will keep S' at potential zero. 

188. Show that if a point charge e be anywhere between 
two infinite planes which form a diedral angle of 60°, these 
planes would form a surface of potential zero due to the 
original charge and five images in the planes. Find the den- 
sity of the charge on two planes which form an angle 7/n, 
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if they are kept at potential zero in presence of a point 
charge between them. Invert the system with respect to the 
charged point. 

189. A homogeneous sphere of density p and radius ¢ has 
its centre at a point C distant d from an outside point O. 
The value of the potential function at a point P outside the 
sphere is $zpc*/CP. Show that if the distribution be inverted, 
using O as centre, the new distribution is a heterogeneous, cen- 
trobaric sphere of mass # zpc*a /d, the baric centre of which 
is the inverse point of C. [Routh.] 

190. A point charge + e lies on the z axis at a distance + b 
from the origin between two conducting plates, r = 0, x = 2, 
both of which are kept at zero. Show that the images of the 
point charge in the planes are an infinite series of point 
charges numerically equal to e but alternately positive and 
negative at points on the z axis. The codrdinates of the nega- 
tive images are — b, — (4e+b), —(8c+d),---,(4e—b), (8e —B), 
(12¢ — d),..., and those of the positive images are (4¢ + 5), 
(8¢+6), (12¢+6),---,—(4e—6), —(8e —b), —(12¢— 5B), ---. 
Show that the force at any point between the planes might be 
computed from these images and the original point charge. 
Indicate a method for determining the density of the induced 
charges on the plates. State clearly the result of inverting 
the system, using the original charged point as centre of inver- 
sion, and each of several different values for a. 

If in this problem the charge eis at a point O midway 
between the plates, and if this point be chosen as origin, b =e, 
and there are positive images at points the x codrdinates of 
which are 0, 4¢, 8¢, 12¢,---, —4¢e,—8e,—12c,---, and nega- 
tive images at points the x coérdinates of which are — 2e, 
— 6c, —10¢,---, 2c, 6¢,10¢,---. Show that if the system 
be inverted, using O as centre of inversion and ¢ as radius of 
inversion, and if the inverse of the charge at O be omitted, 
the result is a conductor formed of two spherical surfaces 
of radius r= $e, in contact at potential V,=—e/c under 
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positive charges equal respectively to }e, $e, py @, +++, at 
points the x coérdinates of which are +c, +1-<, : ree, 3 
and negative charges Le, de, y,¢,-:-, at Poa the x cooérdi- 
nates of which are + 1 ¢, the, t,¢,---. The total charge 


in each of the spheres is 


—ted—}+}4-—4--)=— he-log2=V,r-log 2, 


and their mutual repulsion, } V,? (log 2—}). 

191. If two spherical conductors each of radius a have 
charges ¢,, e,, and are at a great distance apart, the energy of 
the system is (e,°+ e,?)/2a. If the two are brought up into 
contact, the whole charge of the compound conductor thus 
formed is (e, + @), it is at potential (e; + e,) /2a-log 2, and 
the energy of the system is (e;+¢,)?/4a-log2. Show that 
the work done against the mutual repulsions of the two charges 
during the approach of the spheres is about 

[ (0.722) e,e, — (0.139) (e,? + e,”)]/a, 
and discuss separately the special cases 
€, = 0, 1 = ly = Sey, C1 = BG, 

192. Show that if a point charge be situated at a point O, 
between two concentric spherical surfaces, it is possible to 
find a series of electric images which together with the origi- 
nal charge would keep each of the surfaces at potential zero, 
What would be the result of inverting the system, using O as 
centre ? 

193. A certain condenser consists of a closed conducting 
surface S, surrounded by another closed conducting surface S), 
separated from the first by a homogeneous dielectric. When 
the condenser is charged, the lines of force between S, and S, 
are the same as if S, were removed and Sj, freely charged. 
What do you know about 5, and S,? 

194. The semiaxes of a conducting prolate finmecid of 
revolution are 10, 8, 8. Find, by help of the formulas of Sec- 
tions 6 and 23, the external field when the conductor has a 
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free charge of 60 units, and show that the surface density at 
the equator is then 3/167. 

195. A prolate conducting spheroid of major axis 2a and 
minor axis 24, has a charge of electricity #. Prove that the 
attraction between the two halves into which it is divided by 
its diametral plane is H?-log(a/b)/4(a*—#). [St. John’s 
College. ] 

196. If a particle charged with a quantity e of electricity 
be placed at the middle point of the line joining the centres 
of two equal spherical conductors kept at zero potential, the 
charge induced on each sphere is 

—2em(1—m+2m*—3m'+4m'---), 
where m is the ratio of the radius of either of the spheres 
to the distance between their centres. 

197. A conducting sphere of small radius a@ is situated in 
the open air at a considerable height A above the ground. 
Show that its electrical capacity is increased by the neighbor- 


2 
hood of the ground in the ratio of 1 + (+) to 1, very nearly. 


198. A negative point charge, — e,, lies between two posi- 
tive point charges e, and e, on the line joining them and at 
distances a and } from them respectively. Show that if 

OM 5 where 1<\?< (sy 
a—b 
there is a circumference at every point of which the force 
vanishes. 

199. Two spherical conducting surfaces of radii a and } 
form a condenser. Prove that if the centres be separated 
by a small distance d, the capacity is approximately 


ers hae eraerhe 


When d = 0, the capacity is 


b—a 


‘ 
1 
{ 
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200. A small insulated conductor, originally uncharged, is 
connected alternately with two insulated conductors A and B 
at a considerable distance-apart. Prove that if e, and e,' are 
the original charges of 4 and B, e, and e,' their charges after 
the carrier has touched 4 and then touched B, the charge of B 
when the carrier has touched 4 and B each n times is 

ab ne er rae Gy! e,! 7 e,! 


abet ‘im (ab — 1) gr—lyr—V? 


where a = @/e, and b = (@ + &' — &) /e,'. 
The charges of A, B, and the carrier, are ultimately in 
the ratios 
€1 (€o — €1 1 Op! — €1') : €x'(€y — 1) : (& — 1) (Cp — €1 + Oy! — 1'). 
201. If a series of conductors were constructed which 
might be made to coincide with the closed level surface 
of a harmonic function w which vanishes at infinity like a 
Newtonian Potential Function, the capacities of any two of 
these conductors would be to each other in the ratio of the 
reciprocals of the values of w on the corresponding surfaces. 
If two of the surfaces for which w=w, and w= w, < w, be 
constructed of metal, and if charges H, and Z, be given them, 


th i 
e energy 1S a eC) rages +E), 
2 ¢. 


where C, and C, are the capacities. The energy becomes 
1 (£, + E,)?/C, if the two are connected. 

202. An insulated conducting sphere of radius 7, bearing a 
charge m, is introduced into a field of force due to a fixed 
distribution M of electricity. Show that if the value of the — 
potential function due to M at the centre of the sphere is 
C, the value of the potential function within the sphere is 
C+m/r. 

203. Compute the force at the point (a, y, z) due to a par- 
ticle of mass — m at the point (a, 0, 0) and a particle of mass 
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+m at the point (— a, 0, 0), and show that if m and a be 
made to increase indefinitely in such a manner that the ratio 
of m to a? is always equal to the constant A, the field becomes 
ultimately a uniform field of intensity XY = 2 A. 
204. It is evident that the value at any point P in the ry 
plane, of the potential function due to two slender, infinitely 
long, homogeneous, straight filaments (of mass m and —m 
respectively per unit length) which cut the plane perpendicu- 
larly at the points A and B, is 2m log (AP / BP), and that the 
equipotential surfaces are circular cylinders [one is a plane] 
such that A and B are inverse points with respect to every 
one of them. If the radius of any one of these cylindrical 
surfaces the axis of which cuts the zy plane at C be denoted 
by r (Fig. 126), and if AP=7,, BP=7r,, AC=8,, BC=6,, 
8, /r=r/i=17,/7., and 
the triangles BCP and 
ACP are similar if P 
lies on the cylinder. The 
resultant force F at P 
has the direction of the 
normal to the eylinder, 
the repulsion due to the 
Fic. 126. filament which cuts the 
plane at A is 2m/r,,and 
the attraction due to the filament which cuts the plane at 
Bis2m/r, Ifthe angle 4PB be denoted by a, the Principle 
of the Parallelogram of forces applied at P yields 


F/sin a = 2m /[ry sin (7, )] = 2m/[r, sin (7, 7)], 
and the Theorem of Sines applied to the triangle APB yields 


so that AB Jain am ry / Bin (¥; 2) — r5/ 87> %)p 


F=2mAB/r,- 1, = 2m8, AB /r- 1? = 2m8,AB/r-13 
= 2m (8,? — 1°) /r- 7? = 2m (r? = 8,2) /r- 73. 


Ve 
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The value of the potential function on the cylinder is 
2m log 8, /7 = 2 m log r /8,. 


If, now, the mass of the filament which cuts the plane 
at B be spread on the cylindrical surface so that the surface 
density at every point is 


o=—F/4r or — m8? — 7°) /247- 7, 


the potential function outside the cylinder will be unchanged. 
If, finally, a mass m! per unit length be spread uniformly over 
the cylinder, the value of the potential function within 
and on the surface will be 2 m log (8, /7) + 2 m' log, and, by 
a suitable choice of m’, this may be given any value. The 
whole charge on the unit length of the cylindrical surface is 
m' — m = M, the value of the potential function on the sur- 
face is Vs = 2 m log (8, /r) + 2(M+ m) log r, and the surface 
density at a point distant 7, from the straight line which cuts 
the paper perpendicularly at A is 


(MM + m) /2axr —m (8? = 1?) /2 ar-r?. 


At any point Q without the cylinder the value of the potential 
function is 
2m log (AQ /BQ) + 2(M+ m) log CQ. 
Show that the force of attraction between the charge on the 
cylinder and the unit length of the filament through J is 


2m[mé, / (82 — r?) — (A+ m) /8,). 


This force vanishes if 82/72 =(If+m)/M. Show also that © 
if the cylinder is at potential zero in the presence of the fila- 
ment through 4, M = — m log (8, /r). 

If we superpose upon this distribution a second consisting of 
a homogeneous filament of mass — m per unit of length and 
cutting the paper perpendicularly at A and a similar filament 
of mass + m per unit length cutting the paper at B, and notice 


406 MISCELLANEOUS PROBLEMS. 


that the potential function due to the new distribution has 
the value — 2m log (8,/r) at every point of the cylindrical 
surface, we shall see that the potential function due to the 
two distributions has at any point @ outside the cylinder 
the value 2m! log (CQ) = 2 (M+ m) log CQ and at any point 
within the value 


2 m' log r + 2m log 8, /r — 2 m log (7, / 72) 
= 2(M+m) logr+ 2m log 6,7, /rr,. 


On the cylindrical surface the potential function has the 
constant value 2 (Jf + m) log r, and the surface density at any 
part of it is, as before, (J+ m) /2 rr — m (8? — 7r*) /2 arr’, or 
(M + m) /2 ar + m (8? — 7?) /2 arr. What is the physical 
meaning of the special case where J1J+ m= 0? 

205. Let ¢ (x, y) be a logarithmic potential function due 
to a body distribution of density p through an infinite 
cylinder the right section of which made by the zy plane 
is the region 7, together with a superficial distribution of 
density o on an infinite cylindrical surface the right section 
of which is the curve s in the zy plane. Let a=, (a, y) 
and B= fy (x, y) be any two conjugate functions analytic in 
the region considered, and form arbitrarily the new function 
© (x, vy) = o[A(%, y), fol® y)] by substituting for x and yin ¢, 
a and £8 respectively. To avoid confusion call the rectangular 
Cartesian codrdinates in the plane in which 7’ and s are 
drawn a and £, instead of « and y, and draw a new zy plane 
in which to study the new function ® In this second figure 
the curves in which a= /f; (x, y), B =f, (2, y) are constant 
form a set of orthogonal curvilinear codrdinates. A point 
P which in the first diagram has Cartesian codrdinates 
(a, By) is said to be transformed into a point P' in the new 
diagram, the curvilinear codrdinates of which are (ap, By). The 
Cartesian codrdinates of P' are (ao, yo), where f, (ao, Yo) = ao; 
Fr (o. Yo) = Bo It is evident that ®(2, y) has the same 
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numerical value at P' that ¢(a, 8) has at P. The points 
which lie on the curve s in the old diagram are transformed 
into points which lie on a curve s' in the new diagram, so that 
the curve s is transformed into the curve s! and, similarly, the 
region 7’ into the region 7". It is evident from the proper- 
ties of conjugate functions that two curves which cut at an 
angle @ at a point P in the old diagram transform into two 
curves which cut each other, in general, at the same angle 
at the point P’. Show that © is the logarithmic potential 
function due to a body distribution through the infinite 
cylinder of which 7" is the cross-section, together with a sur- 
face distribution on the cylindrical surface of which s' is the 
trace. Show also that if 4? represents either of the two equal 
quantities (D,a)’+ (P,a)’, (D,B)? + (D,B)?, the numerical 
relations, at corresponding points in the two diagrams, of the 
corresponding elements of arc and area, of the corresponding 
values of the volume and surface density, etc., etc., are truly 
given by the equations 


Qs — hds'; te h? dA’; ph? = pus c— a’; 
b=2; AP=AO; h Db = D,o, 12h = AO; 
h Db = D,®; pdA = p'dA'; ods =o'ds'. 


206. Given in a plane two circles of radii a and 6 respec- 
tively, which have no points in common, it is possible to find 
two points (Q,, @,) on the line which joins their centres 
(4, B), such that if 7, and 7 represent the distances from 
Q, and Q, of any moving point, both circles belong to the 
family of curves represented by the equation 7,/7 =e. Show 
that if 4B = d, and if the circles are mutually exclusive, Q, 
and Q, are between A and B, and 


AQ, =(2 4+ @— 0 — R)/2d, BQ, = (+ @ — a’ — Kt) /2 4d, 


where R? = (a? — 6? — d?)’? — 46?d?. Tf one of the circles lies 
within the other and if a>, Q, and Q, lie beyond & on the 
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line AB, Q, is within both circles, and Q, outside both. In 
this case, P 


AQ, = (a2 — 0? + d* — R')/2d, BQ, =(a2 —V —d? + R') /2d, 


where R’? = (b? — a? — d*)? —4a7d*. In the second case the 
four points of contact of tangents drawn from Q, to the two 
circles lie on a straight line through Q,. What is the corre- 
sponding fact in the case first treated? Consider the special 
case where a=b= }d. 

Prove that the values of AQ,, BQ, given in the subjoined 
table are correct and draw to scale a diagram for each of the 
four examples. 


a b d AQ, BQ, 
1 2 4 0.35 1.09 
4 2 1 1.37 10.62 
3 1 1 1.14 6.85 
5 3 1 1.62 14.38 


Given acircle of radius a, with centre at A, and a straight 
line in its plane at a distance d from A greater than a; the 
line and the circumference belong to the family of curves 
7, /A%, = ec, where r, and 7, represent the distances from two 
points (@Q,, Q.) equidistant from the line on opposite sides of 
it and lying on the perpendicular to the line drawn through A. 
Show that if Q,Q. = 2 m, m? = d* — a’. 

207. IfrPS(@+ayl+y, re = (ew@—a)?+y, tand,= y/(x@+a), 
’ tan 6, = y/(«—a); 6=Alog(r,/7), and y= A(6, — 6) are 
conjugate functions, and if, moreover, 


~ _a(er+i1 2a 2 
= e/a oC); ‘ta 7 and r= bye 
where the upper or lower sign is to be used according as c? is 
greater or less than unity; (# —a)?+ (y —0)?=7°%, and the 
curves of constant ¢ are the circles surrounding the points 
(a,0) and (—a,0) represented in Fig. 59. Values of ¢ 
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between 0 and 1 correspond to circles which lie to the left 
of the y axis, and positive values of ¢ greater than 1 to circles 
on the right of the y axis. 


When e>1, ¢=(a+a)/r, and a=+ Va? — 7’, 
but when c<1, ec=—(a+a)/r, a=+ Vo? — 7 


On two circumferences of the system, of equal radii, on oppo- 
site sides of the y axis, 7, /7, has reciprocal values. 

Using these formulas, prove that the charge per unit length 
on a long cylindrical wire of radius 0.5 centimetre, kept at 
potential unity at an axial distance of a = 600 centimetres 
from an infinite plane kept at potential zero, is 0.06424 units. 
In this case ¢ is about 2400, a about 599.9998, and A, 0.128. 
Show also that if 7 = 0.5 anda=10; a= 9.988, c = 39.975, 
A=0 271, but thatif r=0.5anda=1; a = 0,866, c = 3.732, 
A= 0.759. It is to be noticed that 300 volts are equivalent 
to 1 electrostatic unit of potential difference, 1 microfarad to 
900,000 electrostatic units of capacity, 1 ohm to 1/(9 x 10") 
electrostatic units of resistance, 1 ampere and 1 coulomb to 
3 X 10° corresponding electrostatic units. 

In general, if an infinite conducting cylinder of revolution 
kept at potential VY, be placed with its axis parallel to an 
infinite conducting plane at a distance a from it, the charge 


per unit of length is } V,/log stent, and the surface 
density is inversely proportional to the distance from the plane. 
208. A condenser is formed by two long conducting circular 
' eylinders, one of which is entirely inside the other. Prove 
that if » and r! are the radii, d the distance between the 
axes, and 2a the distance between the limiting points of 
the coaxial system to which the cylinders belong, the inverse 
of the capacity per unit length is 
(7? — 7 — & + 2ad) | 
gee T a: d* + 2ad) 


2 log [St. John’s College. | 
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209. Electricity is distributed in equilibrium over the 
surface of an infinitely long right cylinder, the cross-section 
of which is af+7‘=a*. Prove that the attraction at any 
external point (7, 6) is inversely proportional to 


a? “- 
( +2atcos4O+ =) 
" 


and that its direction makes with the axis of x an angle 


3 tn 1(% = tan 2 a): [Clare College. ] 
7 + at 

210. A long, right circular cylinder of radius a is placed 
with axis parallel to a plane at potential zero. Show that 
the mutual attraction per unit length of the cylinder between 
it and the plane is H?/Wc? — a?, where ¢ is the distance of 
the axis of the cylinder from the plane and Z# the quantity 
of electricity on the unit length of the cylinder. [M. T.] 

211. A,, Q, Ay, three points in order on a straight line, such 
that 4,Q = m, QA, = n, have charges 


= A Vm(m +n), & =—AVmn, & =AVn(m+ n) 


respectively. The charges e,, e, produce potential zero on a 
spherical surface S, of radius a = Vm(m +n) with centre at 
A,, and the charges e,, ¢, produce potential zero on a spherical 
surface S, of radius 6 = Vn(m +n) with centre at Ay. S, and 
S, cut each other orthogonally and together form the equi- 
potential surface A due to e, ¢,, and e,. Show, by a method 
analogous to that of Section 65, that the resultant force at any 
point P of S,, due to e, and e,, is directed towards A, and is 
numerically equal to Ab*/a- A,P*, so that the whole force at 
P has the direction 4,P and the intensity 


F,= A[{1/a—08/a- AP". 
Find a similar expression for the whole force at any point of 


the surface S,. Show by the help of Section 31 thatthe surface 
integrals, taken over the larger segment of S,, of the normal 
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components of the forces due to e,, e, and é, respectively are 
2mre,(1+m/a), 2re, 27e,(1—n/b). Prove that if ¢, ¢, 
and e, were distributed on the surface composed of the larger 
segments of S, and S, according to the lawo=F'/47, the 
surface would be at potential \, and there would be no density 
at the circle of intersection of S, and S, The charge under 
these circumstances on the larger segment of S, would be 


$(40 +m/a)+e+ (1 —2/d)], 


or eA(@+-6+ m— Vin — xn), 
or ¥Ab[1 + 8+ —8—1)/v14+ 7], 


where 6=a/b. If dis very large compared with a, the larger 
segment of S, becomes nearly hemispherical; its charge is 
about 3Aa?/46 and its mean density 3A/87d. The mean 
density on S, when the ratio of a@ to 0 is small is nearly equal 
tor (40? — 3a’) /16cl*. If a/b =0, we have a hemispherical 
boss on an infinite plane; the ratio of the average densities of 
the charges on the boss and the plane is 3/2. 

212. A point charge e at (40, 0,0) and a point charge — e 
at (— 40, 0, 0) keep the plane x = 0 at potential zero. Show 
that if the system be inverted, using the point (— 24, 0, 0) as 
centre of inversion and 26 for radius of inversion, we obtain 
a spherical surface of radius 6, with centre at (— 6, 0, 0), kept 
at potential zero by the charge — e at the point (— 44, 0, 0), 
and the charge ¢e at (— 40, 0,0): this is the problem of 
Section 65. If the centre of inversion were (— 44, 0,0) and 
if a were 40, we should obtain by inversion a spherical sur- 
face of radius 20, with centre at (— 20, 0, 0) at potential zero, 
under acharge } e at its centre, and an infinite charge at infinity 
which lowers the potential function at all finite points by e/4 0. 
Tf this last were omitted, the value of the potential function on 
the spherical surface would be e/46, as is otherwise evident. 
Invert a spherical surface uniformly charged with density o, 
using any point not its centre as centre of inversion, 


412 MISCELLANEOUS PROBLEMS. 


213. Ifz=wte"; r=p¢+ecrcosy, y=y+t+ ef sin y, the 
slopes of curves of constant ¢ are given by the equation 


dy /dx = — (1 + e* cos ) /e* sin y, 
and the slopes of curves of constant y by the equation 
dy /dx = e* sin y / (1 + e* cos y). 


Show that: (1) The curve y=0 is the axis of a, and on it 
x= + e%; large positive values of x and ¢ correspond, and 
large negative values correspond. (2) If y=z, y=a and 
x=qd—e?: the maximum value of z is —1, so that the 
curve y= 7 is so much of the line y= 7 as lies to the left 
of x=—1. (8) The curve y=—z is so much of the line 
y = — 7m as lies to the left of x=—1. (4) The curve ¢=0 
has the slope — ctn }y and passes through the points (— 1, z), 
(—1, —7), (1, 0), (0, }e +1), (4,42 +3 V3). (5) The curve 


¢ =— m, where m is any positive quantity, lies to the left 
of ¢ = 0, between the lines y = — 7, y=+ 7: it has the slope 
—(e™+ cos y)/sin y, which is infinite when y= 0 or y= —7a or 


y =7, and has the minimum value Ve?" — 1, so that for values 
of m greater than 3 the line is hardly distinguishable from a 
straight line parallel to the axis of y, at a distance of (e~™ — m) 
to the left. (6) The curve ¢=-+ m, where m is a positive 
quantity, hes to the right of the curve ¢ = 0, it cuts the axis 
of y perpendicularly and meets (but does not cross) the lines 
y=—7, y= from without. The curves for which ¢ has 
the values 1, 2, 3, 4, 5, 6, 7 meet y= at points the abscis- 
sas of which are — 1.72, — 5.39, — 17.08, — 50.60, — 143.4, 
— 397.5, — 1090 respectively. (7) If so much of the planes 
y=+7, y= —7 as lie to the left of x =—1 be considered 
conducting and be charged to potential + + and — zw respec- 
tively, y represents the potential function in the air near 
them. In this case the charge on either side of a strip of 
either plane between the planes x = — a, e = — a, is equal, 
per unit length of the strip parallel to the z axis, to the 
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difference on that side of the plane between the values of ¢ 
for x = — a, and «= — @,, divided by47. Ona strip of the 
plane y=7, between « =—1 and «= — 50.6, there is, per 
unit height of the strip, a charge 1/m on the upper side 
and of 50.6 /4 on the under side: the charge on correspond- 
ing portions of y=—7 being equal and opposite to these. 
[Helmholtz, Credle’s Journal, Vol. LXX.] 

State carefully some problem in electrostatics which might 
be solved by the use of the function z = A[ew + e°’]. 

A condenser consists of two very thin, large, plane, metal 
sheets of the same area parallel to each other at a distance 
of 1 millimetre. The dielectric is air and the difference of 
potential between the plates is 1 electrostatic unit (500 volts). 
Show that the density of the charge 2 millimetres from the 
edge is about 5/2 per square centimetre on the inside of 
the plate. 

Discuss at length the function 


n” al = n) —(c0-we — om), 


sin (77) 


Ill 


z 


where z is any real constant between 0 and } [Harris, Ann. 
of Math., 1901], and state some problems of electrostatics 
which can be solved by its aid. 

214. Three closed surfaces 1, 2, 3 in order are equipotential 
surfaces of an electrostatic field in air. If an air condenser 
were constructed with the faces 1, 2, its capacity would be 4, but 
if the faces were 2, 3, its capacity would be B. Show that if 
a condenser were constructed with faces 1, 3 while a homoge- 
neous dielectric of inductivity » filled the space 1, 2, and a 
second dielectric of inductivity u' the space 2, 3, the capacity 
of this condenser would be C, where 1/C=1/pA+1/p'B. 

215. A condenser is formed of two concentric spherical con- 
ducting surfaces of radii a and ¢, separated by two dielectric 
shells bounded by a spherical surface of radius 6 concentric 
with the conducting surfaces. Prove that if in one shell 
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p = m/7? and in the other m!'/r*, the capacity of the condenser 
is mm! /[m'(b — a) + m(e — 6)]. 

216. If the space between two closed equipotential surfaces 
in air be filled with a dielectric. the inductivity of which is 
either uniform or a scalar point function the level surfaces of 
which coincide with the equipotential surfaces of the field, the 
potential function without the shell will be unchanged, but ics 
value within will be increased by a constant. 

217. An infinite dielectric is bounded by an infinite cor- 
ducting plane which is maintained at a potential Ar*, where r 
is the distance from a point O in the plane. Prove that if the 
inductivity of the dielectric varies as the distance z from 
the plane, the potential at any point is A(u? — 27), where u 
is the distance from an axis drawn through O perpendicular 
to the conducting plane. 

218. A distribution of matter J/ consists of two portions J4,, 
in a homogeneous medium of inductivity p,, and J, in a 
homogeneous medium of inductivity », surrounding the other 
medium and reaching to infinity. An equipotential closed 
surface S, surrounds JG, excludes M,, and lies wholly in 
the first medium, a second closed equipotential surface S, 
surrounds M,, excludes J, and lies wholly in the second 
medium. Prove that if r is the distance from a fixed point O, 
if normals are drawn outward on S, and inward on S,, and if 
dr, and dr, are elements of space within S, and without S, 


respectively, S 
nS fram sos ff 
ind, ee mf frnas+4e ff f2ar, 


if O is without S,, and 


= nf fEasctbn ff fetta sen 
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DV 
and 4mm (Vo—Vs)=—m f [dS t4af f Par, 
z 


if O is within S,. 


Show from these equations that if S, the surface of separa- 
: ous. : : d 
tion of the two media, is equipotential, iG is equal 
- 


to w,Vo if O is without S, and to wiVo + (u,— m) Vs if O is 
within S. Give physical interpretations to these last results. 
How is the force at any outside point affected by the sub- 
stitution of one homogeneous dielectric for another in the 
whole region bounded by S? ; 

219. The open surface S is a surface of zero potential due to 
a distribution J, in an infinite homogeneous medium of induc- 
tivity , on the right of S, and to a distribution M, in an 
infinite homogeneous medium of inductivity p, on the left of 
S. Sis the common boundary of the two media. Show that 


if r is the distance from a fixed point O, SSS 


#2V, according as 0 is to the right or to the left of S. 

220. The function W so vanishes at infinity that 7°D,1V, 
where 7 is the distance from any finite point, is not infinite. 
The normal derivative of W is given at every point of an 
infinite plane. Prove that if W is harmonic everywhere in the 
space on one side of the plane, it is determined in that regior. 
Prove also that if Wis harmonic in the region on one side 
of the plane except at the given points P,, P,, P;,---, P,, at 
each of which it becomes infinite in such a manner that, if 7, is 
the distance from P,, and if m, is a constant belonging to this 


p dr 


S11 | Os 
S Pi 


point, Ww —* is harmonic at P,, W is determined in the 
Tk 
region in question. 
221. Two homogeneous media of inductivities »; and p, have 
a plane surface of separation but are otherwise unbounded. 
In the first medium at a point P at a distance a from the 
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common surface S of the two media is a charge « = me. 
At Q, any point on S, the force due to this charge has the 
normal component ea/(PQ)’, or 8, pointing into the second 
medium, If WN, and JN, are the normal components of the 
whole force at Q pointing into the two media, and if o' is 
the apparent density of the surface charge on the plane 


at 
@, N, = 220! — 8, N, = 2 xo’ + 5, 


and uN, + py Ny = 0, Nj +N, = +470; 
whence N, = 8 [4 — #2) / (a + #2) — 1); 
and Ny = 2 py3/ (py + py): 


Prove that NN, might be caused by an apparent charge 
(14 — pe) / (uy, + pe) at P', the image of P in the plane, 
together with an apparent charge e at P and that NV, might 
be due to an apparent charge 2 p,e/(m, +p.) at P. Hence 
show by the aid of the theorem stated in the last problem 
that the potential functions due to these apparent charges are 
identical (one in the first medium, the other in the second) 
with the values of the actual potential function in the case 
described in this problem. The charge at P is urged towards 
the dielectric with the force a el . 
4a® pg + my 

222. Using the notation of Section 62, let the plate A of a 
spherical condenser be charged with m units of positive elec- 
tricity and separated from the plate B, which is put to earth, 
by a spherical shell of radii rand 7, made up of a given 
dielectric. Let us first ask ourselves what the effect of the 
dielectric would be if it consisted of extremely thin concentric 
conducting spherical shells separated by extremely thin insu- 
lating spaces. It is evident that in-this case we should have 
a quantity — m of electricity induced on the inside of the 
innermost shell, a quantity + m on the outside of this shell, 
a quantity —m on the inner surface of the next shell, a 
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quantity +m on the outside of this shell, and so on. If 
there were m such shells in the dielectric layer, and n +1 
spaces, and if 6 were the distance from the inner surface of 
one shell to the inner surface of the next, and \8 the thick- 
ness of each shell, the value, at the centre of A, of the poten- 
tial function due to the charges on these shells would be 


it L 1 1 
t ee 
Va m| FMS ss Fob ME eS 
1 1 
soccer eer cmrd 
1 1 
Te (7 +8) (r—A8+8) a: (r+2 8) (r—d8+2 pte} 
This quantity lies between 
k=n k=n—1 
Be a a 
- r+ ké8)”’ i : (7 + kd)? : 
k=1 k=0 


ays 
but these differ from each other by less than e = m8 ae) 


omen | Pree ie ; : 
so that — mr ? which is easily seen to lie between 


G and H, differs from V’,' by less thane. If, then, 6 is very 
small in comparison with rand 7,, V,' differs from ma 6 — 
by an exceedingly small fraction of its own value. 

This shows that the effect, at the centre of A, of such a 
system of conducting shells as we have imagined would be 
practically the same as if a charge — md were given to the 
inner surface of the dielectric, and a charge + ma to its outer 
surface, while the charges on the surfaces of the thin shells 
within the mass of the dielectric were taken away. That is, 
the value of the potential function in A would be 


m (1 — X) & — 2) instead of m G. ar a 
aes r fT 
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Such a system of shells introduced into what we have hitherto 
supposed to be the electrically inert insulating matter between 
the two parts of a spherical condenser would increase the 
capacity of the condenser in the ratio of 1 to 1—A. It 
is to be noticed that » is a proper fraction: A=0 andA=1 
would correspond respectively to a perfect insulator and to a 
perfect conductor. 

If the coatings of a parallel plate air condenser be in the 
planes x = 0, x = a, and if the first have a uniform superficial 
charge of density —o and be kept at potential zero, the 
potential function in the air between the plates is evidently 
4mocx. Show that if a number of plane plates of metal of 
small thickness \8 be uniformly distributed between the coat- 
ings parallel to the yz plane so as to be separated from each 
other by air spaces of thickness (1 — A)8, the capacity of the 
‘condenser will be increased in the ratio of » to 1, where 
w=1/(1—A). Show also that if 8 be made infinitesimal 
and X a function of a, we have between the coatings in the 
limit, »D,V =4 70, or D,(uD,V)=0, the differential equa- 
tion which V would satisfy in a real dielectric of inductivity 
varying with a Treat again, on the assumption that » 
varies with 7, the case of the spherical condenser considered 
above. 

223. The potential function V due to an electrical or mag- 
netic distribution in an inductive medium, may be computed 
according to the Newtonian Law by taking into account both 
the intrinsic and the induced charges. If p, and o, are the 
intrinsic volume and surface densities, and if the integrations 
extend all over the space where p, and o, are different from 
zero, the potential energy of the distribution is usually written 


ff Voodr +4 { f Vords, 


or gS Sfu@ry + OVP + Dae 


MISCELLANEOUS PROBLEMS. 419 


Why should not the apparent volume and surface densities 
be used in finding the energy by the equation 


E=3ff Vodr +3 f VodS? 


Answer this: question fully, using an illustrative numerical 
example to explain your assertions. 

Assuming that the energy of an electrostatic field would be 
mathematically accounted for on the supposition that every 
volume element of space at which the intensity of the field 
is F contributes F? /8 x times its volume to the whole amount, 
show that if a tube of force be cut into cells by a set of equi- 
potential surfaces drawn at equal potential intervals, these 
cells contain equal amounts of energy. Show how to divide 
all space up into unit energy cells. Discuss the mechanical 
action on a charged conductor in an electric field on the 
assumption that there is tension along the Faraday tubes 
which abut on the conductor, such that the normal pull on 
the conductor per square centimetre of its surface is F?/8 7. 
Discuss the pressure at right angles to the Faraday tubes in a 
dielectric. 

224, The space between two concentric spherical surfaces, 
the radii of which are a and 0 and which are kept at potentials 
A and B, is filled with a heterogeneous dielectric, the induc- 
tivity of which varies as the mth power of the distance from 
their comman centre. Show that the potential function at 
any point between the surfaces is 


a — UES \/ (art bn*) we antigntl (A _— B) fe (ae = aa 


225. A condenser is formed of two concentric spherical con- 
ducting surfaces separated by a dielectric. This dielectric 
consists of three shells bounded by spherical surfaces of radii 
11, To) 73, and 74, concentric with the conductors. The induc- 
tivities of the inner and outer shells are equal to m,, and that 


z 
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of the intermediate shell is », Show that if C is the capacity 
of the condenser, 


1 ee 
1_(4_144 4 4, (4_2)2. 
C T; Ts 3 Ms 7 Pa ls 3/7 pe 


226. The plates of a condenser are two confocal prolate 
spheroids and the inductivity of the dielectric is 4/p, where 
p is the distance of any point from the axis. Prove that the 
capacity of the condenser is 


1A /[log (a, + b,) — log (a + )], 


where a, 6 and a, 0, are the semiaxes of the generating 
ellipses. 

227. The plates of a condenser are the closed metallic sur- 
faces S, and S, When S, is at potential zero and S, at 
potential V,, the potential function in the air between them 
is given by the equation 7 = f(x, y,z). The tube of force 
based on a portion (S,') of S, abuts on a portion (S,') of S, 
If the air in this tube were displaced by a homogeneous dielec- 
tric of inductivity », and if the charges on S,' and S,' were 
increased in the ratio », while the charges on the remainder 
of S, and S, were unchanged, would the force at every point 
be unchanged? Would there be a discontinuity in the sur- 
face density of the apparent charge on S, at the boundary 
Co at A 

228. How many square centimetres of tin foil must be used 
in making a single parallel plate condenser of one microfarad 
capacity, if the two sheets of foil are to be separated from 
each other by paraftined paper the thickness of which is one- 
fifth of a millimetre, and the specific inductive capacity 2? 
[72,000 r.] Would the required amount be the same if the 
condenser were made up of a pile of sheets of foil alternating 
with paper, the odd sheets forming one terminal and the 
even sheets the other ? 
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229. Show that the generalized Poisson’s Equation, 
D,(uD,V) + D,(wD,V) + D,(uD,V) = — 4 xp, 


is equivalent to 


heD:V hi, DLV 
ap: > eee BEG ie 
ae [( hy hg ) a8 D( hghg 


+ D,( heh, = rele 


if € y, £ are any orthogonal curvilinear coérdinates. 
In the case of spherical coérdinates, where h, =1, he =1/, 
hy =1/rsin 6, the equation is 


sin?@-D, (uD, V) + sin @- Dy (usin 6DyV) 
+ Dy (py DgV) = — 4 apr sin? 8, 


and, in columnar codrdinates, where h, = 1, hg =1/r, h, =1, 
it is r-D,(u7rD,V) + De(u DeV) + 7?-D,(u DV) = —4 apr’. 

230. Show that if the poles of a battery, made up of a given 
number of equal cells, are to be connected by a resistance & 
greater than the sum of the resistances of all the cells, the 
greatest current will traverse & when the cells are joined up 
in series; but that if R is very small, the cells should be joined 
up in multiple arc. If # is such that by arranging the cells 
in a certain number of parallel rows and joining up the num- 
bers of each row in series, the resistance of the whole battery 
can be made equal to R, this arrangement will give the maxi- 
mum current. : 

231. A battery is joined up in simple circuit with a resistance 
Rand a galvanometer of resistance G. After the deflection of 
the galvanometer has been noted, an additional wire (or shunt) 
of resistance Sis placed across the poles of the battery, and the 
resistance & is decreased (to 7) until the galvanometer deflec- 
tion is the same as before, Assuming that the electromotive 
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force of the battery remains constant, show that the resistance 
P S R—-g-r . 

of the battery is a. { Thomson. ] 

232. Using the potential function V = ¢ log r +d, where r 
is the distance from a fixed axis, show that the resistance of a 
conductor bounded by two concentric circular cylindrical sur- 
faces of radii a and 4, and by two planes, distant from each 
other, perpendicular to the axis of the cylindrical surfaces, is 


Apply the result to the problem of finding the resistance of 
the liquid in a cylindrical galvanic element. 

233. Using the potential function, V = elog(7,/7,), where 
7, and rz, are the distances from two parallel fixed axes, 
show how to find (see Fig. 59 and Problem 207) the resist- 
ance of a conductor bounded by two parallel planes and by 
two somewhat eccentric circular cylindrical surfaces which cut 
the planes orthogonally. In the case of an element in which 
the zine electrode is a cylindrical rod and the copper elec- 
trode a cylindrical shell surrounding it, is the resistance of the 
liquid greater or less when the zine is eecentri¢ to the copper 
shell than when it is concentric with it? 

234. If two points, A and B, of a network of conductors 
which are carrying steady currents, be connected by an extra 
conductor W, A and B are said to be at the same potential if 
no current passes through W. A is said to be at a higher 
potential than B if a current tends to pass through W from 
Ato B. In this case the difference of potential between A 
and B is defined to be the electromotive force (in volts) of a 
galvanic cell which introduced into W with its positive pole 
towards A would just prevent any current from passing 
through W. 
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Three cells of electromotive force 2 volts, 1 volt, and 1 volt 
respectively, and internal resistances of 1 ohm, 2 ohms, and 
4 ohms are joined up in series with a resistance of 1 ohm. 
Show that the potential differences between the terminals of 
the separate cells are +3, 0, and —1 respectively. If the 
external resistance were 9 ohms, the corresponding potential 
differences would be + 7, +4, 0. 

235. The terminals of a compound condenser formed of 
three simple condensers, of capacity 2 microfarads, 3 micro- 
farads, and 6 microfarads respectively, joined up in series, 
touch the ends of a linear conductor of 22 ohms resistance 
through which a current of 3 amperes is flowing. What are 
the charges on the single condensers? Show that if with- 
out loss of the charges the condensers be disconnected and 
joined up in parallel with their positively charged plates in 
connection, the difference of potential between the terminals 
of the new compound condenser will be 18 volts. What 
charge will each of the simplé condensers have? [66; 36, 54, 
108. ] 

236. Prove that if a condenser of capacity k farads be 
charged to potential @,/k and then discharged through a 
large non-inductive resistance, r ohms, the charge @ of the 


condenser ¢ seconds after the beginning of the discharge is 
—t 


Q,-e* ; and show that not one ten-thousandth part of the 
original charge remains after 10kr seconds. 

Show also that the energy that has been expended up to 
the time ¢ in heating the wire is 


Qo" = 
ryAGs —e *) joules. 


237. The terminals of a condenser of & farads capacity 
are attached permanently to the poles of a constant battery 
of electromotive force H volts by leads of large resistance, 
r ohms. After the condenser has become fully charged its 
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terminals are suddenly connected together without removing 
the battery by a conductor of large resistance, & ohms. 
Assuming that the solution of a differential equation of the 
form Dy+ay=b is y=b/a+ Be-“, show that at the 
time ¢ the charge on one of the condenser plates is 


Ek : 
iil Ean 
’ where q=(k+1r)/rkRk. 


238. A galvanic battery is composed of two galvanic cells, 
the electromotive forces of which are e, and e, and the inter- 
nal resistances 6, and &,, joined up in multiple are. The 
poles of the battery are connected by an external resistance 
of r ohms. Show that if C, and C, are the strengths of the 
currents flowing through the cells, 


C, = [e,b. + 7 (e, — 2) ] + [0,5, + rb, + 8,)], 
Cy = [eyd, +r (€2 — @) ] + [Oyb, + 7 (b, + 8,))- 


239. A galvanometer of 9 ohms resistance is to be furnished 
with two shunts, such that when the first alone is used 
of the current shall pass through the instrument, and that 
when both are used in parallel, 29/30 of the current shall 
pass through them. Prove that the resistance of the second 
shunt must be 9 / 20. 

240. A storage battery is used to send a current through a 
cluster of incandescent lamps arranged in multiple are. The 
resistance of each lamp when hot is 100 ohms. When 10 
lamps are used the current through each is 1 ampere, but 
when 20 are used this current is only +} of an ampere. 
Find the resistance of the battery and its connections and 
show that the electromotive force of the battery is 110 volts. 

241. If a number of cells of different electromotive forces 
but of equal internal resistances are joined up in multiple 
are, the battery thus formed is equivalent, so far as its ability 


ieee 
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to send currents through outside resistances is concerned, to 
a single cell the electromotive force of which is the mean of 
the electromotive forces of the cells in the battery. Find the 
resistance of this equivalent cell and show that it would be 
more “effective” when doing a given amount of external 
work than the battery. How much work is done in the 
battery per second when the external circuit is broken? 

242. A certain uniform cable 50 kilometres long has, when 
in good condition, a resistance of 450 ohms. The operator at 
one end finds that the resistance is 270 ohms or 350 ohms 
according as the other end is grounded or insulated. Suppos- 
ing the ground connections at the two stations to be good, so 
that the resistance of the earth is negligible, and assuming 
that there is a single fault in the cable, show that this fault 
is 16.67 kilometres from the first station and that its resist- 
ance is 200 ohms. 

243. A cable 500 kilometres long with stations A and B at 
its extremities has a single fault, but is not so much injured 
that signals cannot be sent through it. With cable insulated 
at B, the operator at A grounds one terminal of a large bat- 
tery and attaches the other terminal to the cable. After this 
has been done the operators find that the difference of poten- 
tial between the cable and the ground is 200 volts at A and 
40 volts at B. The cable at A is then insulated, and one 
terminal of a large battery at B is grounded while the other 
is attached to the cable. The difference of potential between 
the cable and the ground is then 300 volts at B and 40 volts 
at A. Show that the fault has a resistance equivalent to 
that of 47.62 kilometres of cable and is at 190.5 kilometres 
from A. Explain some way of measuring the potential differ- 
ences in this case. 

244, “In a network PA, PB, PC, PD, AB, BC, CD, DA, 
the resistances are 


a, B, y, 5, y +4, 8+a,a+ 8, B+y 


426 MISCELLANEOUS PROBLEMS. 


respectively. Show that if AD contains a battery of elec- 
tromotive force ZH, the current in BC is 


A (aB + yb) £ 

2 d*p + (88 — ay)? 

where A=a+B+y+64, 
and p= By + ya + a8 + ad + BS + 8.” 


245. Show that if the edges of a parallelopiped be formed 
of uniform wire such that the resistances of three contermi- 
nous edges are a, b, and ¢ respectively, and if a current enters 
at one angle and leaves at the opposite angle, the resistance 
of the network is }[(a+6+e) + abe/(ab + be + ea) ]}. 

246. (a) A tetrahedral framework is made of uniform wire, 
opposite edges being equal and of lengths a, b,c. If a eur- 
rent enters and leaves the framework at the ends of an edge 
of length a, the strengths of the currents in the pairs of edges 
of length a are in the ratio 


b(a+ec)+e(at+b): b(a+c)—e(at+d). 
[Jesus College. ] 


(6) Show that the resistance of the whole framework is that 
of a length of the wire equal to $[ab/(a+c¢)+ace/(a+b)]. 
[St. John’s College. } 

247. Show that if » telegraph poles, each of resistance R, 
be joined in pairs, each to all the others, with wires of resist- 
ance 7, and if an electromotive force # be inserted in one of the 
wires, the current in that wire is H{R(n — 2) +7r}/r(nR +71). 

248,” An electric distributing conductor 6 miles long gives 
out continuously 50 amperes of current per mile of its length. 
The end of the conductor remote from the generator is insu- 
lated, while the nearer end is kept at 1000 volts potential. 
Show that if the resistance per mile of the conductor is 
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1 ohm, the voltage at a point on the line 2 miles from the 


generator is v = 502 G = 6) +1000. Find the rate at which. 
a given portion of the line is delivering power. 

249. A Wheatstone’s bridge in proper adjustment consists 
of four conductors, AB, BC, CD, DA, which have respec- 
tively the resistances p, g, s, and r, The galvanometer is 
connected with A and Cand the battery with Band D. The 
electromotive force of tle battery is H, and the resistance of 
the battery with its connecting wires is 6. Prove that the 
heat developed per unit time in the conductor AB is the 

E*qrs 
[itr +r@ts)P 

250. A generator of constant electromotive force # and 
of constant internal resistance B is used to charge a storage 
battery which now has an electromotive force e and an inter- 
nal resistance 6. Show that if the poles of the storage bat- 
tery be connected by a conductor of resistance 7, a current 


equivalent of the energy 


C! = (Be +bE)+[(B+b) r+ Bo] 


will go through this conductor. 

251. The conductors AB, BC, CD, and DA have the resist- 
ances p, 7, 7, and s respectively. A is connected with C by 
a battery of internal resistance 6 and electromotive force e. 
B is connected with D by a battery of internal resistance 0! 
and electromotive force e'. Prove that if the current in AC 
is zero, 


ese'(ptat+r+s) + (p+s)q+r)i+ e(pr—gsy=0. 


252. Aconductor of given dimensions made of given material 
has two given portions S, and 8, of its surface kept at constant 
potentials while the rest of its surface is a current surface. 


Show that if V is the potential function within the conductor, 


when S, is kept at potential C, and S, at potential C,, and 


428 MISCELLANEOUS PROBLEMS. 


if V' is the potential function, when S, is kept at C,' and 


' 
S. at Cy; ro C,! v4 C,'C; is C.C;,! 
C, ‘ae C4 C; ee C. 


I 


he 


253. One end (QO) of a straight wire of radius a and length 
Lis kept at potential V,, and the other end (Q) at potential 
V,. The specific conductivity of the wire is x and its resist- 
ance per unit length is w, so that the reciprocal of w is equal 
to wo’x. The wire is surrounded by an insulating sheath, the 
outside of which is in contact with sea water at potential 
zero. The rate of leakage per unit length of the wire or 
cable through the sheath at a place where the potential of 
the wire is Vis 27a\V. The reciprocal of 2 ad is denoted 
by W and is called the “insulation resistance” of the cable 
per unit length. The rate of flow of electricity into a portion 
of the cable of length Az, included between two right sections, 
the nearer of which is distant x from O and is at potential 
V, is —xra?D,V. The rate of flow of electricity out of this 
element through the sheath and from the farther end is 
— cra? (D,V + A,D,V) + 2m7a\VAxr. When the current 
is steady the element neither gains nor loses electricity 
and xza®A,D,V — 2ma\VAx = 0, so that at every point 
D2V—BV=0, where BP =w/W. The general solution of 
this equation is of the form V = Ae§&* + Be-**, and if we 
determine A and Bso that V= V, when «= 0,and V= V, when 
x =l,we get V =[V,sinh (8x) + Y) sinh B (/ — x)] /sinh (£7). 

Show that if the current which enters the cable at O is 
and that’which leaves it at Q is J, and if J denote the current 
in the core at a point at a distance x from O, 


I=[T, cosh B (l— a) —V, cosh (Bx)] /[ Vo W sinh (81) 

= I,[ V, cosh B (2 — a) —V, cosh (Bx)]/[ VY, cosh (Bl) — Vi], 
1, = [V, — Vi cosh (Bl) ]/[ VoW sinh (B1)] 

= 1, [¥, —V, cosh (B2)]/[V cosh (R72) — V1). 
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Show also that if the end of the cable at Q be insulated 
Vo 
cosh (62) 
V=V,sinh B(J— 2) /sinh(). If in this latter case the 
cable were infinitely long, we should have V =/, e-8 and 

I= Tyee = Vye—Be /Vw W. 

The whole core resistance of a certain cable 1000 miles long 
is 2000 ohms. When one terminal of a battery (the other 
terminal of which is put to earth) is attached to one end of the 
cable and the other end of the cable is grounded, the current at 
the sending end is to the current at the receiving endas 1.1276 
tol. Show that the insulation resistance of the cable per mile 
is 8 megohms. In the Atlantic cable of 1889, w= 1.54 ohms 
per kilometre, and JV = 9,085,000,000 ohms per kilometre. 

254. The conduction resistance of a certain cable 1000 miles 
long is 10 ohms per mile, whilst the insulation resistance is 
10 megohms: if the sending end be at a given potential and 
the receiving end to earth, find the whole charge of the cable 
when a steady current passes through it. Show that if the 
cable have a leakage fault at the middle point the resist- 
ance of which is equal to that of a length of a miles of the 
cable, the strength of a steady current at the receiving end 


5 =] 
will be lowered in the ratio 1:1+ one = Sats [us Bae bag 
a e+1 


* 255. Prove that if any finite set of algebraic operations be 
performed upon the complex variable =a + yi taken as a 
whole, and if the result [w = f(z)] be written in the form 
(x, y) + i-Y(#, y), where ¢ and y, which are said to be con- 
jugate to each other, are real functions of x and y: 

(a) Both ¢ and y satisfy Laplace’s Equation. 

(6) D,¢ = Dy and D,> = — Dy. 

(c) At any point P, the derivative of ¢ taken in any direc- 
tion PQ in the plane zy is equal to the derivative of y taken 
- in a direction PR at right angles to PQ, and such that the 
angle QP corresponds to a counter-clockwise rotation. 


and left to itself, V, = » but if it be put to earth, 
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(d) The equations (x, y)=c, ¥(x, y)=c' represent two 
families of curves which cut each other orthogonally. 

256. Prove that: 

(a) If and y are any two conjugate functions of x and y, 
that is, if @ + iy is a function of the complex variable x + yi, 
taken as a whole, then, conversely, x and y are two conjugate 
functions of ¢ and y. 

(6) If ¢ and y are any two conjugate functions of x and y, 
and if a and @ are any two other conjugate functions of x 
and y, and if for x and y in the expressions for ¢ and y we 
substitute the expressions for a and 8, we shall get two new 
conjugate functions of « and y. 

(c) If ¢, and y;, ¢, and y, are any two pairs of conjugate func- 
tions, d, + ¢, and y, + yz are conjugate functions of x and y. 

257. Prove that in any case of steady uniplanar flow of 
electricity — that is, flow which at every point is parallel to 
a given plane, and of such a character that its intensity and 
direction are the same at all the points of any line drawn per- 
pendicular to the given plane —there exists a function con- 
jugate to the potential function. This function is called the 
“flow function.” 

258. Show by the ordinary rules for treating imaginary 
quantities that, ifz=2+ yi, 2%, Vz, log z will yield respec- 
tively the following pairs of conjugate functions: A(x? — y?), 
—2Axy; Artcos 4 Art sin Alogr, A6; where 7? = 2? + y? 


State some problems of steady flow within 


and @= tan—, 
x 


conductors which these conjugate functions will help to solve. 

259. Show that, with certain broad limitations, either one 
(say #) of any pair (¢, W) of conjugate functions of x and y may 
be taken as the potential function in empty space due to an 
electrostatic distribution the density of which is a function of 2 
and yonly, and which, therefore, must be constant at all points 
on any indefinitely extended line drawn perpendicular to the 
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plane of xy. Show also that in the case of the same distribution 
the other function y will be constant along any line of force. 
260. Show that either one (say ¢) of any pair (¢, w) of con- 
jugate functions of x and y may be taken as the potential func- 
tion inside a conductor which carries a steady current flowing 
at every point in a direction parallel to the plane of ay, and the 
same in intensity and direction at all points of any line drawn 
perpendicular to this plane. Show that in this case the other 
function y will be constant along any line of flow, and that the 
two equations =c, y= c' represent respectively, if c and c! 
are parameters, cylindrical equipotential surfaces and cylin- 
drical surfaces of flow. If ds is the element of any curve AB 
in the plane zy, and if D,¢ is the derivative of # taken in the 
direction of the normal to ds which points towards the right as 


B 
one goes along the curve from A to B, the integral — if D,b- ds 
A 


gives the amount of positive electricity which crosses per unit 
of time from left to right so much of a right cylindrical surface 
erected on AB as is enclosed by two planes parallel to the 
plane of xy and at the unit distance from each other. Since 
D,.o= D,w, the integral just considered is equal to — k(Wz—wW,4), 
and — k& times the difference between the values of y on two 
right cylindrical surfaces of flow gives the amount of flow 
across the unit height of so much of any cylindrical surface 
which cuts the plane of xy at right angles as is included 
between the given surfaces of flow. 

261. Prove that : 

(a) If 7, 7 7% -++, 7% are the lengths of the radii vectores 
drawn from any point P to any 7 parallel axes, and if 6,, 
6, 93, «», 6, are the angles which these radii vectores make with 
a fixed line in the plane of xy which is perpendicular to the axes, 


¢ = A, logr, + A, logr, + A; logrs + --- + A, log7,, 
Wy = A,0, + As, + AsO, + --: + 4,8, 


are conjugate solutions of Laplace’s Equation. . 
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(b) The equation y = ce’ represents for each value of c' a 
cylindrical surface which passes through all the axes. 

(c) For very large values of c, the equation ¢ = ¢ represents 
as many closed cylindrical surfaces, each surrounding one of 
the axes, as there are positive terms in the expression for ¢. 

(d) For very large negative values of c, the equation ¢=c 
represents as many closed cylindrical surfaces, each surround- 
ing one of the axes, as there are negative terms in ¢. 

(e) If 34 = 0, no one of the cylindrical surfaces y = ec! ends 
at infinity. 

(f) The value of { D8 -ds taken around any closed curve 


in the plane zy which surrounds the jth axis and no other is 
equal to the change made in y by going around the curve, and 
this is 2 7A, 

(7) However the axes may be distributed and whatever 
values may be assigned to the 4’s, ¢ represents the potential 
function corresponding to a uniplanar flow of electricity * 
within the substance of an infinite conducting lamina, either 
thick or thin, when cylindrical holes, on the curved surface of 
each one of which ¢ is constant, are cut through the lamina 
so as to remove all the axes, and if the curved surfaces of 
these holes are kept at potentials equal to the values of ¢ on 
them. This is practically the case of a very large thin sheet 
of metal touched at certain points by the ends of wires con- 
nected with the poles of batteries. 

(2) If in the value of ¢ there is an even number (2m) of 
terms, half of which are positive and half negative, and if, 
moreover, all the 4’s are numerically equal, we have the case 
in which m similar pieces of wire connected with the positive 
pole of a battery touch a thin sheet of metal in m places, and 
m similar pieces of wire connected with the negative pole of 


* See papers by Foster and Lodge in the Philosophical Magazine for 
1875 and 1876. 


; 
fa. 


‘eee 
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the battery touch the metallic sheet in m other places. In 
this case, if P, and P, are any two points in the metal, the 
resistance of so much of the sheet as lies between the equipo- 


tential surfaces on which P, and P, lie is aed! 
2 rAnksd 


the thickness of the lamina, and & its specific conductivity. 


» when $is 


(~) If ¢ consists of two terms the coefficients of which are 
numerically equal but opposite in sign, we have the case of a 
thin sheet of metal touched at two points by the two poles of 
a battery. Here the curves in the plane xy, for which y is 
constant, are circles (Fig. 59) the centres of which are on the 
line which bisects at right angles the line which gives the 
points where the battery electrodes touch the sheet. 

Show that this value of ¢ enables us to find the resistance 


.of a thin circular disc touched at two points on its circumfer- 


ence by the poles of a battery, and hence, by superposition, 
the resistance of such a dise touched by any number of pairs 
of battery poles at different places on the circumference. 
State other problems which an inspection of Fig. 59 shows 
can be solved by the aid of the value of ¢. 

(j) If @ is made up of an infinite number of terms with 
coefficients all numerically equal, but alternately positive and 
negative, and if the corresponding axes cut the plane of xy in 
a straight line so that the distance between any axis and the 
next is 6, certain of the lines of force in the plane of xy will 
be straight lines which cut at right angles the line on which 
the traces of the axes lie. Show that by aid of this ¢ we can 
find the resistance of a lamina of breadth 0, and of infinite 
length when touched at two points opposite each other, one 
on one edge, and the other on the other. Draw from general 
knowledge a diagram which shall give the shape of the lines 
of flow and the equipotential lines in such a lamina. 

262. (a) Show that if in a thin conducting plate of indefi- 
nite extent there are two sources and a sink, each of strength 
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numerically equal to m, situated respectively at points A, B, 
* CO, which lie in order upon a straight line, one of the lines of 
flow consists in part of a circumference of radius VCA- CB 
drawn around C as a centre, so that the flow inside the 
circumference would be unchanged if the part of the plate 
outside it were cut away. In other words, if a cireumference 
be drawn in a thin conducting plane plate of indefinite extent, 
the “image” in this circumference of a source, of strength m, 
situated at a point P in the plane, is made up of a sink, of 
strength m, at the centre of the circle, and a source of the 
same strength at Q, the inverse point of P with respect to 
the circumference. 

Show that if a sink be regarded as a negative source, and if, 
inside a circumference drawn in a thin plane conducting plate 
of indefinite extent, there are sources at the points 4,, A,, 
A,, ---, A,, of strengths algebraically equal to m,, m,, ms, 
-++,m, respectively, and sources of strengths algebraically 
equal to — m,, — m,, — mgs, ---, — m,, at the corresponding 
inverse points, then, if m,-+m,+m,+---+m,=0, there 
is no flow of electricity across the circumference. 

If at a fixed point P in a thin plane plate (Fig. 127) there 
is a sink of strength numerically equal to m, and at another 
point P’ in the plate an equal source, and if P’ 
be made to approach P as a limit and the prod- 
uct m.PP' be kept always equal to a given con- 
stant », we have as a limit a “ plane doublet ”* 
of strength p, the axis of which is PX, the limit- 
ing position of the straight line drawn from P 
to P', We shall find it convenient to represent sources and 
sinks respectively by black and unshaded circles, and doublets 
by circles half black and half unshaded. The black portion 


Ire. 127. 


* Kirchhoff, Pogg. Ann., 1845, p. 497. W. R. Smith, Proc. Ed. Roy. 
Soc., 1869-70. Foster and Lodge, Phil. Mag., 1875. Minchin’s Uniplanar 
Kinematics, p. 213. Peirce, Proc. Am. Acad. of Arts and Sciences, 18 }1. 
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of a doublet circle indicates the directions in which there is 
a flow away from the point where the doublet is situated; 
the unshaded portion indicates the directions from which 
there is a flow towards this point. The axis of a doublet 
bisects both the black and unshaded portions of the doublet 
circle. Show that if P be used as origin and PY as axis 
of abscissas, the velocity potential function due to the doublet 
is } a and the flow function is oercae: If 
x + yi =z, these are respectively the real part and the real 
factor of the imaginary part of the function —f. The 


wo 


equipotential lines and the lines of flow are circles (see 
Fig. 128) touching the axes of y 
and «x respectively at the origin. 

A “plane quadruplet” is 
formed of two equal and oppo- 
site plane doublets in the same 
manner that a doublet is formed Sh- 
out of a source and an equal AY @\: 
sink. An “octuplet” is formed ned a 
in a similar way of two equal we 
and opposite quadruplets, and 
so on. We may use the word 
“motor” to denote in general a Fie. 128. 
source, a sink, a doublet, a quad- 
ruplet, or any other combination of sources or sinks at a 
single point. 

(6) The upper circle in Fig. 130 shows the plane quadru- 
plet formed by combining the two plane doublets indicated in 
the lower part of this diagram. Show that the flow function due 
to a quadruplet of this kind at the origin is — 2 kxy /(x’ + y’)?, 
while the flow function due to such a quadruplet as that 
shown in Fig. 131 will be k(@’—7)/(@’+/y’). One of. 
these quadruplets is evidently equivalent to the other turned 
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through 45°. Find the flow function due to an octuplet of 
the kind shown in Fig. 132 at the origin. 

(c) Show that the lines of flow due to a plane doublet may 
be regarded as the lines of force due to a columnar magnet of 
infinitely small cross-section. 

(d) Show that the functions 


1 1 2 6 


log 2, —» ——=» =» ——)°"*» 
thet a 
z @ 


each of which is the derivative with respect to z of the one 
which precedes it, yield a series of pairs of conjugate func- 
tions which represent in order the velocity potential functions 
and the flow functions due to a source at the origin, to a plane 


© s) © 2 
e-© © 0 eo 8 ¢--8 


Fic. 129, Fie. 130. Fig. 131. Fie. 182. 


doublet at the origin, to a plane quadruplet at the origin, to a 
plane octuplet at the origin, and so on. 

(e) Show that if two plane doublets Z and M exist together 
at a point O, and if the directions of the two straight lines OA, 


OB show the directions of the axes of Z and I respectively, - 


and the lengths of OA and OB the strengths of Z and M on 
some convenient scale, then the direction of the axis of the 
resultant of Z and J will be given by the direction, and the 
strength of the resultant by the length, of the diagonal of 
the parallelogram of which OA and OB are adjacent sides. 
Plane doublets, then, can be compounded and resolved by com- 
pounding and resolving their axes like forces or velocities. 
263. If a charge + m concentrated at a point Q be made to 
approach on any analytic curve a point charge — m at a fixed 
point P on the curve, and if as Q approaches P, m is made to 
increase in such a manner that the product of m and PQ is 
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always equal to the constant y, the limiting value of the poten- 
tial function of the system is said to be due to a space doublet 
of strength » at the point P, and the axis of the doublet is 
‘said to be the limiting position of the secant PQ. Show 
that-if 7 is the distance of any point P' from P and if 6 is 
the angle between the axis of the doublet and PP’, the value 
at P' of the potential function due to the doublet is pcos 6 /7*. 

The force components along and perpendicular to r are 
2p cos 6/7? and sin 6/7. The potential function (Section 69) 
due to a doublet at the origin with axis coincident with the 
% axis is px /7*. 

The potential function due to a mass — m at the point (0,0,0), 
a mass + m at the point (0 + 6, 0, 0), amass — ma/(b + 8) at 
the point (a°/(/ + 68),0, 0), and a mass ma/b at the point 
(a? /b, 0,0), where d and é are smaller than a, has the value ° 
zero on the spherical surface x? + 7? + 2 = a’. Prove that if, 
while a and 0 are constant, 6 be made to decrease indefinitely 
and m to increase in such a manner that their product shall 
always be equal to the given constant yp, the limiting value 
of the potential function will be 


we )/[@- eet ett nD +e +2 
— a'r] /[(ba — a) + PY? + 22) 


If 6=0, this expression becomes pz (a? — r*) /a*r*, where 
P=2+y?+2. What problem in electrostatics can be solved 
by the aid of this last function? Is the image of a doublet 
in a spherical surface another doublet ? 

264. <A straight wire of radius a which forms the core of a 
cable of length 7 lies in the axis of x with one end at the 
origin and the other at the point (/, 0,0). The whole of the 
outside of the insulating covering of the cable and the core 
at the point (J, 0, 0) are kept at potential zero, while the core 
at the origin is at the potential VY, Show that if ¢ is 
the capacity per unit length of the cable considered as a 
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condenser, & the ratio of the conductivity per unit length 
of the core to c, and / the rate of loss of electricity by leak- 
age through the insulation per unit length of the cable when 
the difference of potential of the core and the outside of the 
cable is unity, the value of the potential function V in the 
core satisfies the equation 


DV =the D2 = V, and if V = we-""*", Dw =k- DZw- 


Show also that in the final state, when V satisfies the equa- 
tion D2V=nV/ke and is equal to V, when «= 0, and to 
zero when « =/, the value of V is given by the expression 
[V,-sinh Bx + V,-sinh B(/ — x)]/sinh Bl, where B? = h /ke. 

Prove that any quantity of the form A,-e—* cos (nx — 8), 
where A = kn’, satisfies the equation Dav = k-D Zw, and that 
if} = 42, n = sz/l, where s is an integer, and 

A, = — 2ckws-cos sx- / (hE + cks*x*) ; 
the expression 
Ww, = A,e~—™ sin nx vanishes when x = 0 or x= J, 
sal 
and, when ¢ = 0, is equal to — sinh B(/ — x) /sinh fl. Hence 
prove that the expression 
V= V,[sinh B(/—2) /sinh Bl — we—""’"] 

gives the value of the potential function in the cable, if, 
when the whole core is at potential zero and the farther end 
permanently grounded, the point « = 0 is suddenly raised to 
potential V, at the time ¢=0, and kept there. The current 
(C) at any point is given by the negative of the derivative of 
the potential function with respect to a, divided by the resist- 
ance p of the core per unit length, so that 


pC = V,[B-cosh B (i — x) /sinh pl 


+ (sx /l)me seo - A,e—* cos na]. 
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If the insulation is so good that 2 may be neglected, 


V=V,[(¢—2) /l—2-cossr- yew sin na) /as], 


and the current is 
(V3/pl) A + 2- cos sz- Slee cos nx), 


265. The terminals of a battery of electromotive force E, 
volts and internal resistance @ ohms are suddenly connected, 
through a non-inductive conductor of resistance 7 — 6 ohms, 
with the coatings of a condenser of & farads capacity. « Show 
that after ¢ seconds the condenser is charged to potential 
difference H volts, where # = £,(1 — e*/*") = ET, and that 
the charge on the positive plate is Hk units. If t= ¥, kr, 
L=0.095; ift=tkr, T=0.181; ift=—Lkr, T= 0.398; if 
t= kr, T=0.632; 1 t= Zkr, T=0.865;if t=skr, T=0.950 ; 
t= kr, T=—0.993, and ift = 7 kr, T = 0.999. 

Show that if the condenser just mentioned had been leaky, 
its dielectric having a resistance of only & ohms, the charge 
on the positive coating after ¢ seconds would have been 
E,kR 
es ae 

266. The coatings of a perfect condenser of 2 microfarads 
capacity which are connected together by a non-inductive 
resistance #& of 2500 ohms are attached to the terminals of 
a constant battery. After the condenser has become fully 
charged, a bullet moving at a velocity of v metres per second 
cuts first one of the battery leads at a point A and, 2 metres 
farther on in its course, the resistance & at a point B. While 
the bullet is moving from A to B the condenser loses 1—1/e 
of its charge through R. Show that, e being the base of the 
natural system of logarithms, v = 400. 

267. If S, and S,, the plates of a condenser separated by a 
poorly conducting medium of inductivity » and of conductivity 
X, are at potentials V; and V, respectively, and if V denotes 


(1 —e%+®/rP), and the final charge HAR /(r + R). 
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the potential function in the dielectric, the capacity of the con- 
denser and the strength of the current that flows through the 
dielectric, when the difference of potential of the plates is 
unity, are 


bs [ [Dv dS,]/4a (V_—V;) andr Lf. V-d8,]/(V2— V;)- 


Show that if the condenser be charged to such a potential 
that each plate requires Q, units of (positive or negative) 
electricity and then, left to itself, the charge on one of the 
plates after ¢ seconds is given numerically by the expression 
Q=Qoe-****. 

268. A Leyden jar loses 0.000001 of its charge per second by 
conduction through the glass. The specific inductive capacity 
of the glass is 8. Show that the resistance of a cubic centi- 
metre of the glass is roughly 14 x 10” ohms, having given 
that one electrostatic unit of resistance is equivalent to 
9x10" ohms. [M. T.] 

269. A submarine telegraph cable 1885 miles long is formed 


Ag wae 
of a copper conductor =— inches in diameter surrounded by a 
2e 


gutta-percha coating } inch in diameter. The specific inductive 
capacity of gutta-percha being 4.2, show that the capacity of 
the cable is equal to that of a sphere of the same size as the 
earth. [St. John’s College. ] 

270. The outer coatings of two condensers A and B are put 
to earth and their inner coatings are connected through a 
galvanometer the resistance of which is 4000 ohms. The’ 
capacity of A is 3 microfarads, that of B is 1 microfarad, and 
the two condensers are charged to potential 1 volt. The 
inner coatings of A and B are then put to earth simultane- 
ously through resistances of 1000 and 2000 ohms respectively. 
Show that the whole amount of electricity which will flow 
through the galyanometer is one-seventh of the charge of the 
smaller condenser. [St. John’s College. ] 
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271. The outer coatings of two condensers A and B are 
put toearth and their inner coatings are connected together 
through a galvanometer of g ohms resistance. The capaci- 
ties of the condensers are C and ¢ respectively. Both are 
charged initially to potential V, and then have charges Q, 
and g. Show that if the inner coatings of the condensers are 
put to earth simultaneously through non-inductive resistances 
FR and r, and if 

A=SrkC, N=rhe, p=ergt+ £), pw =CRG+7; 


m = Cerkg, ke =4d'+ (u—p')?; wp! —AA' =Corkg(g+r+R), 
and the charge on 4 after ¢ seconds will be 
Qe Ft Hae kt w+ pl — 2m/ CR) 
Pie p— jp lm) Chye P12") [2 ks 


Show also that the whole quantity of electricity which passes 
through the galvanometer during the discharge is 


Q,(CR — er) /C(g+r+R). 


272. Prove that the potential and stream line functions due 
to electrodes placed at certain points of a spherical current 
sheet can be deduced directly from the solutions for the plane 
current sheet which is its stereographic projection. If #, and 
E, be two electrodes on a complete spherical sheet, show that 
the stream lines are small circles through /, and /, and the 
equipotential curves small circles the planes of which pass 
through the line of intersection of the tangent planes at £, 
and £,. 

273. Verify the statement that the value of the potential 
function at any point P of a solid homogeneous sphere of 
specific resistance x, when a current of intensity C flows 
between two electrodes A and B at opposite ends of a 
diameter, is 

| dp- Lge tog +47 | 
OA ee ABMS EN BP 
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where W is the foot of the perpendicular from P on the 
diameter AB. [M. T.] 

274, The two concentric spherical surfaces which bound a 
shell are kept at different constant potentials. Prove that if 
the conductivity of the shell is a function of the distance 
from its centre, the potential function within it satisfies the 
equation D,(7’k-D,V)=0. Show that if w=1/r, this is 
equivalent to the equation given on page 250. 

275. Prove that if a quantity of electricity equivalent to Q 
absolute electromagnetic units be discharged through a ballistic 
galvanometer which has a suspended system the magnetic 
moment of which is J/, the moment of inertia J, and the 
reduced complete time of swing Z, 


4a of ay i 
= na ee ee 
where GJ is the couple exerted upon the suspended system 
in its position of equilibrium when a steady current of 1 
unit passes through the galvanometer coil. 

276. Whena bar magnet of magnetic length 27 and moment 
M is placed in Gauss’s A position with its centre at a dis- 
tance d from the centre of a magnetic needle of length 2A, 
the needle is deflected through an angle a, such that 


2Htana_d—l,d—l d+t d+l 


rr i ie” eS ie 
where rn = (d —1—Xsina)*? + A? cos? a, 


n° = (d —1+Asin a)? + A? cos? a, 
= (d+ 1—Asina)* + A? cos*a, 
r? = (d+/1+dXsina)? + A? cos* a. 
Show that if 7 = 4 centimetres, d = 40 centimetres, A= 0.5 


centimetre, a= 20°, and H=0.2, this formula makes m= se 43, 
whereas the approximate formula, 
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277. A magnetometer is set up with the centre of its needle 
vertically above a point in the axis of a horizontal metre rod 
n centimeters from the centre. The rod is perpendicular to 
the meridian. A homogeneous, short bar magnet is placed in 
Gauss’s A position with its centre first 50 —d centimetres 
from one end of the rod and then 50 — d centimetres from the 
other end, d being greater than n. If the deflections of the 
magnetometer needle in the two cases are 6, and 8, respec- 
tively, the relative error made by computing M/H by means 
of the formula 


d* (tan 6, + tan 6,) /4 is [1 + de?) /(1 — e”)*] —1, 


' where e = 7/d. 

278. The track upon which the carriage of the short deflect- 
ing magnet slides in an apparatus for determining W/H in 
Gauss’s A position makes an angle 6 with the east and west 
line instead of being exactly perpendicular to the meridian. 
Show that if the centre of the deflecting magnet is at a dis- 
tance d from the centre of the needle, and if the deflection 
changes from 6, to — 8, when the deflector is turned end 


for end, : j 

M  <d@sind, —— @ sind, 

H 2cos(8, +6) 2cos (8, — 6) 
where Tieng = es oe ay 61 e aly 


279. In order to obtain the temperature coefficient of a cer- 
tain magnet, of moment M,, it is placed in a water bath at 
a short distance from a magnetometer needle, its axis being 
perpendicular to the magnetic meridian at the centre of the 
needle. . The needle is brought back to its zero position by a © 
compensating magnet placed on the opposite side of the 
magnetometer at a distance d, from it, its axis being also 
perpendicular to the meridian at the centre of the needle. 
The moment of the compensating magnet is WM), its magnetic 
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length 27,. When the magnet M, is heated a given number 
of degrees, its moment: decreases to J/,', and the magnet- 
ometer needle is deflected over n divisions of the seale. The 
scale distance being a, prove that 


M,—M!_ H @—")" , 
Mi vv Bg A ce the ; 


where the deflection m is small. 
Show that if a, is the angle through which 4, would deflect 
the needle if WW, were absent, 
M,—M! tana n 
ee A ~ tana, where tana=57 
280. Two magnets, m, and m,, are placed, with their 
axes parallel to each other but opposite in direction, in 
Gauss’s B position with respect to a magnetometer. The 
centre of m, is north of the magnetometer and the centre of 
mg, south of it. The distances (d, and d,) of the centres of 
m, and mz, from the centre of the magnetometer needle are 
such that the needle is undeflected. Show that if p», and He 
are the strengths of the “poles” of m, and m,, and if 2/,, 22,, 
and 2X are the “lengths” of m,, m , and the needle respec- 
tively, m, 1s to py as 


1 i 
2 — +(—a i * [+ GP } 


. 1 : 
is to ESCs VaRaTESCesvaTt e 


281. A fixed bar magnet of magnetic length SN32 LZ and 
of pole strength J, and a magnetie needle of magnetic length 
sn = 21, of pole strength m, are in the same plane, with their 
centres (C,c) at a distance r from each other. The angles 
NCe and scC are equal to ® and ¢ respectively. The lines 


iv . 
Bb Oe 7 , 
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ns, SN meet when produced in F. The perpendicular dis- 
tances of NV, C, and S from ns are 

rsin @—Lsin(¢+ 4), rsin g, and rsingd+Lsin ($+), 


so that the length of the perpendicular dropped from ¢ upon 
Nn is lsin(#nN) or l[rsing—Lsin(¢+4)]/Nn. The 
lengths of the perpendiculars dropped from ¢ upon Sn, Ns, 
and Ss are 


i[rsing+ Lsin(¢ + ®)]/Sn, Z [rsind —Lsin(¢ + &)]/ Ns, 
and i[rsin@ + Lsin (¢ + &)]/Ss. 


Show that the sum of the moments, taken about c, of the 
forces which tend to decrease 4, is 


D= Mm ae tse} {sing — L sin (¢ +0} 
fo y ; : 
ae ae: {sin 6-+ Zin @+s}] 
1 1 i 


1° 
. Es — — 
or Mml { rsin ¢ ‘ 3 se a ea = | 


—Lsin (¢? + ®) ae ene oe eels 


Show also that Wn =7?+1?+?+2rlcos $—2rL cos ® 
1 i - 
—2I1L cos (¢ + ®), or Wis [1+ 2h ea 2h ee 
nN 


a , 
3 
2 


eee al , and that, if both 2 and L 
are small compared with r so that only the first powers 
of Z/r and L/r need be kept, the approximate value 


ae =e reEen = L608 2 may be used for Nn—*.  Treat- 


r r 
ing Ws, Sn, and Ss in the same way, prove that if M and 
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mo are the magnetic moments of the magnet and the needle 
respectively, we may use for D the approximate value 
M, my [3 cos & sin d — sin (@ + &)]/7r°*. 

A better approximation can be obtained by keeping higher 
powers of the ratios 7//rand L/r. It is to be noticed that 
& = 0 and = 90° correspond to Gauss’s “ Principal Positions.” 

282. Prove that the magnetic force at a large distance in 
the prolongation of its axis, due to a bar magnet of moment 
M, lies between 2 M/7r,* and 2 /r,*, where r;, r, are the 
distances from the two ends of the magnet. 

283. If 1, m, n are the direction cosines of the axis of a 
small magnetic needle free to turn about its centre in a mag- 
netic field, and if LZ, I, NV are the components of the couple 
which acts on the needle, DL + D,.W+ D,N= 0. 

284. The accurately flat north end of one of two exactly 
similar, uniformly polarized, perfectly hard bar magnets is 
placed in close contact with the south end of the other, so 
that the two form a long, uniformly polarized, straight bar. 
What force is necessary to separate the magnets lengthwise ? 
Compute the work necessary to separate into short elements 
a long, uniformly polarized, magnetic filament. 

285. Has a polarized rigid distribution an axis in the sense 
that a straight bar magnet has a magnetic axis? Consider 
first a bent, solenoidally polarized, magnetic filament. 

286. Show that if a polarized electrical distribution were 
enclosed in a thin “metallic skin connected with the earth,” 
there would be induced upon the inner surface of the skin a 
charge, Z, of total amount zero. Show also that the effect of 
the given distribution together with the charge on the inner 
surface of the skin would be nothing at outside points, and 
the effect at outside points of the given distribution the same 
as that of a charge on the skin equal to the negative of Z. 
This charge is sometimes called “ Green’s Distribution” and 
sometimes “Poisson’s Surface Distribution.” 
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287. A solid soft-iron sphere is placed in a uniform magnetic 
field. Show that about three times as many lines of force 
pass through any closed curve within the sphere as through 
an equal and parallel curve at an infinite distance. 

288. In the case of a certain sphere of radius a polarized 
parallel to the axis of x, [= A,-7"—*, where r is the distance 
from the centre, and the function, f, mentioned on page 192, 
is 7. Show that the values of the potential function within 
and without the sphere are 


47A,xr"—*/n and 4 7A,a"x /nr* respectively. 


Show that at the surface of the sphere the normal component 
of the induction is continuous, and the tangential components 
in general discontinuous. The tangential components of the 
force are continuous, and the normal component in general 
discontinuous, by the amount 470. 

289. An uncharged conducting sphere of radius a is in a 
uniform field of force /, and consists of two hemispheres in 
contact with the plane of division perpendicular to the field. 
Show that if the hemispheres are separated, each will have a 
charge 3a°F'/4 7. 

290. The field inside a shell bounded by two concentric 
spherical surfaces of radii a and d and uniformly polarized in 
the direction of the z axis, has the potential function zero. Out- 
side the shell the potential function is 4 raI(b* — a®) /3 7°. 

291. Show that — 3 Xx/(u4+2)+ C, for values of r less 
than a, and — Xx + a°Xx(p —1)/[7? (uw + 2)]+ CG, for values 
of r greater than a, represent the potential function within 
and without a sphere, of radius a, with centre at the origin, 
composed of a homogeneous dielectric of inductivity p, placed 
in a uniform field in air of intensity X. 

292. If a cylindrical surface which circumscribes an oval 
body P touches it in a curve which is the perimeter of a 

right section of the cylinder of area Y, and if P be uniformly 
polarized in the direction of the axis of the cylinder to 
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intensity Z, the amount of matter in the positive distribution 
on P’s surface is Q-Z. If an ellipsoid the semiaxes of which 
are a, b,c, be uniformly polarized to intensity J in the direction 
of the axis a, the moment, WV, of the distribution is 4 rabeZ and 
the amount of matter, m, on either the positive or negative 
half is de I. The distance of the centre of gravity of either 
the positive or negative part of the distribution from the 
centre of the ellipsoid is M/2m or $a. In what sense is 
the “magnetic length” of a uniformly polarized sphere $a? 

293. In the case of any purely polarized distribution bounded 
by a surface S, the volume and superficial densities are 
accounted for by a vector J, of components A, B, C, such that 
within S, p = — Divergence Zand on S,o=T-cos(n,Z). Show 
that the polarization might be equally well represented by 
any vector which differs from J by a solenoidal vector 2 every 
line of which, if it meets S at all, lies wholly on S. Is the 
induction within a hard magnet definite ? 

294. Matter is distributed on the ends of a cylinder of 
revolution of length 7 and radius a. The density within 
the cylinder and the superficial density on its curved surface 
are everywhere equal to zero. Ona one end a quantity 2 ra® 
of matter is distributed with density ¢ = a?/r, where r is the 
distance from the axis; on the other end a quantity — 2 za? 
is distributed with density e=—387r. Can you affirm that 
the cylinder is not polarized solenoidally ? 

295. Show that if, in the case of a polarization symmetrical 
about the axis of 2 so that the lines of the vector J lie in planes 
which pass through this axis, Z be the component of J parallel 
to the axis of z and & the component perpendicular to the 
axis, p= —[D,R+ R/r+ DZ]. Consider the volume den- 
sity in, and the superficial density on, a cylinder of revolution 
of length 7 and radius a, the axis of which coincides with the 
axis of z, when R = (r — a) f(z), and 


Z=4(0)— {$0—a /@ + @r—af@ /r} de 
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Assuming both fand y at pleasure, draw the lines of polari- 
zation for the simple case which you have chosen. 

296. A solenoidal vector, the components of which par- 
allel to the columnar codrdinates 7, 6, x are (a — r)f'(x), 0, 
(2 r— a) f(x) /7, represents the polarization within a magnet 
bounded by the cylindrical surface 7 = a and the planes x = 0, 
x =06, Determine the surface density o and draw two of the 
lines of polarization when f(#)=a. Show that o is zero 
when f(x) = sin (xa /0). 

_ 297. Show that a vector the components of which in the 
directions of the columnar coérdinates 7, 6, x are 


LF @)-2O@)], 9, —f£@) LE") + FO) /7], 
is solenoidal, and use this form to determine two or three 
different polarizations within a bar magnet for which both 
p.and o shall be everywhere zero. 

298. Prove that an infinitely long cylinder of revolution of 
radius a, the axis of which coincides with the z axis, when 
polarized uniformly in the direc- 
tion of the ~ axis, gives rise to the 
potential function — 2 7Ja*x /7r? at 
outside points. This is identical 
with the potential function due 
-to a plane doublet of strength 
21a? at the origin. Within the 
cylinder the resultant force has 
the intensity 2 7Zand the direction 
of the negative x axis, while the 
induction has the intensity 27J 
and the direction of the positive Fie. 183. 
gz axis. The lines of induction 
and the lines of force have the same direction without the 
cylinder and opposite directions within. The lines of force 
are shown in Fig. 133. Show that the normal component of 
the induction is continuous at the surface of the cylinder. 
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299. A solenoidally polarized distribution inside which the 
lines of polarization are straight and parallel need not be 
uniformly polarized. 

300. Prove that the mutual potential energy of any two 
small magnets at a distance apart large compared with their 
linear dimensions is 


M, - M, (cos ¢ — 3 cos 6, - cos 6,) / 7’, 


where M,, M, are the moments of the magnets, ¢ the angle 
between their directions, and 6,, 6, the angles which these 
directions make with a line drawn from the centre of the 
first to the centre of the second. 

301. Show that for a simple magnetic shell in the form of a 
circle, the direction of the vector potential at any point is per- 
pendicular to a plane through the point and a normal to the 
plane of the shell through the centre. [St. Peter’s College. ] 

302. Prove that if m is the pole strength of a slender, 
straight, uniformly magnetized magnet AB, a vector poten- 
tial may be found which has at any point P the value 


5 (008 PAB + cos PBA), where p is the length of the per- 


pendicular dropped from P on AB, produced if necessary. 
Show that the direction of this vector potential is perpen- 
dicular to the plane PAB. [M. T.] 

303, Show that if V is the value of the potential function, 
and / that of the vertical component of the magnetic force 
at the earth’s surface, the earth’s field in outside space may 
be considered as due to a surface distribution of density 
—F/227—V/47a, where a is the earth’s radius. 

304, A magnetic needle is placed near an infinite plane face 
of a mass of soft iron. Show that the reaction of the iron on 
the needle may be represented as due to a negative image of 
the needle in the plane face, reduced in intensity in the ratio 
of (« —1)/(u4+1), where » is the permeability of the iron. 
[St. John’s College. } 
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305. A magnetic element SN of pole strength a and moment b 
les in a magnetic field which has the potential function V. 
Show that if 72, m, n are the direction cosines of the axis of 
the element, the mutual potential energy of the element and 
the field is AE=a(Vy—Vs)=6(l-D,V+m-D,V+n-D.V). 
If the element is a rectangular parallelopiped, dx dy dz, taken 
from a magnetized body in which the polarization is J, 
b=Idzx dy dz, AE=(A-D,V+B-D,V+C-D,V) dx dy dz, 
and the mutual energy of the field and the magnet is the 
integral of this last expression. If the magnet is a simple 
shell of strength 9, 


E=0f {(U-D,V+m-D,V+n-D,V) as, or 
— @ f { [X-c0s (x, n)+ Y- cos (y, n) + Z- cos (z, n)] dS, 


where the integration is to be extended over one face of the 
shell. 

306. A simple plane circular magnetic shell of radius r lies 
in the yz plane, with its centre at the origin, ina magnetic field 
symmetrical about the x axis. The intensity of the 2 compo- 
nent of the field is #(#), where F is a continuous function, 
such that /(o)=0. Show that the force which urges the 
shell is equal to 7a®- DF. The centre of the rigid shell is to 
move along the x axis to infinity while the plane of the shell 
is parallel to the yz plane. Compute the work done on the 
shell by the field during the motion. Has the field any com- 
ponent perpendicular to the x axis? Compute the work done 
on the shell by the field, with the help of the method discussed 
at the top of page 218. Show that a vector which has the com- 
ponents F(a), yO/(y+#) —hy-F' (2), 20/(P +2) — be F"(2), 
is solenoidal and is symmetrical about the « axis. 

307. Show that if 4’, B’, C' are the components of magneti- 
zation at the point (a', y',z') in any magnet, M', and if p 

denotes the reciprocal of the distance between (a/, y', 2") and 
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(x, y,#), the components at (z,y,z) of the ordinary vector 
potential of the magnetic induction are 


SS f@Der- C'. Dy p) dr', 
ep (O'. D, p — A'- D, p) dr’, 
{fie (A'. Dy p — B'- D, p) dr". 


The scalar potential function of magnetic force is in the 
same notation 


Sf fA Dept BY Dy p+ C'. D, p) dr'. 


If M' is a simple shell of strength &', the z component of 
the vector potential function can be written in the form 


of [D, p-cos (y, n) — D,p-cos(z,n)]dS'. [Maxwell.] 


308. Show that if x is the distance from a fixed point, the 
line integral around any closed curve s of the tangential 
component of the vector (1/r, 0, 0) is equal to the surface 

integral, taken over any cap S bounded by s, of 


D,(1/r) - cos (y, n) — D, (1/7) - cos (z, n), 


where v is a positive normal to the cap. Obtain two similar 
equations with the help of the vectors (0, 1/7, 0), (0, 0, 1/7), 
and prove that the components of the vector potential function 
of the force due to a magnetic shell of strength ® in air are 


® ip [cos(a,s)+/r]ds,  @ f [eos (y, 8) - /r]as, 
® f [008 (, s)-/r]ds, 


taken around the perimeter of the shell. 
If (LZ, M, NV) are the curl components of a vector (F,, F,, F,), 
the latter is a vector potential function of the magnetic field. 
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Show that the mutual potential energy of a magnetic shell of 
strength 6! and the field is — an eos -da' + F,-dy' + F,-dz'), 


taken around the shell in positive direction. If the external 
field is caused by another shell of strength ®, we have 


F= ® f [cos (x,8)+/r]ds, F,= &f [eos (y, s) -/r]ds, 
F= of [eos(z, s) - /r]ds, 


where the integrals are to be taken around the perimeter s of 
the second shell, and the mutual potential energy of the two 
shells is 


= ae! ff [cos (x, s) - cos (a, s') + cos (y, s) - cos (y, 8") 
+ cos (2, 8) -cos (2, s') |[ds-ds' /r] 
or — oe! df f [cos (ds, ds') /r] ds -ds' 


The integral by which — 66’ is multiplied has been called 
the “‘ geometric potential” of the two curves. 

309. Prove in two different ways that the energy of the 
surface distribution o = I-cos(n, J), on a sphere of radius a 
uniformly polarized to intensity J, is 82°/%a?/9. In what 
sense is this the energy of the distribution? Give a sum- 
mary of the reasoning of Lord Kelvin in his paper “On the 
Mechanical Values of Magnets.” 

310. If a polarized distribution is placed in a field of force 
which has a potential function V, the mutual potential energy 
of the field and the distribution as a whole is 


ff PE-c0s(n, Das— [f [VDA + D,B + D,0) ar, 


where the first integral is to be extended over the surface of 


‘the distribution and the second through its volume. Show 


that this energy is equivalent to 


Sf [A-Dv+B-D,V+ C.D,V) dr. 


<- 
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311. A sphere of radius a uniformly polarized to intensity 
I is placed in a uniform field of force of intensity XY. Show 
that if the directions of the field and the polarization coincide, 
the mutual potential energy of the sphere and the field is 
—47a*°IX/3. What would be the energy if the direction 
of the field and polarization were opposed ? - It would be zero 
if these directions were perpendicular to each other. 

312. If V is the potential function due to a volume distri- 
bution of density p; in a region 7, and a surface distribution 
of density o, on a surface S,, andif U isa continuous function 


taf ff Und t4n ff Uos-a8, 


=( ff D.U-DV + D,U-D,V+ D,U-D,V)dr 


—{[0-D,V-as, 


where the volume and surface integrations in the second 
member are to be extended respectively through and over a 
spherical surface of radius r so large as to include 7, and S,. 
If U vanishes at infinity, the last surface integral vanishes 
when r is infinite. Use this equation to compute the mutual 
potential energy (— $7a*ZXY) of a sphere of radius a, uni- 
-formly polarized to intensity J in the direction of the z axis, 
and a uniform field (X, 0, 0), in which it lies. In this case the 
value of the last term in the second member is — 32 w*a°IX¥/9. 

313. Ata distance of 10 centimetres from the middle point 
of a wire 140 centimetres long, the magnetic force due to a 
current in the wire would be within one per cent of that 
which would be produced if the wire were infinite. 

314. Show that the magnetic force within a square circuit 
(of side = 2a) at a point midway between two sides, at a dis- 
tance x from the centre of the square, is 


ees Na+ (at+za)? ed 


a-—-2@ a+ezx 


~ 
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Draw a curve which shall represent this force as a function 
of x What if is greater thana? Show that the force at 
a point distant y from the plane of the circuit in the axis of 
the circuit is 


8 Ca? if 
y + a? V2a+ yf : 


Show that if a current of A amperes be sent through a 
tangent galvanometer which has a square coil consisting of 
nm turns of wire, 

wns 5 aH tan 68 © 


a2 -n 


315. If a circuit carrying a steady current C is a regular 
polygon of 2 sides, and if ais the radius of the inscribed circle, 
the magnetic force at the centre is (4”C/a) -sin(r/2n). 

316. The plane of the ring of a tangent galvanometer which 
consists of a single turn of fine wire is the vertical plane of 
the magnetic meridian. Show that if a current of A amperes 
be sent through the ring, the strength of the field at a point 
P in its axis at a distance z from the centre is wees FY 
where r is the radius of the ring. Hence prove that if the 
centre of the galvanometer needle is at P, the deflection will 
be given by the equation a [5 (22+ 7°)? H tana] /ar’. 

317. Show that at a point on the axis, at a short distance 
(2) from the centre of a tangent galvanometer coil of radius 
a, the intensity of the electromagnetic field due to a steady 
current passing through the coil is to the intensity of the 


wl 
same field at the centre as (1-35) to 1, nearly. 


318. Show that if around a ring formed of a piece 26 centi- 
metres long of a thin metal tube of inside radius @ and of 
outside radius a+ 8, a steady current of strength 208C uni- 
formly distributed through the conductor could be sent, the 
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strength of the resulting electromagnetic field at the centre 

: 4xCh ; 

of the axis of the coil would be —— Ba What would this 
+a 

intensity become if the tube were to shrink indefinitely in 

length while the whole current around it remained unchanged ? 


Assuming that when z is small 


(+ 2)-$=1—get§at— wyatt, 


2 
deduce from your results the usual correction, — ow» for the 
breadth of the coil of a tangent galvanometer. 

319. The vertical coil of a tangent galvanometer makes a 
small angle § with the east and west line through the centre 
of its needle. If a steady current, of such strength that it 
would cause a deflection of 45° if the plane of the coil were 
in the meridian, be now sent through the coil, it will cause a 
deflection of $8. 

320. The centres of the rings of a two-coil tangent galva- 
nometer are 20 centimetres apart and the mean radius of each 


of the coils is 20 centimetres. The centre of the needle 


is on the common axis of the coils halfway between their 
centres. When the instrument is properly set up in a cer- 
tain place a steady current of half an ampere sent through 
both coils in series causes a deflection of 45°. Show that if 
there are 20 turns in each coil, H= 162/10 (5)4 

321. Atangent galvanometer has two equal vertical coils, each 
of mean radius r, placed at a distance apart of 2 r (V4 —1)}. 
The short compass needle is placed midway between the coils 
on their common axis. Show that the needle deflection caused 
by any current which passes in the same direction through 
both coils in series will be the same as if the same current 
passed through only one coil, while the centre of the needle 
was at the centre of this coil. 

322. Show that if the vertical coil of a tangent galva- 
nometer makes an angle 6 with the meridian, and if a current 
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of C amperes be sent through it first in one direction and then 
in the other, causing deflections of 8, and 8, respectively, then 


m0 2) Sin Oye Sino, 
5rH cos(@—&8) cos(0+8,) 


and tan 6 = $(ctn 6, — ctn6,), where 7 is the mean radius of 
the coil and m the number of turns of wire on it. 

323. From a thin, flat sheet of copper of thickness 8 is cut 
a ring of inside radius a — d and outside radiusa—d. Ifa 
steady current of strength 2C8d could be made to circulate 
around this ring, what would be the strength of the electro- 
magnetic field at the centre of the ring? What would this 
strength become if the ring were to shrink to a fine wire ring 
of radius a concentric with the original ring without change 
of the current strength? Assuming that when = is small 


1 
logy = 2[e that t yaoi t--, 


deduce from your results the usual correction (one-twelfth of 
the square of the ratio of the depth of the coil to its mean 
radius) for the depth of the ring of a tangent galvanometer. 

324. A certain galvanometer coil is wound upon a large 
square frame. When the vertical -plane of the coil makes an 
angle 6 with the meridian a certain current C’ sent through 
the coil deflects the short needle through an angle 4 6 towards 
the coil. Show that C would cause the same deflection if the 
coil were in the meridian. 

325. On the axis of a fixed circular ring of wire which car- 
ries a steady current C is a molecular magnet of moment m. 
Show that if the axis of the magnet makes an angle 6 with 
the axis of the ring the moment of the couple which tends to 
diminish 0 is (2 mC sin*® $- sin @) /a, where a is the length of a 
radius of the ring and ¢ the angle subtended at the molecule 
by the radius. 
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326. A perfectly flexible wire fastened at two fixed points 
carries a current of given strength. Prove that in a uniform 
field of magnetic force it will tend to assume the shape of a 
helix. [M. T.] 

327. A very long straight wire which carries a steady cur- 
rent C is at right angles to the plane of a circular ring of 
radius @ which carries a current C’. The ring is free to turn 
about the diameter which intersects the straight wire. Prove 
that the couple tending to turn the ring is 24CC'a®/r or 
22xCC'r, according as a is less or greater than r, the dintings 
of the wire from the centre of the ring. [Trinity College.] 

328. A plane ring can move about a diameter parallel to an 
infinite straight wire, the distance of which from the centre 
of the ring is equal to the radius of the latter. Show that 
when currents CC’ are sent through the two circuits the 
couple tending to turn the ring is 

47CC'a(cos ¢ — cos? ¢/ V2 cos ¢), 
when «@ is the radius of the ring and ¢ the acute angle which 
the normal to its plane makes with the perpendicular to the 
straight wire drawn from the centre. [M. T.] 

329. Ifa layer of n’ turns of wire carrying a steady current 
of unit strength and forming a coil k' be wound uniformly on 
such a ring coil, &, as that shown in Fig. 77, the induction due 
to the current in x! has at every point within the coil the value 
2yn'/r. The integral of » times this quantity taken over a 
cross-section of the ring & on which k is wound gives the 
mutual inductance of the two coils. Show that if R may be 
regarded as formed by revolving a circle of radius a about a line 
in its plane, distant > from its centre, the value of the integral 
is 4 rpnn'(b — Vl? —a*). If 2 were formed by the revolution 
of a rectangle with sides of length } parallel to the axis and a 
perpendicular to it, the value of the integral would be 


2 nn'ub eee 
C— & 
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where ¢ is the distance of the centre of the section of the 
ring from the axis. Show that the self-inductance of k 
might be found for the two cases just mentioned by putting 
m equal to n' in the expressions for mutual inductance, and 
imagining k' to move into coincidence with &. 

330. A thin tubular conductor of circular section has a 
radius a and carries a steady current C; prove that the 
mechanical action between the different portions of the 
current produces a transverse tension in the tube, of intensity 
C?/mra. [St. John’s College. ] 

331. The ponderomotive forces which act upon a portion 
A,A, of a circuit which carries a steady current of strength 
C in the field of a magnetic pole of strength m at the point O, 
have a resultant moment 1 about any straight line OZ drawn 
through O. Let PP! represent an element As of the circuit; 
let OP =7, OF = r+ Ar, ZOP =0, ZOF' = 04 Ad, (7, s)=8, 
and denote the angle between the planes ZOP and POP’ by ¢. 
The fundamental equation of spherical trigonometry yields 


cos (9 + A@) = cos 6- cos POP'+sin 6-sin POP'- cos 4, 


and it is evident, since A@ is not greater than POF’, that the 
limit of the ratio of (cos A@ — cos POP’) /sin POP' is zero, 
so that cos¢@ is approximately equal to — sin A@/sin POP’. 
The Theorem of Sines applied to the plane triangle POP! 
yields the equation PP'/OP'=sin POP'/sin OPP'. Prove 
that the moment about OZ of the elementary force exerted 
by the pole upon As may be written, 


AM=mC.-sin 8-cos ¢-sin 6-As/7, 


and that for purposes of integration this is equivalent 
to —mC-sin 6-d6, so that M= mC (cos 8, — cos 6,), where 
. 6,= ZOA,, 6,= ZOA,. Tf 6,=,, as in the case of a closed 
circuit, M is zero. Consider the possibility of rotation about 
a straight line, of a closed circuit bearing a steady current C 
under the action of any number of magnetic poles on the line. 


460 MISCELLANEOUS PROBLEMS. 


332. In the case of a solitary linear circuit s carrying a 
current C in its own magnetic field, all the lines of force are 
closed curves threading the current, and the line integral of 
the force taken around any one of these curves is 47C. The 
equipotential surfaces fill all space; each of them is a cap 
bounded by the circuit, and the surface integrals of the induc- 
tion taken over these caps are all equal. Use the reasoning 
of page 270 to show that since 


4nC= { H-ds, and p= f { B-dS, 
4nCp=f [ [H-B-dr,4xC(p+dp=f f [H(B+aB)de 
: dnC-dp= ff ['H-aBar, 


where dp is the increment of the induction flux through the 
circuit, due to a small increase in the current. Show from the 
equation H — dp/dt =rC that, besides the energy dissipated 
in heat, the generator in a solitary cireuit must furnish an 
amount of energy C-dp while the current in the circuit is 
changed from C to C+dC, and that the difference dW 
between this quantity and the increment dZ of the electro- 
kinetic energy shows the amount of energy which is used in 
some other way than in increasing this energy. 
Prove that 


aw= * ( {{[2n.aB—(H-dB + B-aH) dr 
Tv 


and use this expression to compute (see page 291) the energy 
loss due to hysteresis during a cycle of magnetization. 


333. The distance between the axes of two infinitely long, | 


straight, round, non-magnetic wires (4,, 4,) of radius a and 
parallel to each other is 6. One wire carries a steady current 
C, uniformly distributed, in one direction, and the other wire 
an equal current, uniformly distributed, in the other direction. 


ae at a ut _ 
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If the cross-section of each wire be divided into elements of 
equal area, every element, dS, is the section of a filament which 
carries a current CdS/za*. Imagine a circuit made up of a 
certain filament /, in A,, distant 7,', 7,!" from the axes of the 
wires, and a filament F, in A, distant 7,', 7,!! from these axes. 
The flow of induction through this circuit due to .A, is 


. . Cr 2 2 C 2 12 2 U 
ae dr + \ eur or 2C[(@ — 1") /2 a? + log (r,'/a)] 
and that due to 4, is 2C[(a? — r,!")/2a? + log(r,"/a)]. If 
the filaments are symmetrically situated, 7,' = 7,", 7,! = 7,!' and 
the induction through the circuit is 


4C[(@ —1'?) /2a? + log (7,"/a)]. 


The electrokinetic energy of a set of circuits is equal to 
one-half the sum of the products formed by multiplying the 
induction through any circuit by the current in that circuit. 
The contribution which the elementary circuit just mentioned 
would make to the electrokinetic energy 7’ is, therefore, one- 
half the product of the induction through it and the current 
which it carries, so that 


12 
7 “ffa == fy] aa — 74!" | 2ra* + log (7,' / a) 
TT 
+ log(n\" /a) 345, 


where the integration is to be extended over all such elementary 
circuits, that is, over the cross-section of either wire. We 
may write for dS, either 7,'- dr,'- d6, or 7,''- dr,'"- d0,, at pleasure, 
and we may use the first of these for the first, second, and 
fifth terms of the integrand, and the second form for the other 
terms. The limits of @ will be 0 and 27, and those of 7,' and 
r,", 0 and a. Assuming that, if m>n, 


[log (m + n 008 6) d0 = mr log§4(m + Vm? — n’) $, 
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show that 7’ = C?[4 + log (/? /a*)] and that it makes no differ- 
ence how the separate filaments of A, and A, are combined 
into elementary circuits. Show also that the inductance, per 
unit of its length, of the circuit- made up of the wires, is 
2 log (6? /a?)+1. Prove that if the wires had inductivities 
p, and p, and radii a,, a,, we should have 


L=2p log / (Payas) + $ (m1 + ps2); 


where p is the inductivity of the surrounding medium. [For 
a discussion of the inductance of the circuit when the cross- 
sections of the long parallel wires are of any form, the reader 
is referred to A. Gray’s Absolute Measurements in Electricity 
and Magnetism, Vol. Il, p. 288, and to Drude’s Physik des 
Aethers, p. 207.] 

334. Obtain Heaviside’s expressions (lectrical Papers, 
p- 101) for the coefficients Z,, L,, M, of self and mutual 
induction for two parallel wires of length Z, radii a,, a,, and 
inductivities ,, ~,, suspended parallel to each other and to 
the earth at heights h,, A, and at a horizontal distance d 
apart, if the current is supposed to return through the earth 
in a thin sheet, and if h, and f, are small compared with 2. 
These expressions are 


L,/l = hp, +2 log (2h,/a,), Ly/l = hug + 2 log (2 hy / as), 


@ + (hy + hy)? 


BLE NE Ey = By 


335. Show that if AK and mw represent the dimensions of 
electric and magnetic inductivities respectively, the dimen- 
sions of » in terms of L, M, 7, K are L-*7?K-}, while those 
of K in terms of L, M, 7, » are L-*7*y—!, Show that the 
dimensions of electric quantity in the two systems are 
Dur 'k', r'M',; those of magnetic quantity Zu? K7#, 
Limi"; those of electric field strength L~!a7—K-?, 
LI'm'T~*; those of magnetic field strength L'm!7~*K}, 
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Ltr, }, those of electric potential Limi 7-'K Eh 
LT}; those of magnetie potential Limi rx}, 
L'm*T“y. *; those of conductivity LT~'K, L-'Tu?; those 
of electric current LZ?M'T °K + OMT ~"n ?; those of 
capacity LK, L”'T°#~'; those of inductance POE GRINS 
those of magnetic moment L?M?K-}, Li *77u?; those of 
electric surface density Z¢u*7'K?, Limi. 

336. A rigid plane wire of any shape is free to turn about 
a point O in its plane distant a and 6 from the nearer and 
farther ends of the wire. The plane of rotation is perpen- 
dicular to the lines of a uniform field of induction of intensity 
B. Show that if the wire forms part of a circuit which 
carries a current C’, the moment about O of the forces which, 
acting on the wire tend to set it in motion, is } BC(0? — a’). 
If the wire rotates with angular velocity w, it cuts the lines 
of the field at the rate } oB (0? — a’). 

337. A copper dise perpendicular to the lines of a uni- 
form magnetic field is spun in its own plane about a fixed 
point O and is continuously touched at two points by the 
fixed electrodes of a galvanometer. Show that the current 
in the galyanometer is proportional to the difference of areas 
swept out by the radii vectores from O to the points touched. . 
[M. T.] 

338. A magneto-electric machine, driven at a constant rate, 
sends current through the coil of another magneto-electric 
machine used as a motor. When the second machine is held 
still, a power Wis used in the circuit. Prove that the maximum 
power obtainable from the second machine is } W, and that 
hen the first machine absorbs 4 W from the engine which 
drives it. [M. T.] 

339. Show that (1) if a conductor be moved along a line of 
magnetic induction parallel to itself, it will experience no 
electromotive force; (2) if a conductor carrying a current be 
free to move along a line of magnetic induction, it will experi- 
ence no tendency to do so; (3) if a linear conductor coincide 
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in direction with a line of magnetic induction and be moved 
parallel to itself in any direction, it will experience no electro- 
motive force in the direction of its length; (4) if a linear 
conductor carrying an electric current coincide in direction 
with a line of magnetic induction, it will not experience any 
mechanical force. [Maxwell. ] 

340. Discuss the following statements of different writers : 
“When an electromotive force # is suddenly applied to an 
inductive circuit of resistance R, the counter-electromotive 
force of self-induction is initially equal to # and the current 
caused by Z is initially zero.” “ When the current is rising 
a portion of Z, viz., RC, is employed in maintaining according 
to Ohm’s Law the current C already established; the other 
portion of Z, viz., ZL - D,C,is employed in increasing the electro- 
magnetic momentum LC.” “At the beginning the whole of 
the electromotive force acts to increase the current.” “Ifa 
current is established in a coil and the coil left to itself, short 
circuited without any electromotive force to maintain the 
current, then as the decaying current reaches a value C the 
electromotive force RC is equal to —L-D,C.” 

“The reactance does not represent the expenditure of 
power, as does the effective resistance, r, but merely the 
surging to and fro of energy. While the effective resistance, 
r, refers to the energy component of the applied electromotive 
force or the electromotive force in phase with the current, the 
reactance, x, refers to the wattless component of the electro- 
motive force or the electromotive force in quadrature with 
the current.” 


341. Compare the differential equation of motion of a body — 


of mass ZL, moving with velocity C, under the action of an 
impressed force #, which tends to increase the velocity, and 
a resistance rC, proportional to the velocity, with the equa- 
tion which the current in an inductive circuit must satisfy. 
Why should ZC in the electrical case be called the “ electro- 
magnetic momentum ” ? 


i i 
— (| ae 
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342. Given that 


fon pt-sin (pt + a) -dt 
=[( pt — sin 2 pt) cos a — cos 2 pt sina] /4p, 


show that the average value for any number of whole periods 
of the product of two simple harmonic functions of the same 
period is half the cosine of their phase difference. Show that 
the activity, or “power,” of a harmonic alternating current 
is equal to the product of the effective current, the effective 
electromotive force applied to the circuit, and the cosine of 
their difference of phase. 

343. Two coils, the resistances of which are 7, 7, and the 
inductances L,, L,, are in series in a simple circuit carrying a 
harmonic current. Is the impedance of the two taken together 
equal to the sum of their impedances ? 

344, The ends of the coil of an electromagnet are subject 
to a rapidly alternating electromotive force. Show that the 
energy expended in the battery when a given amount of heat 
is produced in the wire will be greater than would be the 
case if the electromotive force were constant in direction 
and magnitude. 

3845. Show that if a number of linear circuits s,, 8, s3,-+-, 
carrying currents C}, C,, C,---, exist together, and if the total 
flow of induction through s, be denoted by p,, the electro- 
kinetic energy, 7, may be written }3C,p, and p,= 4 De,T. 
The quantity p, is sometimes called the electrokinetic momen- 
tum of s, Compare this result with the equation, p,=Dc,T7, 
given on page 296. 

346. Show that the total flux of electric current induced in 
a thin circular coil of radius a and resistance #, made up of 
n turns of wire, when the coil is turned through two right 
angles in the earth’s uniform magnetic field H, is 2ra°nH /k. 
Show also that if a sphere of soft iron of the same radius a 
be pushed completely into the opening in the coil, the flux is 
increased in the ratio of 3p /(u+ 2). [St. John’s College. ] 


466 MISCELLANEOUS PROBLEMS. 


347. A, B, C are three points in order in a simple circuit 
carrying an alternating current; between A and £ is a non- 
inductive resistance R, and between B and C an unknown 
inductive resistance. The effective difference of potential, as 
measured by a voltmeter between A and B, is 2,, that between 
Band C is #,, and that between A and C, Z;. Draw a diagram 
for this problem something like that shown in Fig. 107 and 
prove that the phase of the impressed electromotive force 
between 4 and C is in advance of the phase of the current by 6, 
where cos 6 =(#,?+ HE,’ — E,)/2 £,E;, and that the activity in 
the circuit between 4 and C is (2,7 + Bj — £7) /2 Rk. What 
is the impedance between Band C? What is the “Three 
Voltmeter Method” of measuring the power in an alternating 
circuit ? 

348. A 100-volt lamp the resistance of which is 100 ohms 
is to use current from the mains of an alternating system 
of frequency 50, which have an effective potential differ- 
ence of 200 volts. Show that it is better to use in series 
with the lamp a choking coil of negligible resistance but of 
such self-inductance [V3/z] as shall reduce the current to 
the proper strength rather than a simple 100-ohm resistance 
coil. Show that while the saving is 100 watts, the lag of 
current, when the choking coil is used, is 60°. 

349. The poles of a condenser of 5 microfarads capacity 
are joined by a resistance of 100 ohms the self-inductance 
of which is 0.5 henry. The current in the simple circuit is 
25-sin 500¢. Show that the maximum impressed electro- 
motive force is about 4500 volts and the maximum potential 
difference between the plates of the condenser 10,000 volts. 

350. A condenser of 2 microfarads capacity charged to 100 
volts, is to be discharged through a cireuit of resistance 10 
ohms and self-inductance 005 henry. Show that the dis- 
charge will be oscillatory, with a period of about 0.002 second. 
After ten oscillations the amplitude will have about 0.135 its 
original value. 
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301. An alternating electromotive force of frequency 200 
and effective intensity 200 volts, applied to a certain inductive 
circuit of 5 ohms résistance, causes an effective current of 10 
amperes to flow through the circuit. Show that the current 
lags behind the electromotive force by about 75° 30’. What 
would be the effect of introducing a condenser of 41 micro- 
farads capacity into the circuit ? 

[For examples of resonance the reader is referred to 
Professor Pupin’s papers in the American Journal of Science, 
1893. ] 

352. A condenser is discharged by means of a circuit which 
contains a hoop revolving in a magnetic field. Show that the 
discharge current satisfies an equation of the form 


L-D2C+ &-D,C + C/K = M.-sin pt. 


Show also that the cases KR?<4L, KR?>4L, KIp?= 
should be discussed separately. [St. John’s College. ] 

353. An alternating electromotive force the maximum value 
of which is 1414 volts and the frequency 200 /7 is applied to 
the extremities of a circuit of resistance 300 ohms and of ° 
inductance 1 henry. Show that the reading of an ammeter 
in the circuit is 2. 

354. An alternate current the frequency of which is 
10,000 /2 x passes through a telephone of self-inductance 0.01 
henry. The resistance of the circuit, which is otherwise non- 
inductive, is 10 ohms. Show that if the resistance of the cir- 
cuit were increased seventeenfold, the current would be reduced 
about one-half. What would be the effect of introducing into 
the cireuit a condenser of capacity 1 microfarad ? 

355. A simple harmonic electromotive force, the maxi- 
mum value of which is 400 volts, is applied to an inductive 
circuit, the resistance of which is 2 ohms; the counter- 
electromotive force has an average value of 200 volts. Show 
that the power supplied to the circuit is about 26.8 horse 
power. 
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356. Show that the equations given on page 307 for the 
discharge of a condenser charged to potential Q,/k may be 
written in the forms 


C=—2Q)-e—*/?4-sin mt- /V4kL — BP, 

Q =2Q)-e-"/24. VEL - sin (mt + a)-/ V4 kL — kr’, 
where m?= (4 kL — Kr) /4 PT, 
and tana = 2Lm/r. 


357. Two conducting circuits ACB and ADB in multiple are 
(Fig. 108) carry the current M cos pt from A to B. Prove 
that if 7 and s are the resistances of the two branches and Z, 0 
their inductances, and if p is large, the heat generated per 
second in ACB is to the heat generated per second in ADB as 
rs to (L?p? + 1°). 

358. ABCD is a Wheatstone net. <A coil of inductance Z 
is inserted in AD, and the points A and D are connected to 
the terminals of a condenser of capacity A. Show that if 
RK* =L, where R is the resistance of the arm AD, no elec- 
tricity will pass through a galvanometer in the arm BD when 
the circuit is closed. [M. T.] 

359. Two similar alternators, each of internal resistance 7, 
and self-inductance Z, driven on a single shaft, are joined up 
in series with an exterior non-inductive resistance 27; the 
electromotive forces of the generators are £,,-sin( pt + 6), 
£,, sin(pt — 6), and their sum is 2 Z,, cos @-sin pt. Show 
that the current in the circuit is 


E,,- cos 6 sin (pt — 8) /V(r + 1%)? + L2p, 


or G-cos 6. sin (pt — 8), where tand=Lp/(r+7,). Of the 
whole power, Z,,,G - cos? 6 - cos 8, in the circuit, the first machine 
furnishes the quantity, } 2,,G - cos 6 - cos (6 + 8), and the second 
machine the greater quantity, $ 7,,G@- cos @-cos(@— 8). Dis- 
cuss the case where these quantities have opposite signs. 


— 
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Show that if the machines were driven at practically the 
same speed by independent motors, the first would tend to 
increase its lead until the electromotive forces were opposed. 

360. If two similar alternators, each of internal resistance 7 
and inductance Z, and driven at the same speed, be joined up 
in parallel to form a single generator used to send a current 
through an outside non-inductive resistance R, if Cy and C; 
are the currents which pass through each of the machines, 
and if their electromotive forces are e; = e-sin(pt-ba), 
€, = e)sin(pt —a); we have 


@.—L-D,C, =C,(r + R)+O,8, 


and eg -—L-D,C,=C,(r + k)+ Ok; 
or @+H+-0D-D,) C,+hC,= e, 
and RO, +7 +R4+L-D,) C, = e2 


If we apply the operation (7 +h+L-D,) to the first of the 
last pair of equations and the operation # to the second, and 
subtract one resulting equation from the other, we shall get 
[7 +R+L-D,)*?*—B)C=(r+Rh+L-D,)e,—Reg; a simi- 
lar equation for C, is easily found. Write down values for 
C, and C,. Show that the leading alternator is doing more 
work than the other and that there is a general tendency 
towards synchronism. An interesting discussion of this prob- 
lem may be found in Perry’s Caleulus for Engineers. 

361. Ifa magnetic field which changes with the time has the 
components X = m-sin pt, Y=n-sin pt, Z=0, the effect is 
the same as if a field of constant uniform intensity Vm? + n’ 
were rotating with constant angular velocity p. 

362. If an alternating current C be divided at the point A 
between two conductors of ohmic resistance 7, 7, in which the 
eurrent strengths are C, and C,, C? = C+ 2C,C, + C/ and 
Mean value of C? = Sum of mean Values of C,?, C,”, and 2 C,C. 
Show that the current in the main circuit, as measured by the 
indication (J) of an ammeter in it, is not equal to the sum of 
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the currents (J, J,), similarly measured, in the two branches. 
If one of the branches (7,) of the divided circuit is non-inductive, 
the instantaneous difference of potential between its ends is 
7,C, and the instantaneous rate of expenditure of power in 
the other branch is 7,C,C,; the average activity in this latter 
branch is 7, times the average value of C,C, Show that the 
power expended in 7, is $7,(1?— J,7—J,?). What is the 
“Three Ammeter Method ” of measuring power ? 

363. Show that if «+ vi is a solution of the equation 


L-D,C+r0 = E,- e+, 
v is a solution of the equation 
L-D,C+rC = E,-sin (pt + a). 
Prove that the complete solution of this last equation is 
Ae“/Z 4. Fy. sin (pt + b)/VeF + Ly, 
where tan 6=(r-sina — Lp-cos a)/(r-cos a+ Lp-sina). 
364. Show that if w and v are solutions of the equations 
L-DC+rC =£,-sin (pt+ a), 
L-DC +r =E£,-sin (pot + a.) 
respectively, w + v is a solution of the equation 
L-DC+rC= £,-sin (pt + a) + E,- sin (pst + ay), 


and write down the complete solution of this last equation. 
Write down also an expression for the current in an inductive 
circuit to which m simple harmonic electromotive forces of 
given periods are applied. 
365. Show that if w+ vi is a solution of the equation 
r- DC+C/k = pk err, 
u is a solution of the equation 


r-D,C+C/k =p, - cos (pt + a). 
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Prove that the complete solution of this last equation is 
Ae—“*" +. kp Hy sin (pt + B)/V1 + PPh, 

where tan B =(rpk sina + cosa) /(rpk cos a — sina). 

366. Show that if wand v are solutions of the equations 

r-D,C +C/k = A,- cos (pt + a), 
r-D,C+C/k = A, -cos (pyt + as), 

u + v will be a solution of the equation 

r- DC +C/k =A, - cos (pt + a) + A,- Cos (pot + ag), 


and write down the complete solution of this last equation. 
Write down also an expression for the current in a non- 
inductive circuit of capacity k to which nm simple harmonic 
electromotive forces of given periods are applied. 

367. If ¢ stands for the operation D,, ¢? for the operation 
D/?, and so on, the result of applying the operation 


< (Do + Pid + Pah? + po? + ++) 
to e* is equal to the product of e* and 
(po + prk + pok® + pk? +--+). 
Show that if we denote the result of applying the operation 
Z= (pot ih + pod? + +++) /(Go + Nd + GH? +--+) 
to e* by u, so that w satisfies the equation 
(Yo + Hd + Gah? + ---)U= (Po + Pid + Prd? + ---) eM, 
a special value of w is the product of e and the fraction 
(po + pik + pok? + +++) / (Go + Hk + gak* + --+). 


Show how the complete value of uw might. be found and 
why the special solution alone is needed in many practical 


problems. 
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Compare the results of applying the operation Z and the 
operation (A + Bop) /(C + Dd), where 
A= (Po — pik? + pik —---), B= (—1 — pak? + pk! — +++), 
C= (qo — gah? + qak* —---), D= (qm — ak? + qsk* — +), 
to M-sin(kt + e). 
Show that (a + b¢) -[ M-sin (kt + a)] 
= MVE LPR. sin [At +a + tan—' (bk /a)] 
or MV a? + Pk. sin (kt + 8), 
where tan é=(bk cosa + a sina) /(a cosa — bk sina), 


and that a special value of 


(2228). par-sin (te + 0) 


yp NGteR 

Ve + dk? 
This symbolic notation is treated at length in Forsyth’s 
Treatise on Differential Equations and in Perry’s Calculus 


Sor Engineers. 
368. Prove that if ¢ stands for the operation D,, 


(at+bo-+ed) [M- sin(kt+a)]=MV (a—ch*) +P. sin(kt+a+a), 
where tan A = bk / (a — ck’), 
and that a special value of 

(1+ mp + n¢g*)—'[M- sin (kt + a)] 


is -sin [At +a + tan—'(bk/a)—tan-'(dk/c)]. 


is M-sin (kt +a —p)/V(l+ nk*)? + mk, 
where tanp = mk/(l—nk*), Hence show that a special 
value of bd $ 
: a+ + ¢ : 
(Gather sin (kt + a) | 


V (a — ck*)? + Bk? 
is gp ee Pr ek in (kt — 
VianEp poe Letk 
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369. If d were an algebraic quantity, the expression 
: ib 
$? + (a+ b)p + ab 
would be equivalent to 


NE CRS ae Ne 
yale eat) 


Are these two operations equivalent when ¢ = D, and when a 
special value suffices ? 

370. If an electromotive force # = Z,, sin pt be applied to 
a circuit consisting of a coil of resistance 7 and inductance LZ, 
in series with a condenser of capacity K, we have the equation 
H—L-°D,C—Q/K=rC, where C=D,Q. Show that this 
equation can be written in the form 

C=(r+Llo¢4+1/K$)1H=KpE/ (1 +rkp + Lk’) 
and write down its solution in the form needed for practical 
use. ‘Treat in the same manner several of the equations of 
Section 86. 

3871. Two circuits, s; and s,, have resistances 7,, 7, induc- 
tances L,, L., capacities A, Kz, and a mutual inductance I. 
They contain variable electromotive forces H,, H, and carry 
currents C,, C,. Show that if 

f,=7,+L,¢+1/K4, 
h,=7, + Lop +1/ Kod, 
where ¢ represents the operation D,, 
C, = (RB, — MoE.) / (RR, — U4"), 
C, = (RE, — Mp) / (RR, — M’¢’). 
If the capacities of the circuits are negligible, we are to put 
R,= "+114, Ry = % + Lo in these results. 

Te = 0, ke, Ko = 0; 

C, = (1% + Lo) E, /[ryre t+ (tL, + 712) 6 + LL, — M”) $7], 
and C, = — M6H#,/[nmt+ (1 + nL) o + (LL, — lM) ¢’}. 
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Write down the solutions of these equations and compare 
them with the results given in Section 87. 

872. Show that if C,, C, are the currents in the primary and 
secondary of a transformer, and if the secondary circuit has 
no capacity and contains no internal applied electromotive 
force, MPC, + (72 + L.6)C,=0 or C,= —MGC,/(7r, + Ly), 
and if C, = C,, sin(pé — a), 

—MpC,, 
~/ Loy + x2 
If, as is often the case in practice, 7, is small compared with 
L,p, we have, approximately, 

C, = —MC,,- sin (pt — a)-/L, 
= MC,,-sin (pt —a — 7) - /L,. 
In the general case C, and C, are not zero at the same instant. 

373. An electrodynamometer consists essentially of two 
coils, one fixed and the other movable. The movable coil is 
furnished with an index which moves on a fixed scale, and 
the readings are to be considered equal to the product of the 
strengths of the steady currents C,, C, in the two coils. If, 
however, these currents alternate rapidly, the readings are 
proportional to the average value of C,C, Assuming that 


Jf sin pt-sin qt-dt 
= sin(p — q)t-/2(p+q)—sin(p+q)t-/2(p+q), 
f sin’ pet dt = (pt — sin pt -cos pt) /2p, 


and that C, = m-sin pt, C, = n-sin gt, show that the reading 
is zero when p and q are not equal. What is it when p = q¢? 
Plot a curve which shall show the readings for different values 
of a, when C, = m-sin pt, C, = n-sin (pt — a), assuming that 


f sin pt -cos pt dt = — cos 2 pt /4 p. 
If a = 47, the reading is zero. 


= -sin (pt —a +5 — tan, p/7). 
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374. A function z= f(¢) may be represented in polar 
coordinates at any instant by a point P, the distance of which 
from the origin O is equal to the numerical value of z, while 
the vectorial angle XOP is equal to pt, where p is any con- 
venient constant. The plane path traced out by P during any 
time interval shows the march of 2 during the interval. If z 
is either a-cos(pt — 8) or a-sin(pt — 8), the path of P is a 
circumference of diameter a passing through the origin: the 
vectorial angle of the centre of the circumference is 8 in the 
first case and § + 47 in the second. 

If z is known to be a simple sine or a simple cosine func- 
tion of frequency p/2 7, it is completely determined when the 
vector OP,, which represents the diameter of the circumfer- 
ence, is given. If the plane of the diagram were the ordinary 
complex plane, P, would represent the complex quantity 
2 =%+Jy%, Where x, and y are the horizontal and vertical 
projections of the diameter of the circumference, and 7 the 
imaginary unit; and it is often convenient, as Steinmetz has 
shown in a series of remarkable papers, to represent the har- 
monic function z by the quantity 2. With this understand- 
ing of the meaning of the sign of equality, we may write in 
general z= 2, + %7: the modulus of z is given by the equa- 

tion |z|= Va" + y%- 
Show that if C'+7-C" represents the current 


C = C,,-8in (pt — 8), 


where tan § = Ip /r, in a simple circuit of resistance 7, induc- 
tance L, reactance x =Lp =2anL, and impedance Z; the 
“ electromotive force consumed by the resistance” is 


rC =7(C' +7, C"), 
the “electromotive force produced by the reactance” is 


GEC jee = 20"; 
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and the electromotive force required to overcome the reactance 

is 20" — jxC"', so that the applied electromotive force £ is 
(rC' + 20") +7 (r0" — 2C’) = 6! + €,-7 = (r —J2) C, 

and the impedance is (r — jr). ; 

Write down an expression in complex form for the impe- 
dance of a simple circuit made up of a number of coils of 
resistances 7;, 7 7s, -:*,aud inductances Z,, L,, L; in series. 

Show that if an electromotive force, E,,- cos pt, be applied to 
a simple circuit of resistance r and inductance Z which con- 
tains a condenser of capacity /, the impedance Z has the form 
r—j(« —x'), where « = Lp and 2! =1/kp. 

375. A long straight wire parallel to the z axis, of resist- 
ance r and self-inductance Z per unit length, is covered by a 
thin layer of insulation the outside of which is kept at poten- 
tial zero. The capacity of the cable per unit length is &, and 
the rate of leakage through the insulation of a point where 
the wire is at potential V is AV per unit of length. Show 
that if C is the current in the wire, : 


D,C+\V+k-DV=0, DV+L-D,C+r0=0; 
or, D2V — Lk: D2V — (LA +rk) DV — rrxV = 0, 
D20 — Lk. D2C — (LA + rk) D,C — rXC = 0. 


[Heaviside, lectrical Papers, Vol. I, XX; Poincaré, 
Comptes Rendus, 1893; Picard, Comptes Rendus, 1894; 
Boussinesq, Comptes Rendus, 1894; Bedell and Crehore, 
Alternating Currents ; Webster, Electricity and Magnetism ; 
Pupin, Transactions of the American Mathematical Society, 
1900; The Electrical World and Engineer, October, 1901, 
and February, 1902.] 

376. Two circuits s,, s,, which have self-inductances Z,, L,, 
and a mutual inductance M, carry currents Cj, C, in a magnetic 
field due to these currents only. The first cirevit, which is 
rigid, contains a generator of constant electromotive force F,; 
the second, which is deformable, contains no generator, so that 


| 
7 
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Ey — d(L,C, + MC,) /dt =7,C,, — d(MC,+ L,0C,) /dt = 7,0). 
Show that if one (a) of the generalized codrdinates which 
define the conformation of the second circuit receives the 
increment dx during the time dt, so that. L,, M, C,, C, are 
changed while Z, remains constant, the work dW done by the 
electromagnetic forces is + C,-dZ, + C,C,-dW, and the change 
dT in the electrokinetic energy is 

$C -dL, + L,C,-dC, + MC,- dC, 

+ MC,:.dC, + C,C,-dM + L,C,-dC,. 

Show that the equation (— dp,,= r,C,-dt) yields 

7,07 - dt + C,L,-dC,+ C?:dL, + MC,-dC, + 0,C,-dM = 0, 
and that the energy (C,’rdt + C,dp,) furnished during the inter-. 
val dé by the generator in the first circuit is equaltodW+dT 
plus the energy dissipated in heat in the two circuits. If C, 
is originally zero, the expressions for dW and d7 are much sim- 
plified. In any given case dx /dt is virtually determined by the 
mechanical equation of motion of the moving parts of s,; its 
value will evidently be greater or smaller, other things being 
equal, according as the electromagnetic forces are assisted or 
opposed by external forces. L,, M are to be regarded as 
given functions of 2 and other variables which do not here 
enter, and dZ,/dt, dM/dt can be written D,L,(dx/dt) and 
D,M (dx /dt). The mechanical equation and the first two 
equations of this problem form a set which completely deter- 
mine 2, C,, C, as functions of the time. 

If a circuit s is threaded by M® lines from a magnetic 
shell of strength 6, #-dt —d(M®+ LC)=rC.d¢ and, in the 
general case, VM, , L, and C are all functions of the time. 

377. If uw is the mass of the slider AB in Fig. 69, and if 
a constant force X be applied to AB towards the right, if 
DG=1, GB=x, v= Dz, we have 

p- Dy =$C?-D,L + CHI + &, 
E.dt—d(LC+ Hlaz)=rC. dt. 
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Show that if we can neglect the effect of the field due to the 
current in DABG, and if the change in v during the motion is 
inappreciable, 


C=[E/r+X/Hje—“— X/ HI, 
v =[rX/H?? + E/ HI) (A —e-), 
where ASS Ar / pr. 


If X is positive, the current changes sign when 


/ 


H°Ct = pr-log[(EH1L + rX)/rX}. 


378. A condenser made of two cireular pieces of tin foil, 
each 28.58 centimetres in diameter, separated by a plate of 
plane glass of inductivity 6, } of a centimetre thick, is dis- 
charged by means of a piece of non-magnetic wire 1 metre 
long, bent into the form of a nearly complete circle. The 
resistance of the circuit is 0.001 ohm, and its self-induction 
1000 electromagnetic absolute units. Assuming that the 
farad is equivalent to 9 x 10" electrostatic absolute units of 
capacity, show that the discharge will be oscillatory with a 
period of about 2.3 x 10~’ seconds. The time constant, 
2L/R, is 0.002 second. The amplitude would be reduced 
to ygyy Of its initial value in about 0.014 second, and to 
rovdoos Of this value in about 0.028 second. 

379. A spherical shell of copper of small uniform thickness 
and of radius @ is in a magnetic field of uniform intensity H. 
Show that the work required to withdraw it instantaneously 
from the field is } H*a®. [M. T.] 

380. An alternating electric current C-cos pt is made to flow 
along a straight wire of uniform circular section. Prove that 
the current strength at a distance r from the axis of the wire 
is given by the real part of Cha-J,(kr)- et /[2 ra? -J, (ka) |, 
where a is the radius of the wire, p its specific resistance, and 


k=(1—i)V2ap/Vp. [M.T.] 


a 
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381. If is a function continuous within the extremely short 
time interval 7, and if + represents any instant during the 


T ve i 
interval, f x-dtis small and if; at { z-dt much smaller. 
0 0 0 


A wire circuit of conductivity C and self-inductance ZL is 
situated in the field of a magnetic system which undergoes 
a disturbance of impulsive character such that at the end it 
has returned to its initial state. Prove that if M denote the 
change in the induction through the circuit due to the field at 
any instant during the disturbance, and if Vis the time inte- 
gral of M taken throughout the whole time of disturbance, then 
the induced current at any subsequent*time ¢ is Ne~'/. / CL’. 
PRET. } 

382. Show that if the branches p, g, 7, and s of the Wheat- 
stone net have self-inductances L,, L,, L,, L,, and contain con- 
densers which have capacities k,, k,, k,, k,, and if the current C 
in the main cireuit is a given function of the time, the currents 
in the other branches are to be found from the equations 


C6, — C+ C, C= C,—C, 
Lg DEC, + p> DCs 
+ CO, [ty —L,- D?C,—9- DiCy—Cy/ hg +9 - D.C, =9, 
L,- D?C, + 7r- D.C, 
+ C,/k,—L,-D?C,—s-D,C,—C,/k, —9-D,C,=0. 
(1) Prove that if C,' is the current in any branch, x, when 
C=F(é), and C,' the current in the same branch when 
C=f(, C,'+C," will be the current when C= F(?) + f(é). 
(2) Show that if C,'+7- C,|" is the value of C,, obtained 
from these equations when C = F(¢) +7-/(), C,' would cor- 
respond to C = F(é) and C,"" to C= f(?). 
(3) Show that if C = A-e™, the equations are satisfied, 
when the coefficients are properly determined, by the values 


t ek t = At 
CO, =A,-&, O,=4,-, Ca Anes Caw, Xp Cp A,- e, 


480 MISCELLANEOUS PROBLEMS. 


and that if 6, =1+Ak,(«@+A-ZL,), 
(b,kg + b,k,) A, + grk,k A, = b,k,A 


vie 2 Pao er? 
(b,k, + 6,k,) A, — (bk, + bk, + grk,k,) A, = b.k,A. 
Find A,. 
(4) Show that if the condensers are all removed, if 
C= A-e&, 
and if 


a, = z+X-L,; A,=A(a,-a,— a, - 4) /[ (4 + 4) (4, + a,) 
+ 9 (a + 4 + 4, + 4,)).- 
(5) If A= mi, C= A(cos mt + isin mt), A, has the form 
M+ Ni, and C, the form 
(M+ Ni) (cos mt + isin mt) = (M-cos mt — N- sin mt) 
+ i(M-sin mt + N-cos mt). 
If the condensers are all removed, and if C = A-ecos mt, what 
is the condition that no current shall pass through g? 

383. Show that if (1) the 
branches p, g, 7, and s of the 
Wheatstone net have self- 
inductances L,, L,, L,, L,, and 
are in parallel with branches 
of negligible resistance having 
capacities k,, k,, k,, k,, if (2) the 
current C in the main circuit 
(Fig. 134) is a given function 
of the time, and if (3) the cur- 
rents in the branch 2 of the net and in the condenser circuit 
parallel to it are denoted by C,,and C,' respectively, the currents 
are to be determined with the help of the equations 


e-C,=—L,:-D,C,+ Q,/k, or C,'=k,(«#-D,C,+L,-DZC,), 
O6.+0/' +04 C=C, €4+¢'=C,+cC.+c4 
C+ C=C. 4-070, 
Pp: Cre: = Y: C= ly DE +L,-D,Cy, 


Fie. 184. 
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and teh SC gC Ge DO. Le D.C, 
If the results of applying the operations 
[1+ k,(a@-D,+ IED) eee). to O. 
be denoted by $(C,), ¥(C,) respectively, these equations yield 
the five equations which follow: 
$(C,) + $(C) =C, 
$(C,) —$(C,) — C, = 0, 
$(C)— $(C.) + C, =0, 
¥(C,)—¥(C)—9- C, = 9, 
¥(C,)-—¥(C,) + 9° C, ay 
Show that if C = A-e**, these equations are satisfied, when the 
coefficients are properly determined, by the values C, = 4, - e, 
C,=—A,-&%, ©, =4,-&, C,= A,-e“, C, = A,-e, and that, if 
G2 2 4-L kG 6, = 14+ kA L,-A), . 
Pree: A (a,4,0,b, — a,4,,b,) 
Tee (4,0, +Gbp) (4,0,+45),) +9 0,0 4O.+4,5,) +0,b5( Ab, +A by) ]- 
If A is real, and if X = m7, where m is real, 
C = A(cos mt + 7-sin mt), 
A, is of the form M+ Ni, and C, of the form 
(M+ Ni) (cos mt + ¢- sin mt) 
or (M.cos mt — N- sin mt) +7(M- sin mt + N cos mt). 
The real part of C,is of the form VM? +.N?-cos (mt — 8), 
where tan’ =— N/M. Prove that this would be the value of 
C, if the value of C' were A-cos mt. 

Show that if C= <A-cos mt, if the condensers are all 
removed, and if L,=Z,=0, C, will be zero for all values 
of m if L,/L,=4/s =p/'. 

Prove that if C=A-cos mt, if the inductances are neg- 
ligible, and if k, =k, = 0, C, will be zero for all values of m 


if k,/k,=s/q=7/p. 
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Prove that if all the Z’s and k’s except k, and JL, are zero, 
C, will be zero if, and only if, L, = grk, = psk,. 

‘Show how to find the value of C, if C = A-sin mt. 

384. An infinite mass of neste” has one plane face, which 
is the yz plane. At the time zero, uniform currents parallel 
to the z axis are induced in the plane by a sudden change in 
the magnetic field, which after the change remains constant. 
It is evident that w and v will remain zero and that w is a 
function of x only, so that (Section 88) 47pA- Dw = DZw and 
w= A-e"/t!, where wu = — mpAz*/t. Show that w will have 
its maximum value at a distance x, from the plane face at a 
time ¢ = 2 mpAz,” and that this value is A /(2 V2apAc). When 
t is large, w has nearly the same value for all moderate values 
of x Assuming that for copper »A = 1/1600 and for iron 
1/10, show that the maximum current will be attained at a 
depth of 16 centimetres in copper and 1.26 centimetres in 
iron after 1 second. 

385. An infinite conductor has one plane face (the yz plane), 
but is otherwise unlimited. Periodic currents parallel to the 
z axis and independent in intensity of y and 2 are induced in 
this conductor by some cause on the negative side of the yz 
plane. Since wand v are zero, w must (Section 88) satisfy the 
equation 4 m\p- Dw =D,w, and of this equation Ce*-e~™, 
where J = ki /4mAp, 2? = Ki,n=k(1+0)/ V2, is a special 
solution. The real part of a complex solution of this equation is 
itself a special solution; and if we assume that w = C,, cos pt, 
when a = 0, we learn that 


w = C,,e “¥?™ 6 cos (pt — a V2 mrp), 


a simple harmonic expression the amplitude of which is 
Ce "YS, where f is the number of alternations per second. 
Show that this amplitude has 1 /mth of its surface value at 
the depth log m/(24V)p/f’). Show that if the frequency is 
100, the amplitudes 1 centimetre from the surface will be 
0.208 C,,in the case of copper, and 0.0000000024 C,, if the 


—_~ 


= 
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eonductor is made of iron. Show also that if the frequency is 
10,000 the amplitude in the case of copper at a point 1 centi- 
metre from the surface would be 0.00000015 C,,. 

386. Show that if U, V, Ware the components of a vector 
taken at every point in the direction in which the orthogonal 
curvilinear coédrdinates wu, v, w increase most rapidly, the 
components of the curl of the vector are 


K,, = hhy[D,(W/ hy) — Do (V/ he); 
K, =h,h,[D.(O/h,) — D(W/ hy); 


Ky = hh [Du (V/ hi) — Do(U/ hy); 


A very interesting proof of Stokes’s Theorem in curvilinear 
codrdinates has been given by Prof. A. G. Webster in the 
Bulletin of the American Mathematical Society for 1898. 

387. The whole induction flux through a linear circuit, s,, 
is equal to the line integral, J,, of the tangential component 
of a vector potential of the induction taken around the 
circuit, so that the electrokinetic energy, 7, of a set of 
Circuits s,, s, Ss,---, which carry currents C,, C,, C,,--+, is 


>> Cn >> C, jf [FF -cos (a, ;) + F,-cos(y, s,) 
+ F,- cos (2, s,) ]ds;, 
Tf the linear circuits are the filaments of a massive conductor 
in which the components of the current are w, v, w, and if S, is 
the area, at any place, of the cross-section of the filament s,; 
Ci, C08 (a, 8,)=U- Spy Cy, COS (Y, 8,) =U * Spy Cy COS (%, &)= w+ Sp 
Show that we may write 


Tat [ [ut Ky vt F-w)dr, 


where the integration is to be extended over all space where» 
currents exist. 
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ADDITIONAL ANSWERS TO PROBLEMS. 
CHAPTER I. 
113032 5 96501 


274625 =—Ss« 274625 
6 = 40° 29' +. 


(1) X= , whence R=0.541+; 


a 


cosy = 
CX 


(2). R=maA, cosa= a! cos B = ; where 
we 


5 

Br 
1 1 ee 

0 x are aS 


(5) If 21 be the length of the wire, and if the axis of the 
wire be taken for the axis of abscissas with the origin at the 
middle point, the required equation is 


et he Se eee 

[G—a)+y}) [C++ 9} 

(6) If the radius of the earth be taken as 3960 miles, and 
the mass of a cubic foot of water as 62.5, one poundal is equiv- 
alent to 952 million attraction units approximately. 

(8) If ¢ be the distance of the point P from the centre of the 

. . : 1 1 ‘ F 
sphere, the required attraction is m| —————— |, if P is 
without the solid ; ey if P is within the cavity, and 

r 


sel’ erat} 


if P is a point in the mass of the solid. 
(9) The attraction of a hemisphere of radius R at a point P 
facing the flat side of the hemisphere and lying on the perpen- 


dicular to this side erected at the centre O is 
484 


a a 


ANSWERS. 485 


5 age iP 20! + (2a@— BR’) VR? +a], where a= OP. 
The attraction of the other hemisphere may be found by sub- 
tracting this quantity from the attraction due to the whole 
sphere of which this hemisphere is a part. See § 9. 
(10) (a) That the density varies inversely as the distance 
from the centre. 


(b) wfe+ ee } 


47R*\r 98l1nr 327n 


(12) Here d is supposed to be greater than a. 

(15) The attraction is 34.9, and its line of action makes an 
angle of 1°49! with the line joining the centre of. the sphere 
with the point in question. 


CHAPTER II. 


(7) That the force is constant. 
2 2 
(9) Vor= Fre (18-8); Vie=5n0(10+7); 


2 14 2 40 
Vans= 570(27 7 5 Vi-wg te 


(11) Yes; 1.46—* 
(12) If 8>r, V= “ag — a 


oar 
ed 8) Veen ee 

\ 3 , 

500 72 220), 
£55734) Vam("> ; Sa 


ifr), Y= mp. 


(15) No. 
(20) (1) About 1,830,000 tons of 2000 pounds each. 
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Activity, 316, 465. 
Alternate currents in inductive 
circuits, 312, 329, 464-482. 
Ampére, 265. 
Ampere, the, 233, 298. 
Apparent charges, 183. 
Apparent electromotive forces, 317. 
Attraction. 
centrobaric bodies, 362, 371. 
cones, 8, 25, 349. 
curved wires, 25, 345. 
cylinders, 7, 26, 337, 346, 347, 
848, 858, 368, 369, 376, 377. 
cylindrical distributions, 60, 72. 
cylindrical shells, 26, 349. 
discrete particles, 2, 25. 
ellipsoidal homeoids, 16. 
ellipsoidal surface distributions, 
141, 160, 378. 
elliptic cylinders, 376, 377, 379. 
focaloids, 378. 
given mass, 19, 550. 
hemispheres, 13, 15, 26, 352, 353, 
358. 
hollow spheres, 26, 27. 
paraboloids, 28, 353. 
similar solids, 350. 
solid ellipsoids, 117, 378. 
special Jaws of, 351, 359, 361. 
spheres, 13, 18, 26, 27, 350, 358. 
spherical distributions, 56, 72, 
368, 375. 
spherical sectors, 351. 
spherical segments, 27, 352. 


Attraction. 

spherical shells, 10, 11, 18, 26, 
27, 35, 58, 350, 352. 

spheroids, 28, 380, 381. 

straight wires, 3, 4, 25, 26, 34, 
71, 344, 345, 346, 359. 

thin plates, 22, 28, 347, 348, 349. 

two rigid bodies, 24, 350, 353. 

two spheres, 23, 337, 338, 339. 

two wires, 23, 73, 344. 


Ballistic galvanometers, 442. 
Bocher, 371. 


Capacity, 159, 161, 807, 309, 321. 
(See Condensers. ) 

Centrobaric distribution, 362, 371. 

Charged conductors, 146, 148, 157, 
167, 171, 385, 386, 387, 388, 
389, 390, 398, 394, 395, 396, 
397, 402, 403, 410. 

Coefficients of potential, induction, 
and capacity, 157, 390, 397. 

Columnar codrdinates, 63, 141, 354, 
421. 

Condensers, 161, 164, 166, 176, 
184, 307, 388, 389, 390, 893, 
396, 401, 402, 409, 413, 418, 
419, 420, 439, 440, 441, 466, 
467, 478, 479, 480. 

Conditions which determine func- 
tions, 104, 107, 133, 184, 135, 
136, 187, 138, 180, 203, 245, 
871, 382, 415. 
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Conductivity, 227. 

Cones, 8, 25, 349. 

Conjugate functions, 412, 429, 480, 
431, 4382, 483. 

Convergence, 111, 138. 

Coulomb, the, 232. 

Coulomb’s Equation, 89, 130, 179, 
1838. 

Curl, 111, 138, 189, 148, 382,383, 483. 

Current induction, 291. 

Currents in cables, 428, 429, 437. 

Curvilinear codrdinates, 65, 136, 
137, 141, 182, 384, 385, 421, 483. 

Cylinders, 7, 26, 346, 347, 348, 358, 
369, 376, 377. 

Cylindrical distributions, 60, 72, 
368, 369, 371, 375, 404, 408, 
409, 410. 


Darwin, 364. 

Depolarizing force, 206, 379. 

Derivatives of the potential func- 
tion, 30, 31, 32, 36, 40, 45, 50, 
72, 73, 91, 360, 361, 366. 

Derivatives of scalar functions, 115, 
116, 138, 382. 

Dielectrics, 146, 176, 199, 418, 414, 
415, 416, 418. 

Dimensions of physical quantities, 
210, 338, 462. 

Dirichlet, 50, 104, 125. 

Displacement currents, 335. 

Dissipation function, 240. 

Divergence, 111, 138, 141, 382, 
383, 384. 

Divided circuits, 235. 

Double layers, 144, 214. 

Doublets, 196, 434, 436. 


Effective electromotive forces, 317. 
Electrical displacement, 177. 
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Electrical images, 167, 170, 400, 
401, 404, 410, 411. 

Electrical intensity, 177. 

Electrodynamic potential, 273, 275. 

Electrodynamics, 262, 267, 271, 
278, 276, 297, 454-459, 

Electrodynamometer, 474. 

Electrokinematic equilibrium, 222, 
241, 245, 246. 

Electrokinematics, 222, 246. 

Electrokinetic energy, 271, 281, 
296, 461, 465, 477, 483. 

Electrokinetic momentum, 297,465. 

Electromagnetic fields due to closed 
linear circuits, 259, 454, 455, 
456-459. 

Electromagnetic fields due _ to 
straight currents, 251, 255, 
454. 

Electromagnetic units, 233, 298. 

Electromagnetism, 251. 

Electromotive force, 230. 

Electromotive force, triangle of, 
316, 319, 320, 321. 

Electrostatic potential functions 
within conductors which carry 
currents, 241, 246. 

Electrostatic units, 233. 

Electrostatics, 145. 

Ellipsoidal conductors, 160, 401, 
402. 

Ellipsoidal homeeoids, 16. 

Ellipsoidal shells, 16, 378. 

Ellipsoidal surface distributions, 
141, 378. 

Ellipsoids, 117, 378, 380. 

Elliptic cylinders, 376, 377, 379. 

Energy, 43, 97, 183, 269, 280, 364, 
868, 391, 401, 418, 453, 454. 

Energy of charged conductors, 171, 
175, 188, 391, 394, 401, 418. 


488 


Equations of the electromagnetic 
field, 332. 

Equilibrium of fluids, 70, 73, 74, 
365, 381. 

Equipotential surfaces, 37, 71, 72, 
78, 122, 141, 357, 369, 371, 
372, 403. 

Ewing, 291. 


Farad, the, 233. 

Faraday’s disc, 272, 298. 

Faraday tubes, 152. 

Field components, 21, 30, 177, 255, 
265, 283, 332. 

Fleming, 291. 

Flow of force, 151, 365. 

Focaloids, 378. 


Galvanometers, 455, 456, 457, 458. 

Gauss’s Theorem, 52, 66, 78, 129, 
Lbis Lats 

Gibbs, 221. 

Gradients, 115, 1387, 188, 384, 385, 
421, 483. 

Gravitation, 1. 

Gravitation constant, 2, 370. 

Gravity, 15, 842, 343, 344, 347, 370. 

Gray, 269. 

Green’s distribution, 109, 446. 

Green’s Function, 384. 

Green’s Theorem, 91, 129, 384. 


Hard and soft media, 202, 204, 208. 
Harmonic Functions, 45, 100, 103, 

104, 105, 135, 137, 148, 882, 415. 
Heat developed in circuits which 

carry currents, 238, 272, 297. 
Heaviside, 221, 282, 462. 
Helmholtz, 221. 
Hemispheres, 13, 15, 26,352, 353,358. 
Hilbert, 105, 
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Hollow conductors, 152. 
Hysteresis, 289, 460. 


Impedance, 315, 318, 465, 476. 

Induced charges, 146, 153, 156, 167, 
184, 201, 394, 395. 

Induced currents, 292, 298, 299, 
302, 326, 463, 464. 

Induced electromotive force, 292, 
295, 297, 302. 

Induced polarization, 203, 204, 207. 

Inductance, 278, 458, 461, 462, 476. 

Induction, 146, 152. 

Induction coils, 326. 

Induction flux, 151, 260, 292. 

Induction vector, 178, 20], 202. 

Inductivity, 176, 200. 

Intrinsic charges, 183. 

Intrinsic energy of a distribution, 
the, 43, 97, 183. 

Inversion, 397, 399, 400, 401, 411. 


Joule, the, 239. 


Kelvin, 105, 206. 
Kirchhoff, 234, 280. 
Kirchhoff’s laws, 234. 


Laplace’s Equation, 44, 65, 71, 
245, 357, 359, 360. 

Laplace’s Law, 262. 

Law of gravitation, 1. 

Law of nature, 75, 145. 

Linear conductors, 226, 230, 421. 

Linear differential equations, 302, 
804, 807, 809, 311, 314, 470, 
471, 472, 473, 474. 

Lines and level surfaces of vectors, 
112, 123, 140, 382. 

Lines and surfaces of flow, 243, 
246, 247, 249, 
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Lines and tubes of force, 55, 71, 72, 
78, 122, 150, 187, 188, 251, 260, 
288, 359, 867, 372, 378, 391, 394. 

Logarithmic potential functions, 
126, 385, 406, 407. 


Magnetic energy, 269. 

Magnetic induction, 260, 287. 

Magnetic lines, 391. 

Magnetomotive force, 287. 

Magnets, 199, 442, 443, 444, 445, 
446, 450, 451, 453. 

Maximum and minimum theorems, 
103, 185, 186, 240. 

Maxwell, 334. 

Maxwell’s Current Equations, 281. 

Mechanical action on a conductor 
which carries a current in a 
magnetic field, 262, 264, 267. 

Motion under gravitation, 71, 338, 
339, 340, 341-344. 

Mutual energy, 42, 269, 278, 276, 
368, 395, 401. 

Mutual energy of distribution and 
field, 451, 452, 453, 454. 

Mutual inductance of two circuits, 
276, 278. 


Neumann, 273. 

Newton, 349. 

Non-homogeneous conductors, 244, 
245, 

Normal force, 89. 


Ohm, the, 233, 298. 
Ohm’s Law, 227. 


Paraboloids, 28, 353. 
Pendulums, 26, 342. 
Permeability, 176. 
Perry, 469, 472. 
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Planetary motion, 341. 
Poisson, 334, 446. 
Poisson’s Equation, 61, 66, 79, 129, 
147, 178, 182, 201, 202, 360, 421. 
Poisson’s Integrals, 102, 182. 
Polarization, 185, 192, 198. 
Polarization moments, 186, 193. 
Polarization vector, 186, 194. 
Polarized cylinders, 448, 449. 
Polarized ellipsoid, 189, 207. 
Polarized shells, 214, 450. 
Polarized spheres, 187, 447. 
Potential difference, 231, 318, 422, 
466. 
Potential function 
as measure of work and energy, 
41, 78. 
average yalue on spherical sur- 
face, 67. 
definition, 29, 354. 
derivatives of, 30, 31, 32, 36, 40, 
44, 45, 50, 61, 72, 73, 89, 91, 
150, 179, 183,360, 361,365, 366. 
properties and characteristics of, 
32, 40, 44, 67, 68, 78, 80, 86, 
LOZ, 179: 
special cases, 34, 35, 36, 58, 60, 
11, 72, 274, 80, 82, 125, 197, 
355-865, 376. 
Poynting, 371. 
Pupin, 467, 476. 


Rayleigh, 307. 

Reactance, 315. 

Real charges, 183. 

Reluctance, 287. 

Repelling matter, 75, 76. 

Resistance, 227, 247, 249, 422, 426, 
433. 

Resonance, 323, 467. 

Ring magnets, 286. 
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Self-inductance, 278, 296, 300-331. 

Solenoidal and lamellar vectors, 
111, 138, 139, 140, 143, 144, 
221, 382, 383. 

Solenoidal polarization, 198, 203, 
204, 449, 450. 

Solenoids, 284. 

Solid angles, 11, 49, 53, 215, 261, 
349. 

Space derivatives of scalar func- 
tions, 115, 138, 382. 

Specific inductive capacity, 176. 

Spheres, 13, 18, 28, 26, 27, 350, 358. 

Spherical condensers, 161, 184, 389, 
890, 413, 419. 

Spherical conductors, 159, 161, 167, 
394, 396, 401-403. 

Spherical coérdinates, 63, 384, 421. 

Spherical distributions, 56, 72, 184, 
210, 368, 372, 375. 

Spherical segments, 27, 352. 

Spherical shells, 10, 11, 18, 27, 35, 
58, 350, 360, 375. 

Spheroids, 28, 144, 370, 379, 380. 

Steady currents in linear circuits, 
222-241, 421-429, 441, 454-459. 

Steinmetz, 475. 

Stokes’s flux function, 367. 

Stokes’s Theorem, 113, 219, 252, 
282, 295, 332, 383, 483. 

Strength of field, 2, 147. 

Superficial induced currents, 299, 
479, 482. 

Surface distributions, 83, 85, 88, 
109, 146-176, 3885-420. 

Surface pressure, 90. 

Susceptibility, 200, 281. 


Theorems involving surface and 
volume integrals, 47, 54, 66, 
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93, 94, 95, 97, 98, 100, 101, 
102, 103, 104, 113, 1382, 135, 
136, 137, 144, 220, 356, 357, 384, 
414, 415, 452, 453, 454, 460. 
Thomson, J. J., 299. 
Thomson’s Theorem, 104. 
Tide-generating forces, 363, 364. 
Transformers, 331, 474. 
Triangle of resistances, 316. 
Two-fluid theory, 145. 


Uniform polarization, 186, 188. 

Uniformly polarized distributions, 
186, 189, 205, 207. 

Units, 233, 298, 462. 

Units of force, 2, 25, 31, 80, 210, 
337, 338, 462. 


Variable currents, 423, 437, 439, 
440, 441. 

Variable currents in inductive cir- 
cuits, 301, 326. 

Vector lines and surfaces, 112, 123. 
140, 382. 

Vector potential functions, 112, 
139, 140, 218, 294, 452, 453. 

Vector product, 2938. 

Vectors, 14, 111, 139. 

Volta’s Law of Tensions, 229. 

Volt, the, 233, 298. 


Webster, 206, 265, 483. 

Wheatstone’s net, 236, 241, 305, 
306, 311, 427, 479, 480. 

Wires or rods, 8, 4, 23, 25, 26, 34, 
71, 78, 844, 345, 346, 359. 

Woodward, 370. 

Work, 41, 78, 354, 355, 401. 


Zonal harmonics, 261, 373, 374, 375. 
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Plane and Solid Geometry (Revised Edition) . . . = $1.25 $1.40 
Plane Geometry (Revised Edition) . . . . . 75 85 
Solid Geometry (Revised Edition) . . . . . 7s 85 
Analytic Geometry . . ~ Se 1.25 1.35 


Trigonometries (Second Revised Editions) . 


A list of the various editions of Wentworth’s Trigonometries will be 
sent on request. 
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PLANE AND SOLID 


Analytic Geometry 


By FREDERICK H. Bartey, A.M. (Harvard), and FREDERICK 
S. Woops, Ph.D. (Gottingen), Assistant Professors 
of Mathematics in Massachusetts Institute 
of Technology. 


8vo. Cloth. 371 pages. For introduction, $2.00. 


Ce book is intended for students beginning the study 

of analytic geometry, primarily for students in colleges 
and technical schools. While the subject-matter has been 
confined to that properly belonging to a first course, the 
treatment of all subjects discussed has been complete and 
rigorous. More space than is usual in text-books has been 
devoted to the more general forms of the equations of the 
first and the second degrees. The equations of the conic 
sections have been derived from a single definition, and after 
the simplest types of these equations have. been deduced, the 
student is taught by the method of translation of the origin 
to handle any equation of the second degree in which the 
x y term does not appear. In particular, the equations of 
the tangent, the normal, and the polar have been determined 
for such an equation. Only later is the general equation of 
the second degree fully discussed. 

In the solid geometry, besides the plane and the straight 
line, the cylinders and the surfaces of revolution have been 
noticed, and: all the quadric surfaces have been studied from 
their simplest equations. This study includes the treatment 
of tangent, polar, and diametral planes, conjugate diameters, 
circular sections, and rectilinear generators. 

Throughout the work no use is made of determinants or 


calculus. 
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TEXT-BOOKS ON HIGHER MATHEMATICS 


By ARTHUR SHERBURNE HARDY, 
Recently Professor of Mathematics in Dartmouth College. 


Hardy’s Analytic Geometry. 8vo. Cloth. 239 pages. For intro- 
duction, $1.50. 

Tuis work is designed for the student, not for the teacher. 
Particular attention has been given to those fundamental concep- 
tions and processes which, in the author’s experience, have been 
found to be sources of difficulty to the student in acquiring a 
grasp of the subject as a method of research. The limits of the 
work are fixed by the time usually devoted to Analytic Geometry 
in our college courses by those who are not to make a special 
study in mathematics. 


Hardy’s Elements of Quaternions. Crown 8vo. Cloth. 234 pages. 
For introduction, $2.00. 

THE chief aim in this book has been to meet the wants of 
beginners in the class-room, and it is believed that this work will 
be found superior in fitness for beginners in practical compass, 
in explanations and applications, and in adaptation to the methods 
of instruction common in this country. 


Hardy’s Elements of the Calculus. 8vo. Cloth. 239 pages. For 
introduction, $1.50. 

Part I., Differential Calculus, occupies 166 pages. 

Part Il., Integral Calculus, 73 pages. 

TuIs text-book is based upon the method of rates. The object 
of the Differential Calculus is the measurement and comparison 
of rates of change when the change is not uniform. Whether a 
quantity is or is not changing uniformly, however, its rate at any 
instant is determined essentially in the same manner, viz.; by 
letting it change at the rate it had at the instant in question and 
observing what this change is. It is this change which the Cal- 
culus enables us to determine, however complicated the law of 
variation may be. From the author's experience in presenting the 
Calculus to beginners, the method of rates gives the student a 
more intelligent, that is, a less mechanical, grasp of the problems 
within its scope than any other. 


GINN & COMPANY, Publishers, 
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ELEMENTS OF THE 
Differential and Integral Calculus 


WITH EXAMPLES AND APPLICATIONS. 


REVISED EDITION, ENLARGED AND ENTIRELY REWRITTEN 
By JAMES M. TAYLOR, 


Professor of Mathematics in Colgate University. 
8vo. Cloth. 269 pages. For introduction, $2.00. 


(We IS text-book aims to present clearly, scientifically, and in their 
true relations the three common methods in the Calculus. 

The concept of Rates gives a clear idea and statement of the 
problems of the Calculus ; the principles of Limits afford general 
solutions of these problems; and the laws of Infinitesimals greatly 
abridge these solutions. 

The Method of Rates is so generalized and simplified that it 
does not involve ‘the foreign element of time,” and affords the 
simplest and briefest proofs of first principles. 

By proving /¢ (Ay /Axv) = dy / dx, the problem of rates is reduced 
to one of limits or infinitesimals. 

The Theory of Infinitesimals is viewed simply as that part of 
the theory of limits which deals with varzables having zero as 
their common limit. 

The important distinction between infinitesimals and zero and 
that between infinites and a/o are emphasized. 

Taylor’s Theorem is accurately stated and proved. 

The method of finding Asymptotes illustrates the meaning of 
impossible and defective systems of equations. 

The applications of Double and Triple Integration clearly set 
forth the meanings of these operations. 

A Chapter on Differential Equations is added to meet an 
increasing demand for a short course in this subject. 

A Table of Integrals, for convenience of reference, is appended. 

Throughout the work the numerous problems so set forth and 
illustrate the highly practical nature of the Calculus as to awaken 
in the reader a lively interest. 

Those who prefer to study the Calculus by the Method of 
Limits alone can omit the few demonstrations which involve rates 
and take in their stead those by limits or infinitesimals. 
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